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CHAPTER 1 Conic Sections
Chapter Outline

1.1 PARABOLAS WITH VERTEX AT THE ORIGIN

1.2 PARABOLAS WITH VERTEX AT (H, K)

1.3 CIRCLES CENTERED AT THE ORIGIN

1.4 CIRCLES CENTERED AT (H, K)

1.5 ELLIPSES CENTERED AT THE ORIGIN

1.6 ELLIPSES CENTERED AT (H, K)

1.7 GRAPHING HYPERBOLAS CENTERED AT THE ORIGIN

1.8 WRITING THE EQUATION OF A HYPERBOLA, CENTERED AT THE ORIGIN

1.9 HYPERBOLAS CENTERED AT (H, K)

1.10 GENERAL CONIC EQUATION

1.11 CLASSIFYING CONIC SECTIONS

1.12 SOLVING SYSTEMS OF LINES, QUADRATICS, AND CONICS

Introduction

Conic sections are four shapes; parabolas, circles, ellipses, and hyperbolas, created from the intersection of a plane
with a cone or two cones.

In this chapter, we will study these four conic sections and place them in the x− y plane. For each shape, we will
analyze the parts, find the equation and graph. Lastly, we will introduce the general conic section equation and solve
systems with conics and lines.

1
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1.1 Parabolas with Vertex at the Origin

Learning Objectives

Here you’ll write and graph the equation of a parabola, with vertex (0,0), and find the focus, directrix, and vertex.

The area of a square is represented by the equation y = 9x2. What are the focus and directrix of this equation?

Parabolas with Vertex at the Origin

You already know that the graph of a parabola has the parent graph y = x2, with a vertex of (0,0) and an axis of
symmetry of x = 0. A parabola can also be defined in a different way. It has a property such that any point on it is
equidistant from another point, called the focus, and a line called the directrix.

The focus is on the axis of symmetry and the vertex is halfway between it and the directrix. The directrix is
perpendicular to the axis of symmetry.

Until now, we have been used to seeing the equation of a parabola like y = ax2. In this concept, we will rewrite the
equation to look like x2 = 4py where p is used to find the focus and directrix. We will also draw the parabola with a
horizontal orientation, such that the equation will be y2 = 4px.

2
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Notice, that when the parabola opens to the left or right, the y is squared. In this concept, the vertex will be (0,0).

Let’s analyze the equation y2 =−12x. We’ll find the focus, directrix, and determine if the function opens up, down,
to the left or right. Then, we’ll graph the parabola.

To find the focus and directrix, we need to find p. We can set −12 = 4p and solve for p.

−12 = 4p

−3 = p

Because y is squared, we know that the parabola opens to the left or right. Because p is negative, we know it is
going to open to the left, towards the negative side of the x-axis. Using the pictures above, this parabola is like the
second one under y2 = 4px. Therefore, the focus is (−3,0) and the directrix is x = 3. To graph the parabola, plot
the vertex, focus, directrix, and sketch the curve. Find at least one or two points on the curve to make sure your
sketch is accurate. For example, because (−3,6) is on the parabola, then (−3,−6) is also on the parabola because it
is symmetrical.

Notice that the points (−3,6) and (−3,−6) are equidistant from the focus and the directrix. They are both 6 units
from each.

3
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The focus of a parabola is
(
0, 1

2

)
. Let’s find the equation of the parabola.

Because the p value is the y-value and positive, this parabola is going to open up. So, the general equation is
x2 = 4py. Plugging in 1

2 for p, we have x2 = 4 · 1
2 y or x2 = 2y.

Now, let’s find the equation of the parabola below.

The equation of the directrix is y = 5, which means that p =−5 and the general equation will be x2 = 4py. Plugging
in -5 for p, we have x2 =−20y.

4
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Examples

Example 1

Earlier, you were asked to find the focus and directrix of the equation y = 9x2.

To find the focus and directrix, we need to solve for x2 and then find p.

y = 9x2

1
9

y = x2

We can now set 1
9 = 4p and solve for p.

1
9
= 4p

1
36

= p

Therefore, the focus is (0, 1
36) and the directrix is y =− 1

36 .

Example 2

Determine if the parabola x2 =−2y opens up, down, left or right.

Down; p is negative and x is squared.

Example 3

Find the focus and directrix of y2 = 6x. Then, graph the parabola.

Solving for p, we have 4p = 6→ p = 3
2 . Because y is squared and p is positive, the parabola will open to the right.

The focus is
(3

2 ,0
)

and the directrix is x =−3
2 .

5
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Example 4

Find the equation of the parabola with directrix x =−3
8 .

If the directrix is negative and vertical (x =), we know that the equation is going to be y2 = 4px and the parabola
will open to the right, making p positive; p = 3

8 . Therefore, the equation will be y2 = 4 · 3
8 · x→ y2 = 3

2 x.

Review

Determine if the parabola opens to the left, right, up or down.

1. x2 = 4y
2. y2 =−1

2 x
3. x2 =−y

Find the focus and directrix of the following parabolas.

4. x2 =−2y
5. y2 = 1

4 x
6. y2 =−5x

Graph the following parabolas. Identify the focus and directrix as well.

7. x2 = 8y
8. y2 = 1

2 x
9. x2 =−3y

Find the equation of the parabola given that the vertex is (0,0) and the focus or directrix.

10. focus: (4,0)
11. directrix: x = 10

6
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12. focus:
(
0, 7

2

)
13. You have seen that earlier the basic parabolic equation was y = ax2. Now, we write x2 = 4py. Rewrite p in

terms of a and determine how they affect each other.

14. Challenge Use the distance formula, d =

√
(x2− x1)

2− (y2− y1)
2, to prove that the point (4,2) is on the

parabola x2 = 8y.
15. Real World Application A satellite dish is a 3-dimensional parabola used to retrieve sound, TV, or other

waves. Assuming the vertex is (0,0), where would the focus have to be on a satellite dish that is 4 feet wide
and 9 inches deep? You may assume the parabola has a vertical orientation (opens up).

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.1.

7
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1.2 Parabolas with Vertex at (h, k)

Learning Objectives

Here you’ll write and graph the equation of a parabola with vertex (h,k) and find the focus, directrix, and vertex.

Your homework assignment is to find the focus of the parabola (x+4)2 =−12(y−5). You say the focus is (−4,5).
Banu says the focus is (0,−3). Carlos says the focus is (−4,2). Which one of you is correct?

Parabolas with Vertex at (h, k)

You have already learned that parabolas don’t always have their vertex at (0,0). In this concept, we will address
parabolas where the vertex is (h,k), learn how to find the focus, directrix and graph.

Recall that the equation of a parabola is x2 = 4py or y2 = 4px and the vertex is on the origin. Also, recall that
the vertex form of a parabola is y = a(x−h)2 + k. Combining the two, we can find the vertex form for conics.

y = a(x−h)2 + k and x2 = 4py Solve the first for (x−h)2.

(x−h)2 =
1
a
(y− k) We found that 4p =

1
a
.

(x−h)2 = 4p(y− k)

If the parabola is horizontal, then the equation will be (y−k)2 = 4p(x−h). Notice, that even though the orientation
is changed, the h and k values remain with the x and y values, respectively.

Finding the focus and directrix are a little more complicated. Use the extended table below to help you find these
values.

8
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Notice that the way we find the focus and directrix does not change whether p is positive or negative.

Let’s analyze the equation (y−1)2 = 8(x+3). We’ll find the vertex, axis of symmetry, focus, and directrix. Then,
we’ll determine if the function opens up, down, left or right.

First, because y is squared, we know that the parabola will open to the left or right. We can conclude that the
parabola will open to the right because 8 is positive, meaning that p is positive. Next, find the vertex. Using the
general equation, (y− k)2 = 4p(x−h), the vertex is (−3,1) and the axis of symmetry is y = 1. Setting 4p = 8, we
have that p = 2. Adding p to the x-value of the vertex, we get the focus, (−1,1). Subtracting p from the x-value of
the vertex, we get the directrix, x =−5.

Let’s graph the parabola from the problem above. Plot the vertex, axis of symmetry, focus, and directrix.

First, plot all the critical values we found earlier. Then, determine a set of symmetrical points that are on the parabola
to make sure your curve is correct. If x = 5, then y is either -7 or 9. This means that the points (5,−7) and (5,9) are
both on the parabola.

9
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It is important to note that parabolas with a horizontal orientation are not functions because they do not pass the
vertical line test.

The vertex of a parabola is (−2,4) and the directrix is y = 7. Let’s find the equation of the parabola.

First, let’s determine the orientation of this parabola. Because the directrix is horizontal, we know that the parabola
will open up or down (see table/pictures above). We also know that the directrix is above the vertex, making the
parabola open down and p will be negative (plot this on an x− y plane if you are unsure).

To find p, we can use the vertex, (h,k) and the equation for a horizontal directrix, y = k− p.

7 = 4− p

3 =−p Remember, p is negative because of the downward orientation of the parabola.

−3 = p

Now, using the general form, (x−h)2 = 4p(y− k), we can find the equation of this parabola.

(x− (−2))2 = 4(−3)(y−4)

(x+2)2 =−12(y−4)

Examples

Example 1

Earlier, you were asked to determine which student is correct.

This parabola is of the form (x−h)2 = 4p(y− k). From the table earlier in this lesson, we can see that the focus of
a parabola of this form is (h,k+ p). So now we have to find h, k, and p.

If we compare (x+4)2 =−12(y−5) to (x−h)2 = 4p(y− k), we see that:

10
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1. 4 =−h or h =−4
2. −12 = 4p or p =−3
3. 5 = k

From these facts we can find k+ p = 5+(−3) = 2.

Therefore, the focus of the parabola is (−4,2) and Carlos is correct.

Example 2

Find the vertex, focus, axis of symmetry and directrix of (x+5)2 = 2(y+2).

The vertex is (−5,−2) and the parabola opens up because p is positive and x is squared. 4p = 2, making p = 2. The
focus is (−5,−2+2) or (−5,0), the axis of symmetry is x =−5, and the directrix is y =−2−2 or y =−4.

Example 3

Graph the parabola from Example 2.

Example 4

Find the equation of the parabola with vertex (−5,−1) and focus (−8,−1).

The vertex is (−5,−1), so h =−5 and k =−1. The focus is (−8,−1), meaning that that parabola will be horizontal.
We know this because the y-values of the vertex and focus are both -1. Therefore, p is added or subtracted to h.

(h+ p,k)→ (−8,−1) we can infer that h+ p =−8→−5+ p =−8 and p =−3

Therefore, the equation is (y− (−1))2 = 4(−3)(x− (−5))→ (y+1)2 =−12(x+5).

Review

Find the vertex, focus, axis of symmetry, and directrix of the parabolas below.

11
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1. (x+1)2 =−3(y−6)
2. (x−3)2 = y−7
3. (y+2)2 = 8(x+1)
4. y2 =−10(x−3)
5. (x+6)2 = 4(y+8)
6. (y−5)2 =−1

2 x
7. Graph the parabola from #1.
8. Graph the parabola from #2.
9. Graph the parabola from #4.

10. Graph the parabola from #5.

Find the equation of the parabola given the vertex and either the focus or directrix.

11. vertex: (2,−1), focus: (2,−4)
12. vertex: (−3,6), directrix: x = 2
13. vertex: (6,10), directrix: y = 9.5
14. Challenge focus: (−1,−2), directrix: x = 3
15. Extension Rewrite the equation of the parabola, x2− 8x+ 2y+ 22 = 0, in standard form by completing the

square. Then, find the vertex.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.2.
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1.3 Circles Centered at the Origin

Learning Objectives

Here you’ll find the radius and graph a circle centered at the origin.

You draw a circle that is centered at the origin. You measure the diameter of the circle to be 32 units. Does the point
(14,8) lie on the circle?

Circles Centered at the Origin

Until now, your only reference to circles was from geometry. A circle is the set of points that are equidistant (the
radius) from a given point (the center). A line segment that passes through the center and has endpoints on the
circle is a diameter.

Now, we will take a circle and place it on the x− y plane to see if we can find its equation. In this concept, we are
going to place the center of the circle on the origin.

Finding the Equation of a Circle

Step 1: On a piece of graph paper, draw an x− y plane. Using a compass, draw a circle, centered at the origin that
has a radius of 5. Find the point (3,4) on the circle and draw a right triangle with the radius as the hypotenuse.

Step 2: Using the length of each side of the right triangle, show that the Pythagorean Theorem is true.

Step 3: Now, instead of using (3,4), change the point to (x,y) so that it represents any point on the circle. Using r to
represent the radius, rewrite the Pythagorean Theorem.

13
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The equation of a circle, centered at the origin, is x2 + y2 = r2, where r is the radius and (x,y) is any point on the
circle.

Let’s find the radius of x2 + y2 = 16 and graph.

To find the radius, we can set 16 = r2, making r = 4. r is not -4 because it is a distance and distances are always
positive. To graph the circle, start at the origin and go out 4 units in each direction and connect.

Now, let’s find the equation of the circle with center at the origin and passes through (−7,−7).

Using the equation of the circle, we have: (−7)2 +(−7)2 = r2. Solve for r2.

(−7)2 +(−7)2 = r2

49+49 = r2

98 = r2

So, the equation is x2 + y2 = 98. The radius of the circle is r =
√

98 = 7
√

2.

Finally, let’s determine if the point (9,−11) is on the circle x2 + y2 = 225.

Substitute the point in for x and y and see if it equals 225.

92 +(−11)2 = 225

81+121 ?
= 225

202 6= 225

The point is not on the circle.

14
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Examples

Example 1

Earlier, you were asked to determine if the point (14,8) lies on the circle that is centered at the origin and has a
diameter of 32 units.

From this lesson, you know that the equation of a circle that is centered at the origin is x2 + y2 = r2, where r is the
radius and (x,y) is any point on the circle.

With the point (14,8), x = 14 and y = 8. We are given the diameter, but we need the radius. Recall that the radius is
half the diameter, so the radius is 32

2 = 16.

Plug these values into the equation of the circle. If they result in a true statement, the point lies on the circle.

x2 + y2 = r2

142 +82 ?
= 162

196+64 ?
= 256

260 6= 256

Therefore the point does not lie on the circle.

Example 2

Graph and find the radius of x2 + y2 = 4.

r =
√

4 = 2

Example 3

Find the equation of the circle with a radius of 6
√

5.
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Plug in 6
√

5 for r in x2 + y2 = r2

x2 + y2 =
(

6
√

5
)2

x2 + y2 = 62 ·
(√

5
)2

x2 + y2 = 36 ·5
x2 + y2 = 180

Example 4

Find the equation of the circle that passes through (5,8).

Plug in (5,8) for x and y, respectively.

52 +82 = r2

25+64 = r2

89 = r2

The equation is x2 + y2 = 89

Example 5

Determine if (−10,7) is on the circle x2 + y2 = 149.

Plug in (−10,7) to see if it is a valid equation.

(−10)2 +72 = 149

100+49 = 149

Yes, the point is on the circle.

Review

Graph the following circles and find the radius.

1. x2 + y2 = 9
2. x2 + y2 = 64
3. x2 + y2 = 8
4. x2 + y2 = 50
5. 2x2 +2y2 = 162
6. 5x2 +5y2 = 150

Write the equation of the circle with the given radius and centered at the origin.

7. 14
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8. 6
9. 9
√

2

Write the equation of the circle that passes through the given point and is centered at the origin.

10. (7,−24)
11. (2,2)
12. (−9,−10)

Determine if the following points are on the circle, x2 + y2 = 74.

13. (−8,0)
14. (7,−5)
15. (6,−6)

Challenge In Geometry, you learned about tangent lines to a circle. Recall that the tangent line touches a circle at
one point and is perpendicular to the radius at that point, called the point of tangency.

16. The equation of a circle is x2 + y2 = 10 with point of tangency (−3,1).

a. Find the slope of the radius from the center to (−3,1).
b. Find the perpendicular slope to (a). This is the slope of the tangent line.
c. Use the slope from (b) and the given point to find the equation of the tangent line.

17. Repeat the steps in #16 to find the equation of the tangent line to x2 + y2 = 34 with a point of tangency of
(3,5).

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.3.
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1.4 Circles Centered at (h, k)

Learning Objectives

Here you’ll find the equation of and graph circles with a center of (h,k).

You draw a circle that is centered at (−2,−2). You measure the diameter of the circle to be 18 units. Does the point
(4,5) lie on the circle?

Circles Centered at (h,k)

When a circle is centered at the origin, the equation is x2 + y2 = r2. If we rewrite this equation, using the center, it
would look like (x− 0)2 +(y− 0)2 = r2. Extending this idea to any point as the center, we would have (x− h)2 +
(y− k)2 = r2, where (h,k) is the center.

Let’s find the center and radius of (x+1)2 +(y−3)2 = 16 and graph.

Using the general equation above, the center would be (−1,3) and the radius is
√

16 or 4. To graph, plot the center
and then go out 4 units up, down, to the left, and to the right.

Now, let’s find the equation of the circle with center (2,4) and radius 5.

Plug in the center and radius to the equation and simplify.

(x−2)2 +(y−4)2 = 52

(x−2)2 +(y−4)2 = 25
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Finally, let’s find the equation of the circle with center (6,−1) and (5,2) is on the circle.

In this problem, we are not given the radius. To find the radius, we must use the distance formula, d =

√
(x2− x1)

2 +(y2− y1)
2.

r =
√

(5−6)2 +(2− (−1))2

=

√
(−1)2 +32

=
√

1+9

=
√

10

Therefore, the equation of this circle is (x−6)2 +(y− (−1))2 =
(√

10
)2

or (x−6)2 +(y+1)2 = 10.

Examples

Example 1

Earlier, you were asked to determine if the point (4,5) lies on the circle.

In this lesson, you learned the equation of a circle that is centered somewhere other than the origin is (x−h)2 +(y−
k)2 = r2, where (h,k) is the center.

We are given that the center is (−2,−2), so h =−2 and k =−2. We are also given the diameter of the circle, but we
need the radius. Recall that the radius is half the diameter, so r = 18

2 = 9.

If we plug these values into the equation for the circle, we get:

(x−h)2 +(y− k)2 = r2

(x− (−2))2 +(y− (−2))2 = 92

(x+2)2 +(y+2)2 = 81

Now to find if the point (4,5) lies on the circle we substitute 4 for x and 5 for y and see if the equation holds true.

(x+2)2 +(y+2)2 = 81

(4+2)2 +(5+2)2 ?
= 81

62 +72 ?
= 81

85 6= 81

Therefore, the point does not lie on the circle.

Example 2

Graph (x+4)2 +(y+3)2 = 25 and find the center and radius.

The center is (−4,−3) and the radius is 5.
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Example 3

Find the equation of the circle with center (−8,3) and (2,−5) is on the circle.

Use the distance formula to find the radius.

r =
√
(2− (−8))2 +(−5−3)2

=

√
102 +(−8)2

=
√

100+64

=
√

164

The equation of this circle is (x+8)2 +(y−3)2 = 164.

Example 4

The endpoints of a diameter of a circle are (−3,1) and (9,6). Find the equation.

In this example, we are not given the center or radius. We can find the length of the diameter using the distance
formula and then divide it by 2.

d =

√
(9− (−3))2 +(6−1)2

=
√

122 +52 The radius is 13÷2 =
13
2
.

=
√

144+25

=
√

169 = 13

Now, we need to find the center. Use the midpoint formula with the endpoints.
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c =
(
−3+9

2
,
1+6

2

)
=

(
3,

7
2

)

Therefore, the equation is (x−3)2 +
(
y− 7

2

)2
= 169

4 .

Review

For questions 1-4, match the equation with the graph.

1. (x−8)2 +(y+2)2 = 4
2. x2 +(y−6)2 = 9
3. (x+2)2 +(y−3)2 = 36
4. (x−4)2 +(y+4)2 = 25

Graph the following circles. Find the center and radius.

5. (x−2)2 +(y−5)2 = 16
6. (x+4)2 +(y+3)2 = 18
7. (x+7)2 +(y−1)2 = 8

Find the equation of the circle, given the information below.

8. center: (−3,−3) radius: 7
9. center: (−7,6) radius:

√
15

10. center: (8,−1) point on circle: (0,14)
11. center: (−2,−5) point on circle: (3,2)
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12. diameter endpoints: (−4,1) and (6,3)
13. diameter endpoints: (5,−8) and (11,2)
14. Is (−9,12) on the circle (x+5)2 +(y−6)2 = 54? How do you know?
15. Challenge Use the following steps to find the equation of the tangent line to the circle with center (3,−4) and

the point of tangency (−1,8).

a. Find the slope of the radius from the center to (−1,8).
b. Find the perpendicular slope to (a). This is the slope of the tangent line.
c. Use the slope from (b) and the given point to find the equation of the tangent line.

16. Extension Rewrite the equation of the circle, x2 + y2 +4x−8y+11 = 0 in standard form by completing the
square for both the x and y terms. Then, find the center and radius.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.4.
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1.5 Ellipses Centered at the Origin

Learning Objectives

Here you’ll analyze ellipses centered at the origin.

Your homework assignment is to draw the ellipse 16x2 +4y2 = 144. Where will the foci of your graph be located?

Ellipses Centered at the Origin

The third conic section is an ellipse. Recall that a circle is when a plane sliced through a cone and that plane is
parallel to the base of the cone. An ellipse is formed when that plane is not parallel to the base. Therefore, a circle
is actually a more specific version of an ellipse.

By definition, an ellipse is the set of all points such that the sum of the distances from two fixed points, called foci
(the plural of focus), is constant.

Drawing an Ellipse

We will use the definition of an ellipse to draw an ellipse.

Step 1: On a piece of graph paper, draw a set of axes and plot (−2,0) and (2,0). These will be the foci.

Step 2: From the definition, we can conclude a point (x,y) is on an ellipse if the sum of the distances is always
constant. In the picture, d1 +d2 = r and g1 +g2 = r.

Step 3: Determine how far apart the foci are. Then, find d1 and d2.

Step 4: Determine if the point (−2,3) is on the ellipse.
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In this concept, the center of an ellipse will be (0,0). An ellipse can have either a vertical or horizontal orientation
(see below). There are always two foci and they are on the major axis. The major axis is the longer of the two axes
that pass through the center of an ellipse. Also on the major axis are the vertices, which its endpoints and are the
furthest two points away from each other on an ellipse. The shorter axis that passes through the center is called the
minor axis, with endpoints called co-vertices. The midpoint of both axes is the center.
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TABLE 1.1: Equation of an Ellipse, Centered at the Origin

x2

a2 +
y2

b2 = 1 HORIZONTAL
major axis is the x-axis with length 2a.
minor axis is the y-axis with length 2b.

x2

b2 +
y2

a2 = 1 VERTICAL
major axis is the y-axis with length 2a.
minor axis is the x-axis with length 2b.

Other Important Facts

• a is ALWAYS greater than b. If they are equal, we have a circle.
• The foci, vertices, and co-vertices relate through a version of the Pythagorean Theorem: c2 = a2−b2

Let’s find the vertices, co-vertices, and foci of x2

64 +
y2

25 = 1. Then, let’s graph the ellipse.

First, we need to determine if this is a horizontal or vertical ellipse. Because 64 > 25, we know that the ellipse will
be horizontal. Therefore, a2 = 64 making a =

√
64 = 8 and b2 = 25, making b =

√
25 = 5. Using the pictures

above, the vertices will be (8,0) and (−8,0) and the co-vertices will be (0,5) and (0,−5).

To find the foci, we need to use the equation c2 = a2−b2 and solve for c.
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c2 = 64−25 = 39

c =
√

39

The foci are
(√

39,0
)

and
(
−
√

39,0
)

.

To graph the ellipse, plot the vertices and co-vertices and connect the four points to make the closed curve.

Now, let’s graph 49x2 +9y2 = 441 and identify the foci.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 441.

49x2

441
+

9y2

441
=

441
441

x2

9
+

y2

49
= 1

Now, we can see that this is a vertical ellipse, where b = 3 and a = 7.
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To find the foci, use c2 = a2−b2.

c2 = 49−9 = 40

c =
√

40 = 2
√

10

The foci are
(

0,2
√

10
)

and
(

0,−2
√

10
)

.

Finally, let’s write equations for the ellipses with the given characteristics below and centered at the origin.

In either part, you may wish to draw the ellipse to help with the orientation.

a. vertex: (−6,0), co-vertex: (0,4)

We can conclude that a = 6 and b = 4. The ellipse is horizontal, because the larger value, a, is the x-value of the
vertex. The equation is x2

36 +
y2

16 = 1.

b. vertex: (0,9), focus: (0,−5)

We know that a = 9 and c = 5 and that the ellipse is vertical. Solve for b using c2 = a2−b2

52 = 92−b2

25 = 81−b2

b2 = 56→ b = 2
√

14

The equation is x2

56 +
y2

81 = 1
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Examples

Example 1

Earlier, you were asked to determine where the foci of your graph would be located.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 144.

16x2

144
+

4y2

144
=

144
144

x2

9
+

y2

36
= 1

Now, we can see that this is a vertical ellipse, where b = 3 and a = 6.

To find the foci, use c2 = a2−b2.

c2 = 36−9 = 27

c =
√

27 = 3
√

3

The foci are therefore
(

0,3
√

3
)

and
(

0,−3
√

3
)

.

Example 2

Find the vertices, co-vertices, and foci of x2

4 + y2

36 = 1. Then, graph the equation.

Because the larger number is under y2, the ellipse is vertical. Therefore, a = 6 and b2. Use c2 = a2−b2 to find c.
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c2 = 62−22 = 36−4 = 32

c =
√

32 = 4
√

2

vertices: (0,6) and (0,−6)

co-vertices: (2,0) and (−2,0)

foci:
(

0,4
√

2
)

and
(

0,−4
√

2
)

Example 3

Graph 49x2 +64y2 = 3136 and find the foci.

Rewrite 49x2 +64y2 = 3136 in standard form.

49x2

3136
+

64y2

3136
=

3136
3136

x2

64
+

y2

49
= 1

This ellipse is horizontal with a = 8 and b = 7. Find c.

c2 = 64−49 = 15

c =
√

15

The foci are
(
−
√

15,0
)

and
(√

15,0
)

.
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Example 4

Find the equation of the ellipse with co-vertex (0,−7), focus (15,0) and centered at the origin.

Because the co-vertex is (0,−7),b = 7 and the ellipse is horizontal. From the foci, we know that c = 15. Find a.

152 = a2−72

a2 = 225+49 = 274 The equation is
x2

274
+

y2

49
= 1.

a =
√

274

Review

Find the vertices, co-vertices, and foci of each ellipse below. Then, graph.

1. x2

9 + y2

16 = 1
2. 4x2 +25y2 = 100
3. x2

64 + y2 = 1
4. 81x2 +100y2 = 8100
5. x2

49 +
y2

16 = 1
6. 121x2 +9y2 = 1089

Find the equation of the ellipse, centered at the origin, with the given information.

7. vertex: (−3,0) co-vertex: (0,1)
8. co-vertex: (7,0) major axis: 18 units
9. vertex: (0,5) minor axis: 4 units

10. vertex: (0,6) co-vertex: (−2,0)
11. co-vertex: (17,0) focus: (0,17)
12. vertex: (4,0) focus: (−3,0)
13. co-vertex: (−6,0) focus: (0,5)
14. focus: (0,−9) minor axis: 16 units
15. Real Life Application A portion of the backyard of the White House is called The Ellipse. The major axis is

1058 feet and the minor axis is 903 feet. Find the equation of the horizontal ellipse, assuming it is centered at
the origin.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.5.
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1.6 Ellipses Centered at (h, k)

Learning Objectives

Here you’ll graph and find the equation of ellipses that are not centered at the origin.

Your homework assignment is to draw the ellipse 16(x− 2)2 + 4(y+ 3)2 = 144. What is the vertex of your graph
and where will the foci of the ellipse be located?

Ellipses Centered at (h,k)

An ellipse does not always have to be placed with its center at the origin. If the center is (h,k) the entire ellipse will

be shifted h units to the left or right and k units up or down. The equation becomes (x−h)2

a2 + (y−k)2

b2 = 1. We will
address how the vertices, co-vertices, and foci change in the following problem.

Let’s graph (x−3)2

16 + (y+1)2

4 = 1. Then, we’ll find the vertices, co-vertices, and foci.

First, we know this is a horizontal ellipse because 16 > 4. Therefore, the center is (3,−1) and a = 4 and b = 2. Use
this information to graph the ellipse.

To graph, plot the center and then go out 4 units to the right and left and then up and down two units. This is also
how you can find the vertices and co-vertices. The vertices are (3±4,−1) or (7,−1) and (−1,−1). The co-vertices
are (3,−1±2) or (3,1) and (3,−3).

To find the foci, we need to find c using c2 = a2−b2.
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c2 = 16−4 = 12

c = 2
√

3

Therefore, the foci are
(

3±2
√

3,−1
)

.

From this problem, we can create formulas for finding the vertices, co-vertices, and foci of an ellipse with center
(h,k). Also, when graphing an ellipse, not centered at the origin, make sure to plot the center.

TABLE 1.2:

Orientation Equation Vertices Co-Vertices Foci
Horizontal (x−h)2

a2 + (y−k)2

b2 = 1 (h±a,k) (h,k±b) (h± c,k)

Vertical (x−h)2

b2 + (y−k)2

a2 = 1 (h,k±a) (h±b,k) (h,k± c)

Now, let’s find the equation of the ellipse with vertices (−3,2) and (7,2) and co-vertex (2,−1).

These two vertices create a horizontal major axis, making the ellipse horizontal. If you are unsure, plot the given
information on a set of axes. To find the center, use the midpoint formula with the vertices.(−3+7

2 , 2+2
2

)
=
(4

2 ,
4
2

)
= (2,2)

The distance from one of the vertices to the center is a, |7−2|= 5. The distance from the co-vertex to the center is

b, |−1−2|= 3. Therefore, the equation is (x−2)2

52 + (y−2)2

32 = 1 or (x−2)2

25 + (y−2)2

9 = 1.

Finally, let’s graph 49(x−5)2 +25(y+2)2 = 1225 and find the foci.

First we have to get this into standard form, like the equations above. To make the right side 1, we need to divide
everything by 1225.

49(x−5)2

1225
+

25(y+2)2

1225
=

1225
1225

(x−5)2

25
+

(y+2)2

49
= 1

Now, we know that the ellipse will be vertical because 25 < 49. a = 7,b = 5 and the center is (5,−2).
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To find the foci, we first need to find c by using c2 = a2−b2.

c2 = 49−25 = 24

c =
√

24 = 2
√

6

The foci are
(

5,−2±2
√

6
)

or (5,−6.9) and (5,2.9).

Examples

Example 1

Earlier, you were asked to find the vertex of your graph and to determine where the foci of the ellipse will be located.

We first need to get our equation in the form of (x−h)2

a2 + (y−k)2

b2 = 1. So we divide both sides by 144.

16(x−2)2

144
+

4(y+3)2

144
=

144
144

(x−2)2

9
+

(y+3)2

36

Now we can see that h = 2 and 3 =−k or k =−3. Therefore the origin is (2,−3).

Because 9 < 36, we know this is a vertical ellipse. To find the foci, use c2 = a2−b2.

c2 = 36−9 = 27

c =
√

27 = 3
√

3

The foci are therefore
(

2, -3+3
√

3
)

and
(

2, -3−3
√

3
)

.
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Example 2

Find the center, vertices, co-vertices and foci of (x+4)2

81 + (y−7)2

16 = 1.

The center is (−4,7),a =
√

81 = 9 and b =
√

16 = 4, making the ellipse horizontal. The vertices are (−4±9,7) or
(−13,7) and (5,7). The co-vertices are (−4,7±4) or (−4,3) and (−4,11). Use c2 = a2−b2 to find c.

c2 = 81−16 = 65

c =
√

65

The foci are
(
−4−

√
65,7

)
and

(
−4+

√
65,7

)
.

Example 3

Graph 25(x−3)2 +4(y−1)2 = 100 and find the foci.

Change this equation to standard form in order to graph.

25(x−3)2

100
+

4(y−1)2

100
=

100
100

(x−3)2

4
+

(y−1)2

25
= 1

center: (3,1),b = 2,a = 5

Find the foci.

c2 = 25−4 = 21

c =
√

21

34

http://www.ck12.org


www.ck12.org Chapter 1. Conic Sections

The foci are
(

3,1+
√

21
)

and
(

3,1−
√

21
)

.

Example 4

Find the equation of the ellipse with co-vertices (−3,−6) and (5,−6) and focus (1,−2).

The co-vertices (−3,−6) and (5,−6) are the endpoints of the minor axis. It is |−3−5| = 8 units long, making
b = 4. The midpoint between the co-vertices is the center.(−3+5

2 ,−6
)
=
(2

2 ,−6
)
= (1,−6)

The focus is (1,−1) and the distance between it and the center is 4 units, or c. Find a.

16 = a2−16

32 = a2

a =
√

32 = 4
√

2

The equation of the ellipse is (x−1)2

16 + (y+6)2

32 = 1.

Review

Find the center, vertices, co-vertices, and foci of each ellipse below.

1. (x+5)2

25 + (y+1)2

36 = 1
2. (x+2)2 +16(y−6)2 = 16

3. (x−2)2

9 + (y−3)2

49 = 1
4. 25x2 +64(y−6)2 = 1600

5. (x−8)2 + (y−4)2

9 = 1
6. 81(x+4)2 +4(y+5)2 = 324
7. Graph the ellipse in #1.
8. Graph the ellipse in #2.
9. Graph the ellipse in #4.

10. Graph the ellipse in #5.

Using the information below, find the equation of each ellipse.

11. vertices: (−2,−3) and (8,−3) co-vertex: (3,−5)
12. vertices: (5,6) and (5,−12) focus: (5,−7)
13. co-vertices: (0,4) and (14,4) focus: (7,1)
14. foci: (−11,−4) and (1,−4) vertex: (−12,−4)
15. Extension Rewrite the equation of the ellipse, 36x2 + 25y2 − 72x + 200y− 464 = 0 in standard form, by

completing the square for both the x and y terms.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.6.
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1.7 Graphing Hyperbolas Centered at the Ori-
gin

Learning Objectives

Here you’ll analyze hyperbolas centered at the origin.

Your homework assignment is to graph the hyperbola 9y2− 4x2 = 36. What are the asymptotes and foci of your
graph?

Graphing Hyperbolas

We know that the resulting graph of a rational function is a hyperbola with two branches. A hyperbola is also a
conic section. To create a hyperbola, you would slice a plane through two inverted cones, such that the plane is
perpendicular to the bases of the cones.

By the conic definition, a hyperbola is the set of all points such that the of the differences of the distances from the
foci is constant.
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Using the picture, any point, (x,y) on a hyperbola has the property, d1−d2 = P, where P is a constant.

Comparing this to the ellipse, where d1 +d2 = P and the equation was x2

a2 +
y2

b2 = 1 or x2

b2 +
y2

a2 = 1.

For a hyperbola, then, the equation will be x2

a2 − y2

b2 = 1 or y2

a2 − x2

b2 = 1. Notice in the vertical orientation of a hyperbola,
the y2 term is first. Just like with an ellipse, there are two vertices, on the hyperbola. Here, they are the two points
that are closest to each other on the graph. The line through the vertices and foci is called the transverse axis. Its
midpoint is the center of the hyperbola. In this concept, the center will be the origin. There will always be two
branches for any hyperbola and two asymptotes.
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Let’s graph x2

64 −
y2

25 = 1 and then find the vertices, foci, and asymptotes.

First, this hyperbola has a horizontal transverse axis because the x2 term is first. Also, with hyperbolas, the a and b
term stay in place, but the x and y terms switch. a is not always greater than b.

Therefore, a =
√

64 = 8 and b =
√

25 = 5. To graph this hyperbola, go out 8 units to the left and right of the center
and 5 units up and down to make a rectangle. The diagonals of this rectangle are the asymptotes.

Draw the hyperbola branches with the vertices on the transverse axis and the rectangle. Sketch the branches to get
close to the asymptotes, but not touch them.
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The vertices are (±8,0) and the asymptotes are y=±5
8 x (see pictures above. To find the foci, we use the Pythagorean

Theorem, c2 = a2 +b2 because the foci are further away from the center than the vertices.

c2 = 64+25 = 89

c =
√

89

The foci are
(
±
√

89,0
)

.

Now, let’s graph 36y2−9x2 = 324 and identify the foci.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 324.

36y2

324
− 9x2

324
=

324
324

y2

9
− x2

36
= 1

Now, we can see that this is a vertical hyperbola, where a = 3 and b = 6. Draw the rectangle, asymptotes, and plot
the vertices on the y-axis.
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To find the foci, use c2 = a2 +b2.

c2 = 36+9 = 45

c =
√

45 = 3
√

5

The foci are
(

0,3
√

5
)

and
(

0,−3
√

5
)

.

Finally, let’s graph x2

4 −
y2

4 = 1 and identify the asymptotes.

This will be a horizontal hyperbola, because the x-term is first. a and b will both be 2 because
√

4 = 2. Draw the
square and diagonals to form the asymptotes.
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The asymptotes are y =±2
2 x or y = x and y =−x.

Important Note: The asymptotes and square are not a part of the function. They are included in graphing a
hyperbola because it makes it easier to do so.

Also, when graphing hyperbolas, we are sketching each branch. We did not make a table of values to find certain
points and then connect. You can do this, but using the square or rectangle with the asymptotes produces a pretty
accurate graph and is much simpler.

Examples

Example 1

Earlier, you were asked to find the asymptotes and foci of your graph.

First, we need to get the equation in the form y2

a2 − x2

b2 = 1, so divide by 36.

9y2−4x2 = 36

9y2

36
− 4x2

36
=

36
36

y2

4
− x2

9
= 1

Now we can see that a2 = 4 and b2 = 9, so a = 2 and b = 3. Also, because the y-term comes first, the hyperbola is
vertically oriented. Therefore, the asymptotes are y =−a

b x and y = a
b x.

Substituting for a and b, we get y =−2
3 x and y = 2

3 x.

Finally, to find the foci, use c2 = a2 +b2.
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c2 = 4+9 = 13

c =
√

13

The foci are
(

0,
√

13
)

and
(

0,−
√

13
)

.

Example 2

Find the vertices, foci, and asymptotes of y2− x2

25 = 1.

First, let’s rewrite the equation like this: y2

1 −
x2

25 = 1. We know that the transverse axis is vertical because the y-term
is first, making a = 1 and b = 5. Therefore, the vertices are (0,−1) and (0,1). The asymptotes are y = 1

5 x and
y =−1

5 x. Lastly, let’s find the foci using c2 = a2 +b2.

c2 = 1+25 = 26

c =
√

26

The foci are
(

0,−
√

26
)

and
(

0,
√

26
)

.

Example 3

Graph Example 2.
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Example 4

Graph 9x2−49y2 = 411.

Rewrite the equation so that the right side is equal to 1. Divide everything by 441.

9x2

441
− 49y2

441
=

441
441

x2

49
− y2

9
= 1

a = 9 and b = 6 with a horizontal transverse axis.

Review

Find the vertices, asymptotes, and foci of each hyperbola below.

1. x2

9 −
y2

16 = 1
2. 4y2−25x2 = 100
3. x2

81 −
y2

64 = 1
4. x2− y2 = 16
5. y2

49 −
x2

25 = 1
6. 121y2−9x2 = 1089
7. y2− x2 = 1
8. x2

64 −
y2

4 = 1

9. y2

4 −
x2

64 = 1
10. Graph #1.
11. Graph #2.
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12. Graph #8.
13. Graph #9.
14. Writing Compare the hyperbolas from #8 and #9. How are they the same? How are they different? What do

you know about the asymptotes and foci?
15. Critical Thinking Compare the equations x2

25−
y2

9 = 1 and x2

25 +
y2

9 = 1. Graph them on the same axes and find
their foci.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.7.
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1.8 Writing the Equation of a Hyperbola, Cen-
tered at the Origin

Learning Objectives

Here you’ll write the equation of a hyperbola given the foci, vertices, and/or the asymptotes.

You are asked to solve a riddle. You are given the following pieces of information to help you.

1. I am a hyperbola centered at the origin.
2. My vertex is (0,−2).
3. One of my foci is (0,−3).

What is my equation?

The Equation of a Hyperbola

In this concept, we are going to work backwards and find the equation of hyperbolas, given certain pieces of
information. For this entire concept, the hyperbola will be centered at the origin.

Let’s find the equation of the hyperbola, centered at the origin, with a vertex of (−4,0) and focus of (−6,0).

Because the vertex and focus are on the x-axis, we know that the transverse axis is horizontal. Therefore, the equation
will be x2

a2 − y2

b2 = 1. From the vertex, we know that a = 4 and c = 6. Let’s solve for b2 using c2 = a2 +b2.

62 = 42 +b2

36 = 16+b2→ b2 = 20

The equation of the hyperbola is x2

16 −
y2

20 = 1.

Now, let’s find the equation of the hyperbola, centered at the origin, with an asymptote of y = 2
3 x and vertex of

(0,12).

We know that a = 12, making the transverse axis is vertical and the general equation of the asymptote y = a
b x.

Therefore, 2
3 = 12

b , making b = 18. Therefore, the equation of the hyperbola is y2

144 −
x2

324 = 1.

In this problem, we showed that the slope of the asymptote can be reduced to something that is not always a
b , but

c
(m

n

)
= a

b , where c is some constant that we can reduce the fraction by.

Finally, let’s find the equations of two hyperbolas with an asymptote of y =−5
9 x.

This asymptote can be for either a vertical or horizontal hyperbola. −5
9 can also be a reduced fraction of a

b , like in
the previous problem. For example, the asymptote y =−10

18 x reduces to y =−5
9 x.

If the hyperbola is horizontal, then the equation of the asymptote is y =−b
a x and that would make a = 9 and b = 5

and the equation would be x2

81−
y2

25 = 1. If the equation is vertical, then the asymptote is y=−a
b x and a= 5 and b= 9.

The equation would be y2

25 −
x2

81 = 1. If the slope is reduced from a larger fraction, we could also have x2

324 −
y2

100 = 1

or y2

100 −
x2

324 = 1 as a possible answer.
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There are infinitely many hyperbolic equations with this asymptote.

Examples

Example 1

Earlier, you were asked to find the equation of the parabola given the riddle.

Because the vertex and focus are on the y-axis, we know that the transverse axis is vertical. Therefore, the equation
will be y2

a2 − x2

b2 = 1.

From the vertex and the focus, we know that a = 2 and c = 3. Let’s solve for b2 using c2 = a2 +b2.

32 = 22 +b2

9 = 4+b2→ b2 = 5

Therefore, the equation of the hyperbola will be y2

4 −
x2

5 = 1.

Find the equation of the following hyperbolas, centered at the origin, with the given information.

Example 2

vertex: (0,2)

focus: (0,5)
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The vertex is on the y-axis, so this is a vertical hyperbola with a = 2. c = 5, so we need to find b2.

c2 = a2 +b2

25 = 4+b2→ b2 = 21

The equation of the hyperbola is y2

4 −
x2

21 = 1.

Example 3

asymptote: y = x

vertex: (4,0)

Rewriting the slope of y = x, we get y = 1
1 x. So, we know that a and b are in a ratio of 1:1. Because the vertex is

(4,0), we know that a = 4 and that the hyperbola is horizontal. Because a and b are in a ratio of 1:1, b has to equal
4 as well. The equation of the hyperbola is x2

16 −
y2

16 = 1.

Example 4

Find the equations of two hyperbolas, centered at the origin, with different a and b values and an asymptote of
y = 3

4 x.

One possibility is that b = 3 and a = 4 making the equation x2

16 −
y2

9 = 1. A second possibility could be that a and b

are a multiply of the ratio 4:3. So, a = 8 and b = 6, making the equation x2

64 −
y2

36 = 1.

Review

Find the equation of the hyperbola, centered at the origin, given the information below.

1. vertex: (−2,0), focus: (−5,0)
2. vertex: (4,0), focus: (7,0)
3. b = 8, focus: (−15,0)
4. vertex: (−6,0), asymptote: y = 4

3 x
5. b = 6, focus: (0,11)
6. vertex: (0,5), asymptote: y = x
7. asymptote: y =−1

2 x, vertex: (6,0)
8. asymptote: y = 3x, b = 9, vertical transverse axis
9. vertex: (0,8), focus:

(
0,6
√

2
)

10. Find the equation of two hyperbolas such that they have the same a and b values, the equation of an asymptote
is y = 4

5 x, and centered at the origin.
11. Find the equation of two hyperbolas such that they have different a and b values, both horizontal, the equation

of an asymptote is y =−2
3 x, and centered at the origin.

12. Find the equation of two hyperbolas such that they have different a and b values, both vertical, the equation of
an asymptote is y = 6x, and centered at the origin.

13. Find the equation of two hyperbolas such that they have the same a and b values, the equation of an asymptote
is y =−10

7 x, and centered at the origin.

Find the equation of the hyperbolas below.
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14.

15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.8.
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1.9 Hyperbolas Centered at (h, k)

Learning Objectives

Here you’ll graph and find the equation of hyperbolas that are centered at the origin.

Your homework assignment is to graph the hyperbola 9(y+ 2)2− 4(x− 3)2 = 36. What are the vertices of your
graph?

Hyperbolas Centered at (h,k)

Just like you have learned previously, a hyperbola does not always have to be placed with its center at the origin. If
the center is (h,k) the entire ellipse will be shifted h units to the left or right and k units up or down. The equation
becomes (x−h)2

a2 − (y−k)2

b2 = 1. We will address how the vertices, co-vertices, and foci change in the next problem.

Let’s graph (x−2)2

16 − (y+1)2

9 = 1. Then, let’s find the vertices, foci, and asymptotes.

First, we know this is a horizontal hyperbola because the x term is first. Therefore, the center is (2,−1) and a = 4
and b = 3. Use this information to graph the hyperbola.

To graph, plot the center and then go out 4 units to the right and left and then up and down 3 units. Draw the box
and asymptotes.

This is also how you can find the vertices. The vertices are (2±4,−1) or (6,−1) and (−2,−1).

To find the foci, we need to find c using c2 = a2 +b2.
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c2 = 16+9 = 25

c = 5

Therefore, the foci are (2±5,−1) or (7,−1) and (−3,−1).

To find the asymptotes, we have to do a little work to find the y-intercepts. We know that the slope is ±b
a or ±3

4 and
they pass through the center. Let’s write each asymptote in point-slope form using the center and each slope.

y−1 = 3
4(x+2) and y−1 =−3

4(x+2)

Simplifying each equation, the asymptotes are y = 3
4 x− 5

2 and y =−3
4 x+ 1

2 .

From this problem, we can create formulas for finding the vertices, foci, and asymptotes of a hyperbola with center
(h,k). Also, when graphing a hyperbola, not centered at the origin, make sure to plot the center.

TABLE 1.3:

Orientation Equation Vertices Foci Asymptotes
Horizontal (x−h)2

a2 − (y−k)2

b2 = 1 (h±a,k) (h± c,k) y− k =±b
a(x−h)

Vertical (y−k)2

a2 + (x−h)2

b2 = 1 (h,k±a) (h,k± c) y− k =±a
b(x−h)

Now, let’s find the equation of the hyperbola with vertices (−3,2) and (7,2) and focus (−5,2).

These two vertices create a horizontal transverse axis, making the hyperbola horizontal. If you are unsure, plot the
given information on a set of axes. To find the center, use the midpoint formula with the vertices.(−3+7

2 , 2+2
2

)
=
(4

2 ,
4
2

)
= (2,2)

The distance from one of the vertices to the center is a, |7−2|= 5. The distance from the center to the given focus
is c, |−5−2|= 7. Use a and c to solve for b.

72 = 52 +b2

b2 = 24→ b = 2
√

6

Therefore, the equation is (x−2)2

25 − (y−2)2

24 = 1.

Finally, let’s graph 49(y−3)2−25(x+4)2 = 1225 and find the foci.

First we have to get the equation into standard form, like the equations above. To make the right side 1, we need to
divide everything by 1225.

49(y−3)2

1225
− 25(x+4)2

1225
=

1225
1225

(y−3)2

25
− (x+4)2

49
= 1

Now, we know that the hyperbola will be vertical because the y-term is first.

a = 5, b = 7 and the center is (−4,3).
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To find the foci, we first need to find c by using c2 = a2 +b2.

c2 = 49+25 = 74

c =
√

74

The foci are
(
−4,3±

√
74
)

or (−4,11.6) and (−4,−5.6).

Examples

Example 1

Earlier, you were asked to identify the vertices of the graph of the hyperbola defined by 9(y+2)2−4(x−3)2 = 36.

First we need to get the equation in standard form (y−k)2

a2 + (x−h)2

b2 = 1, so we divide by 36.

9(y+2)2−4(x−3)2 = 36

9(y+2)2

36
− 4(x−3)2

36
=

36
36

(y+2)2

4
− (x−3)2

9
= 1

Because the y-term is first, we can now see that the vertices are (h,k±a) (3,−2±2). That is, (3,0) and (3,−4)

Example 2

Find the center, vertices, foci, and asymptotes of (y−1)2

81 − (x+5)2

16 = 1.

51

http://www.ck12.org


1.9. Hyperbolas Centered at (h, k) www.ck12.org

The center is (−5,1), a =
√

81 = 9 and b =
√

16 = 4, and the hyperbola is horizontal because the y-term is first.
The vertices are (−5,1±9) or (−5,10) and (−5,−8). Use c2 = a2 +b2 to find c.

c2 = 81+16 = 97

c =
√

97

The foci are
(
−5,1+

√
97
)

and
(
−5,1−

√
97
)

.

The asymptotes are y−1 =±9
4(x+5) or y = 9

4 x+12 1
4 and

y =−9
4 x−10 1

4 .

Example 3

Graph 25(x−3)2−4(y−1)2 = 100 and find the foci.

Change this equation to standard form in order to graph.

25(x−3)2

100
− 4(y−1)2

100
=

100
100

(x−3)2

4
− (y−1)2

25
= 1

center: (3,1), a = 2, b = 5

Find the foci.
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c2 = 25+4 = 29

c =
√

29

The foci are
(

3,1+
√

29
)

and
(

3,1−
√

29
)

.

Example 4

Find the equation of the hyperbola with vertices (−6,−3) and (−6,5) and focus (−6,7).

The vertices are (−6,−3) and (−6,5) and the focus is (−6,7). The transverse axis is going to be vertical because
the x-value does not change between these three points. The distance between the vertices is |−3− 5|= 8 units,
making a = 4. The midpoint between the vertices is the center.(
−6, −3+5

2

)
=
(
−6, 2

2

)
= (−6,1)

The focus is (−6,7) and the distance between it and the center is 6 units, or c. Find b.

36 = b2 +16

20 = b2

b =
√

20 = 2
√

5

The equation of the hyperbola is (y−1)2

16 − (x+6)2

20 = 1.

Review

Find the center, vertices, foci, and asymptotes of each hyperbola below.

1. (x+5)2

25 − (y+1)2

36 = 1
2. (y+2)2−16(x−6)2 = 16
3. (y−2)2

9 − (x−3)2

49 = 1
4. 25x2−64(y−6)2 = 1600
5. (x−8)2− (y−4)2

9 = 1
6. 81(y+4)2−4(x+5)2 = 324
7. Graph the hyperbola in #1.
8. Graph the hyperbola in #2.
9. Graph the hyperbola in #5.

10. Graph the hyperbola in #6.

Using the information below, find the equation of each hyperbola.

11. vertices: (−2,−3) and (8,−3)b = 7
12. vertices: (5,6) and (5,−12) focus: (5,−15)
13. asymptote: y+3 = 4

9(x+1) horizontal transverse axis
14. foci: (−11,−4) and (1,−4) vertex: (−8,−4)
15. Extension Rewrite the equation of the hyperbola, 49x2− 4y2 + 490x− 16y+ 1013 = 0 in standard form, by

completing the square for both the x and y terms.
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.9.
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1.10 General Conic Equation

Learning Objectives

Here you’ll change the general second-degree equation into the standard form of a parabola, ellipse, circle, or
hyperbola.

You and your friends are playing the game Name the Conic Section. You draw a card with the equation x2− 4x−
8y+12 = 0. What type of conic section is represented by this equation?

Conic Equations

The equation of any conic section can be written in the form Ax2 +Bxy+Cy2 +Dx+Ey+F = 0, which is the
general second-degree equation in terms of x and y. For all the conic sections you have seen so far, B = 0 because
all axes were either horizontal or vertical. When a conic is in this form, you have to complete the square to get it
into standard form.

Standard Form of Conic Sections with Center (h,k)

TABLE 1.4:

Horizontal Axis Vertical Axis
Circle (x−h)2 +(y− k)2 = r2

Parabola (y− k)2 = 4p(x−h) (x−h)2 = 4p(y− k)

Ellipse (x−h)2

a2 + (y−k)2

b2 = 1 (x−h)2

b2 + (y−k)2

a2 = 1

Hyperbola (x−h)2

a2 − (y−k)2

b2 = 1 (y−k)2

a2 + (x−h)2

b2 = 1

Let’s determine the type of conic section x2 + y2−6x+10y−6 = 0 and rewrite the equation in standard form.

Start by rewriting the equation with the x terms and y terms next to each other and moving the constant to the other
side of the equation.

x2 + y2−6x+10y−6 = 0

(x2−6x)+(y2 +10y) = 6

Now, complete the square for both the x and y terms. To complete the square, you need to add
(b

2

)2
to both sides of

the equation.

(x2−6x+9)+(y2 +10y+25) = 6+9+25

(x−3)2 +(y+5)2 = 40

By looking at the standard forms above, we can see that this is a circle. Another clue as to what type of conic it is,
is that A and C are equal in the general second-degree equation.

Now, let’s determine the type of conic section 20x2− 20y2− 80x + 240y+ 320 = 0 and rewrite the equation in
standard form.
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Using the logic from the previous problem, we can conclude that this conic is not a circle. It is also not a parabola
because it has both the x2 and y2 terms. Rewrite the equation, grouping the x terms together, y terms together, and
moving the constant over to the other side. Then, pull out the GCF of each set of terms.

20x2−20y2−90x+240y+320 = 0

20x2−80x−20y2 +240y =−320

20(x2−4x)−20(y2−12y) =−320

Now, complete the square for the x and y terms. When determining what constant will “complete the square” for
each grouping, don’t forget to multiply the constant by the number outside the parenthesis before adding it to the
other side.

20(x2−4x)−20(y2−12y) = -320

20(x2−4x+4)−20(y2−12y+36) = -320+80−720

20(x−2)2

-960
− 20(y−6)2

-960
=

-960
-960

-
(x−2)2

48
+

(y−6)2

48
= 1

(y−6)2

48
− (x−2)2

48
= 1

We now see that this conic is a hyperbola. Going back the original equation, C is negative. In order for a general
second-degree equation to be a hyperbola, A or C (not both) must be negative. If A and C are both positive or negative
and not equal, the equation represents an ellipse.

Finally, let’s write the equation of the conic below.
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Just by looking at the graph, we know this is a horizontal ellipse. The standard equation for this ellipse is (x−h)2

a2 +
(y−k)2

b2 = 1. The center is (−3,6), the major axis is 14 units long, making a = 7, and the minor axis is 6 units long,

making b = 3. The equation is therefore (x−(−3))2

72 + (y−6)2

32 = 1 or (x+3)2

49 + (y−6)2

4 = 1.

Examples

Example 1

Earlier, you were asked to determine the type of conic section represented by the equation x2−4x−8y+12 = 0.

Start by rewriting the equation with the x terms and y terms next to each other.

x2−4x = 8y−12

Now, complete the square for the x terms. To complete the square, we need to add 4 to both sides of the equation.

(x2−4x+4) = 8y−12+4

(x−2)2 = 8y−8

Finally, factor out the LCD from the right side of the equation.

(x−2)2 = 8(y−1)

By looking at the standard forms above, we can see that this is a parabola.

For Examples 2 3, determine the type of conic section and rewrite each equation in standard form.

Example 2

9x2 +16y2 +18x−135 = 0

Complete the square. Ellipse.

9x2 +16y2 +18x−135 = 0

9x2 +18x+16y2 = 135

9(x2 +2x+1)+16y2 = 135+9

9(x+1)2 +16y2 = 144

(x+1)2

16
+

y2

9
= 1

Example 3

y2−3x−8y+10 = 0

Complete the square. Parabola.
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y2−3x−8y+10 = 0

y2−8y−3x =−10

y2−8y+16 = 3x−10+16

(y−4)2 = 3x+6

(y−4)2 = 3(x+2)

Example 4

Write the equation of the conic below.

This is a circle because the distance around the center is the same. The center is (0,−4) and the radius is 5. The
equation is x2 +(y+4)2 = 25.

Review

1. In the general conic equation, why does B have to equal zero in order to create a conic?

Find the equation of each conic section below.
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2.

3.
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4.

5.
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6.

7.
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8.

9.

Rewrite each equation in standard form, classify the conic, and find the center. If the conic is a parabola, find the
vertex.

10. 3x2 +3y2−6x+9y−14 = 0
11. 6x2 +12x− y+15 = 0
12. x2 +2y2 +4x+2y−27 = 0
13. x2− y2 +3x−2y−43 = 0
14. y2−8x−6y+49 = 0
15. −64x2 +225y2−256x−3150y−3631 = 0
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.10.
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1.11 Classifying Conic Sections

Learning Objectives

Here you’ll learn how to classify conic sections using the discriminant.

You and your friends are playing Name the Conic Section. Your friend pulls a card with the equation x2 + 3xy =
−5y2−10 written on it. What type of conic section is represented by the equation?

Classifying Conic Sections

Another way to classify a conic section when it is in the general form is to use the discriminant, like from the
Quadratic Formula. The discriminant is what is underneath the radical, b2−4ac, and we can use this to determine
if the conic is a parabola, circle, ellipse, or hyperbola. If the general form of the equation is Ax2 +Bxy+Cy2 +Dx+
Ey+F = 0, where B = 0, then the discriminant will be B2−4AC.

Use the table below:

TABLE 1.5:

B2−4AC = 0 and A = 0 or C = 0 Parabola
B2−4AC < 0 and A =C Circle
B2−4AC < 0 and A 6=C Ellipse
B2−4AC > 0 Hyperbola

Let’s use the discriminant to determine the type of conic section for the following equations.

1. x2−4y2 +5x−8y+16 = 0

A = 1, B = 0, and C =−4

02−4(1)(−4) = 16 This is a hyperbola.

2. 3x2 +3y2−9x−12y−20 = 0

A = 3, B = 0, C = 3

02−4(3)(3) =−36 Because A =C and the discriminant is less than zero, this is a circle.

Finally, let’s use the discriminant to determine the type of conic. Then, we’ll change the equation into standard form
to verify our answer. We’ll also find the center (or vertex, if it is a parabola). x2 + y2−6x+14y−86 = 0

A = 1, B = 0, C = 1 This is a circle.

(x2−6x+9)+(y2 +14y+49) = 86+49+9

(x−3)2 +(y+7)2 = 144

The center is (3, −7).
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Examples

Example 1

Earlier, you were asked to determine the type of conic section represented by the equation x2 +3xy =−5y2−10.

First we need to rewrite the equation is standard form.

x2 +3xy =−5y2−10x2 +3xy+5y2 +10 = 0

Now we can use the discriminant to find the type of conic section represented by the equation.

A = 1, B = 3, C = 5

32−4(1)(5) =−11 Because A 6=C and the discriminant is less than zero, this equation represents an ellipse.

For Examples 2 3, use the discriminant to determine the type of conic.

Example 2

2x2 +5y2−8x+25y+115 = 0

02−4(2)(5) =−40, this is an ellipse.

Example 3

5y2−9x−10y−14 = 0

02−4(0)(5) = 0, this is a parabola.

Example 4

Use the discriminant to determine the type of conic. Then, change the equation into standard form to verify your
answer. Find the center or vertex, if it is a parabola.

−4x2 +3y2−8x+24y+32 = 0

02−4(−4)(3) = 48, this is a hyperbola. Changing it to standard form, we have:

(−4x2−8x)+(3y2 +24y) =−32

−4(x2 +2x+1)+3(y2 +8y+16) =−32+48−4

−4(x+1)2 +3(y+4)2 = 12

−(x+1)2

3
+

(y+4)2

4
= 1

Usually, we write the negative term second, so the equation is (y+4)2

4 − (x+1)2

3 = 1. The center is (−1,−4).

Review

Use the discriminant to determine the type of conic each equation represents.
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1. 2x2 +2y2 +16x−8y+25 = 0
2. x2− y2−2x+5y−12 = 0
3. 6x2 + y2−12x+7y+35 = 0
4. 3x2−15x+9y−18 = 0
5. 10y2 +6x−40y+253 = 0
6. 4x2 +4y2 +32x+48y+465 = 0

Match the equation with the correct graph.

7. x2 +10x+4y+41 = 0
8. 4y2 + x+56y+188 = 0
9. x2 + y2 +10x−14y+65 = 0

10. 25x2 + y2−200x−10y+400 = 0

Use the discriminant to determine the type of conic. Then, change the equation into standard form to verify your
answer. Find the center or vertex, if it is a parabola.

11. x2−12x+6y+66 = 0
12. x2 + y2 +2x+2y−2 = 0
13. x2− y2−10x−10y−10 = 0
14. y2−10x+8y+46 = 0
15. Find the Area of an Ellipse Graph x2 + y2 = 36 and find its area.

a. Then, graph x2

36 +
y2

25 = 1 and x2

25 +
y2

36 = 1 on the same axes.
b. Do these ellipses have the same area? Why or why not?
c. If the equation of the area of a circle is A = πr2, what do you think the area of an ellipse is? Use a and b

as in the standard form, x2

a2 +
y2

b2 = 1.
d. Find the areas of the ellipses from part a. Are the areas more or less than the area of the circle? Why or

why not?
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.11.
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1.12 Solving Systems of Lines, Quadratics, and
Conics

Learning Objectives

Here you’ll solve systems of equations with lines, parabolas, circles, or ellipses by graphing and substitution.

You are given the ellipse x2

4 + y2

9 = 1 and the line y = 3
2 x+ 3. You want to determine at which point(s), if any, the

two equations intersect without graphing. Does the line intersect the ellipse? If so, at which point(s) does it do so?

Systems of Lines, Quadratics and Conics

Previously, we solved a system involving two lines or three planes, by using graphing, substitution, and linear
combinations. In this concept, we will add circles, parabolas, and ellipses to systems of equations. Because both x
and y can be squared in these equations, there will often be more than one answer.

Let’s estimate the solutions for the system of equations below.

These two ellipses intersect in four places. They look to be the following points:

(0,7), (4.7,5.5), (4.9,4.3), and (−1,2.9)

Keep in mind these are only estimates. In the next problem, we will show how to find the exact answers.

Now, let’s solve x2 + y2 = 25
3x+2y = 6.

Let’s solve this system by graphing. The first equation is a circle, centered at the origin, with a radius of 5. The
second equation is a line. In slope intercept form, it is y =−3

2 x+3.
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Next, let’s estimate where the line and circle intersect. In the second quadrant, it looks like (−1.2,4.8) and in the
fourth quadrant it looks like (4,−3). These are our estimated answers.

To find the exact value of these points of intersection, we need to use substitution. Substitute in the linear equation
in for y into the circle equation and solve for x.

x2 +

(
−3

2
x+3

)2

= 25

x2 +
9
4

x2−9x+9 = 25

13
4

x2−9x−16 = 0

13x2−36x−64 = 0

Use the Quadratic Formula:

x =
36±

√
362−4(13)(−64)

2(13)

=
36±

√
4624

26

=
36±68

26

The solutions, for x, are 36+68
26 = 4 and 36−68

26 =−1 3
13 . Plug these into either equation to solve for y.

y =−3
2(4)+3 =−3 and y =−3

2

(
−16

13

)
+3 = 4 11

13

The points are (4,−3) and
(
−1 3

13 ,4
11
13

)
.
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The technique used in this problem is how it is recommended you approach each problem. First, graph the system
so that you have an idea of how many solutions there are and where they are located. Then, use substitution to solve
for the exact answers.

Finally, let’s solve x2

16 +
y2

9 = 1
y2 =−4

3(x−6).

Graphing the two equations, we have four points of intersection below. The second equation is solved for y2, so
substitute that into the first equation.

x2

16
− 4(x−6)

3 ·9
= 1

x2

16
− 4x−24

27
= 1

27x2−16(4x−24) = 432

27x2−64x−48 = 0

Now, use the Quadratic Formula to solve for x.

x =
64±

√
(−64)2−4(27)(−48)

2(27)

=
64±

√
9280

54

=
32±4

√
145

27

Plugging these into the calculator we get x = 32+4
√

145
27 ≈ 2.97 and x = 32−4

√
145

27 ≈−0.6. Looking at the graph,
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we know that there will be two different y-values for each x-value to give four points of intersection. Using the
estimations, solve for y. You can choose either equation.

y2 =−4
3
(2.97−6) y2 =−4

3
(−0.6−6)

y2 = 4.04 and y2 = 8.8

y =±2.01 y =±2.97

The points are (2.97,2.01), (2.97,−2.01), (−0.6,2.97), and (−0.6,−2.97).

Examples

Example 1

Earlier, you were asked to determine if the line y = 3
2 x+ 3 intersects the ellipse x2

4 + y2

9 = 1, and if so, at which
point(s).

First, let’s get rid of the fractions in the equation of the ellipse to make it easier to work with. To do so, we multiply
by the LCD.

x2

4
+

y2

9
= 1

36
x2

4
+36

y2

9
= 36 ·1

9x2 +4y2 = 36

Now we can substitute the equation of the line y = 3
2 x+3 in for y and solve for x.

9x2 +4(
3
2

x+3)2 = 36

9x2 +4(
9
4

x2 +9x+9) = 36

9x2 +9x2 +36x+36 = 36

18x2 +36x = 0

18x(x+2) = 0

So, x = 0 or x =−2

Finally we can substitute these x values into the equation of the line to find the corresponding y values.

y = 3
2(0)+3 = 3

y = 3
2(−2)+3 = 0

Therefore, the line intersects the ellipse at points (0,3) and (−2,0).

Example 2

Estimate the solutions to the system below.
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(3,−0.1) and (4.5,−6)

Find the solutions to the systems below.

Example 3

x2 +(y−1)2 = 36

x2 = 2(y+9)

This is a circle and a parabola that intersects in four places.
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Using substitution for x2, we have:

2(y+9)+(y−1)2 = 36

2y+18+ y2−2y+1 = 36

y2 = 17

y =±
√

17≈±4.12

The corresponding x-values are:

x2 = 2(4.12+9) x2 = 2(−4.12+9)

x2 = 26.25 and x2 = 9.76

x =±5.12 x =±3.12

The solutions are: (4.12,5.12), (4.12,−5.12), (−4.12,3.12) and (−4.12,−3.12).

Example 4

x2 = y+8

4x+5y = 12

This is a line and a parabola that intersect in two points.
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Solve the first equation for y and substitute into the second.

4x+5(x2−8) = 12

4x+5x2−40 = 12

5x2 +4x−52 = 0

x =
−4±

√
42−4(5)(−52)

2(5)

x =
−4±

√
1056

10
≈ 3.65,2.85

Using the first equation, y = 3.652−8 = 5.32 and y = 2.852−8 = 0.12. The points are (3.65,5.32) and (2.85,0.12).

Review

Estimate the solutions for each system of equations below.
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1.

2.
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3.

4.

Solve each system of equations below.

5. .

5x2 +3y = 17

x− y = 1

6. .
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x2 + y2 = 7.5

x+2y = 6

7. .

x2 = y+4

x2

4
+(y+2)2 = 1

8. .

(x−1)2 +(y−3)2 = 25

x2 =−2(y−10)

9. .

x2 + y2 = 16

4x−3y = 18

10. .

(x+4)2 +(y+1)2 = 36

(x+1)2

4
+

(y−2)2

25
= 1

11. How many different ways can a circle and a parabola intersect? Draw each possibility.
12. How many different ways can a circle and an ellipse intersect? Draw each possibility.
13. Create a system of two circles with no solution. What would the graph look like?

14. Challenge Find the solutions for the system

x2 + y2 = r2

y = mx

Leave your answers in terms of m and r.

15. Challenge Determine if the system of three equations below have one common solution.

x2 +3y2 = 16

3x2 + y2 = 16

y = x
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.12.

Summary

This chapter covers parabolas, circles, ellipses, and hyperbolas. You will learn how to graph and analyze these conic
sections. In the last concept, we will solve systems with conics and lines.
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CHAPTER 2 Polynomial Functions
Chapter Outline

2.1 PRODUCT AND QUOTIENT PROPERTIES OF EXPONENTS

2.2 NEGATIVE AND ZERO EXPONENTS

2.3 POWER PROPERTIES OF EXPONENTS

2.4 ADDING AND SUBTRACTING POLYNOMIALS

2.5 MULTIPLYING POLYNOMIALS

2.6 SUM AND DIFFERENCE OF CUBES

2.7 FACTORING BY GROUPING

2.8 FACTORING POLYNOMIALS IN QUADRATIC FORM

2.9 LONG DIVISION OF POLYNOMIALS

2.10 SYNTHETIC DIVISION OF POLYNOMIALS

2.11 FINDING RATIONAL AND REAL ZEROS

2.12 FINDING IMAGINARY SOLUTIONS

2.13 FINDING AND DEFINING PARTS OF A POLYNOMIAL FUNCTION GRAPH

2.14 GRAPHING POLYNOMIAL FUNCTIONS WITH A GRAPHING CALCULATOR

Introduction

In this chapter we will continue to explore non-linear functions. This chapter covers any polynomial function, or a
function whose greatest exponent is larger than 2. We will add, subtract, multiply, divide and solve these types of
functions. Towards the end of the chapter, we will analyze the graph of a polynomial function and find the inverse
and composition.
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2.1 Product and Quotient Properties of Expo-
nents

Learning Objectives

Here you’ll use and understand the product and quotient properties of exponents.

Miguel says that the expression 25·24

22 equals 210.

Alise says that it is equal to 27.

Carlos says that because the exponents of the terms are different, the expression can’t be simplified.

Which one of them is correct?

Product and Quotient Properties of Exponents

To review, the power (or exponent) of a number is the little number in the superscript. The number that is being
raised to the power is called the base. The exponent indicates how many times the base is multiplied by itself.

There are several properties of exponents. We will investigate two in this concept.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177328

Let’s expand and solve 56.

56 means 5 times itself six times.

56 = 5 ·5 ·5 ·5 ·5 ·5 = 15,625

Product Property

Step 1: Expand 34 ·35.
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3 ·3 ·3 ·3︸       ︷︷       ︸
34

·3 ·3 ·3 ·3 ·3︸          ︷︷          ︸
35

Step 2: Rewrite this expansion as one power of three.

39

Step 3: What is the sum of the exponents?

4+5 = 9

Step 4: Fill in the blank: am ·an = a−
+−

am ·an = am+n

Rather than expand the exponents every time or find the powers separately, we can use this property to simplify the
product of two exponents with the same base.

Let’s simplify the following expressions using the Product Property above.

1. x3 · x8

x3 · x8 = x3+8 = x11

2. xy2x2y9

If a number does not have an exponent, you may assume the exponent is 1. Reorganize this expression so the x’s are
together and y’s are together.

xy2x2y9 = x1 · x2 · y2 · y9 = x1+2 · y2+9 = x3y11

Quotient Property

Step 1: Expand 28÷23. Also, rewrite this as a fraction.
2·2·2·2·2·2·2·2

2·2·2

Step 2: Cancel out the common factors and write the answer one power of 2.

�2·�2·�2·2·2·2·2·2
�2·�2·�2

= 25

Step 3: What is the difference of the exponents?

8−3 = 5

Step 4: Fill in the blank: am

an = a−
−−

am

an = am−n

Let’s simplify the following expressions using the Quotient Property above.

1. 59

57

59

57 = 59−7 = 52 = 25

2. x4

x2

x4

x2 = x4−2 = x2
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Examples

Example 1

Earlier, you were asked to find which student is correct.

Using the Product Property and then the Quotient Property, the expression can be simplified.

25 ·24

22

=
29

22

= 27

Therefore, Alise is correct.

Simplify the following expressions. Evaluate any numerical answers.

Example 2

7 ·72

7 ·72 = 71+2 = 73 = 343

Example 3

37

33

37

33 = 37−3 = 34 = 81

Example 4

16x4y5

4x2y2

16x4y5

4x2y2 = 4x4−2y5−3 = 4x2y2

Review

Expand the following numbers and evaluate.

1. 26

2. 103

3. (−3)5

4. (0.25)4

Simplify the following expressions. Evaluate any numerical answers.

5. 42 ·47

6. 6 ·63 ·62

7. 83

8
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8. 24·35

2·32

9. b6 ·b3

10. 52x4 · x9

11. y12

y5

12. a8·b6

b·a4

13. 37x6

33x3

14. d5 f 3d9 f 7

15. 28m18n14

25m11n4

16. 94 p5q8

92 pq2

Investigation Evaluate the powers of negative numbers.

17. Find:

a. (−2)1

b. (−2)2

c. (−2)3

d. (−2)4

e. (−2)5

f. (−2)6

18. Make a conjecture about even vs. odd powers with negative numbers.
19. Is (−2)4 different from −24? Why or why not?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.1.
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2.2 Negative and Zero Exponents

Learning Objectives

Here you’ll evaluate and use negative and zero exponents.

The magnitude of an earthquake represents the exponent m in the expression 10m.

Valdivia, Chile has suffered two major earthquakes. The 1575 Valdivia earthquake had a magnitude of 8.5. The
world’s largest earthquake was the 1960 Valdivia earthquake at a magnitude of 9.5.

What was the size of the 1575 earthquake compared to the 1960 one?

Source: Wikipedia

Negative and Zero Exponents

In this concept, we will introduce negative and zero exponents.

Zero Exponents

Step 1: Evaluate 56

56 by using the Quotient of Powers property.

56

56 = 56−6 = 50

Step 2: What is a number divided by itself? Apply this to Step 1.
56

56 = 1

Step 3: Fill in the blanks. am

am = am−m = a− =−

a0 = 1

Negative Exponents

Step 1: Expand 32

37 and cancel out the common 3’s and write your answer with positive exponents.

32

37 = �3·�3
�3·�3·3·3·3·3·3

= 1
35

Step 2: Evaluate 32

37 by using the Quotient of Powers property.

32

37 = 32−7 = 3−5

Step 3: Are the answers from Step 1 and Step 2 equal? Write them as a single statement.
1
35 = 3−5

Step 4: Fill in the blanks. 1
am = a− and 1

a−m = a−
1

am = a−m and 1
a−m = am

From the the discussions above, we have learned two very important properties of exponents. First, anything to the
zero power is one. Second, negative exponents indicate placement. If an exponent is negative, it needs to be moved
from where it is to the numerator or denominator.
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Let’s simplify the following expressions. Your answer should only have positive exponents.

1. 52

55

52

55 = 5−3 = 1
53 =

1
125

2. x7yz12

x12yz7

x7yz12

x12yz7 =
y1−1z12−7

x12−7 = y0z5

x5 = z5

x5

3. a4b0

a8b

a4b0

a8b = a4−8b0−1 = a−4b−1 = 1
a4b

or
a4b0

a8b = 1
a8−4b = 1

a4b

4. xy5

8y−3

xy5

8y−3 =
xy5y3

8 = xy5+3

8 = xy8

8

5. 27g−7h0

18g

27g−7h0

18g = 3
2g1g7 =

3
2g1+7 =

3
2g8

Now, let’s multiply the following two fractions together and simplify. The answer should only have positive
exponents.

4x−2y5

20x8 ·
−5x6y
15y−9

The easiest way to approach this problem is to multiply the two fractions together first and then simplify.

4x−2y5

20x8 ·
−5x6y
15y−9 =−20x−2+6y5+1

300x8y−9 =−x−2+6−8y5+1+9

15
=−x−4y15

15
=− y15

15x4

Examples

Example 1

Earlier, you were asked to find the size of the 1575 earthquake compared to the 1960 earthquake.

Set each earthquake’s magnitude up as an exponential expression and divide.
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108.5

109.5

= 10−1

=
1

101

=
1
10

Therefore, the size of the 1575 earthquake was 1
10 the 1960 one.

Simplify the following expressions.

Example 2

86

89

86

89 = 86−9 = 1
83 =

1
512

Example 3

3x10y2

21x7y−4

3x10y2

21x7y−4 =
x10−7y2−(−4)

7 = x3y6

7

Example 4

2a8b−4

16a−5 · 43a−3b0

a4b7

2a8b−4

16a−5 · 43a−3b0

a4b7 = 128a8−3b−4

16a−5+4b7 = 8a5+1

b7+4 = 8a6

b11

Review

Simplify the following expressions. Answers cannot have negative exponents.

1. 82

84

2. x6

x15

3. 7−3

7−2

4. y−9

y10

5. x0y5

xy7

6. a−1b8

a5b7

7. 14c10d−4

21c6d−3

8. 8g0h
30g−9h2

9. 5x4

10y−2 · y7x
x−1y

10. g9h5

6gh12 · 18h3

g8

11. 4a10b7

12a−6 · 9a−5b4

20a11b−8
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12. −g8h
6g−8 · 9g15h9

−h11

13. Rewrite the following exponential pattern with positive exponents: 5−4,5−3,5−2,5−1,50,51,52,53,54.
14. Evaluate each term in the pattern from #13.
15. Fill in the blanks.

As the numbers increase, you ______________ the previous term by 5.

As the numbers decrease, you _____________ the previous term by 5.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.2.
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2.3 Power Properties of Exponents

Learning Objectives

Here you’ll discover and use the power properties of exponents.

There are 1,000 bacteria present in a culture. When the culture is treated with an antibiotic, the bacteria count is
halved every 4 hours. How many bacteria remained 24 hours later?

Power Properties of Exponents

The last set of properties to explore are the power properties. Let’s investigate what happens when a power is raised
to another power.

Power of a Power Property

Step 1: Rewrite (23)5 as 23 five times.

(23)5 = 23 ·23 ·23 ·23 ·23

Step 2: Expand each 23. How many 2’s are there?

(23)5 = 2 ·2 ·2︸   ︷︷   ︸
23

·2 ·2 ·2︸   ︷︷   ︸
23

·2 ·2 ·2︸   ︷︷   ︸
23

·2 ·2 ·2︸   ︷︷   ︸
23

·2 ·2 ·2︸   ︷︷   ︸
23

= 215

Step 3: What is the product of the powers?

3 ·5 = 15

Step 4: Fill in the blank. (am)n = a−
·−

(am)n = amn

The other two exponent properties are a form of the distributive property.

Power of a Product Property: (ab)m = ambm

Power of a Quotient Property:
(a

b

)m
= am

bm

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177328

Let’s simplify the following.
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1. (34)2

(34)2 = 34·2 = 38 = 6561

2. (x2y)5

(x2y)5 = x2·5y5 = x10y5

3.
(

3a−6

22a2

)4
(do not leave any negative exponents)

This problem uses the Negative Exponent Property. Distribute the 4th power first and then move the negative power
of a from the numerator to the denominator.

(
3a−6

22a2

)4

=
34a−6·4

22·4a2·4 =
81a−24

28a8 =
81

256a8+24 =
81

256a32

4. 4x−3y4z6

12x2y ÷
(

5xy−1

15x3z−2

)2
(do not leave any negative exponents)

This problem is definitely as complicated as these types of problems get. Here, all the properties of exponents will
be used. Remember that dividing by a fraction is the same as multiplying by its reciprocal.

4x−3y4z6

12x2y
÷
(

5xy−1

15x3z−2

)2

=
4x−3y4z6

12x2y
· 225x6z−4

25x2y−2

=
y3z6

3x5 ·
9x4y2

z4

=
3x4y5z6

x5z4

=
3y5z2

x

Examples

Example 1

Earlier, you were asked to find the number of bacteria that remained 24 hours later.

To find the number of bacteria remaining, we use the exponential expression 1000(1
2)

n where n is the number of
four-hour periods.

There are 6 four-hour periods in 24 hours, so we set n equal to 6 and solve.

1000(1
2)

6

Applying the Power of a Quotient Property, we get:

1000(16

26 ) =
1000·1

26 = 1000
64 = 15.625

Therefore, there are 15.625 bacteria remaining after 24 hours.
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Example 2

Simplify without negative exponents:
(

5a3

b4

)7
.

Distribute the 7 to every power within the parenthesis.

(
5a3

b4

)7

=
57a21

b28 =
78,125a21

b28

Example 3

Simplify without negative exponents: (2x5)−3(3x9)2.

Distribute the -3 and 2 to their respective parenthesis and then use the properties of negative exponents, quotient and
product properties to simplify.

(2x5)−3(3x9)2 = 2−3x−1532x18 =
9x3

8

Example 4

Simplify without negative exponents: (5x2y−1)3

10y6 ·
(

16x8y5

4x7

)−1
.

Distribute the exponents that are outside the parenthesis and use the other properties of exponents to simplify.
Anytime a fraction is raised to the -1 power, it is equal to the reciprocal of that fraction to the first power.

(
5x2y−1

)3

10y6 ·
(

16x8y5

4x7

)−1

=
53x−6y−3

10y6 · 4x7

16x8y5

=
500xy−3

160x8y11

=
25

8x7y14

Review

Simplify the following expressions without negative exponents.

1. (25)3

2. (3x)4

3.
(4

5

)2

4. (6x3)3

5.
(

2a3

b5

)7

6. (4x8)−2

7.
( 1

72h9

)−1

8.
(

2x4y2

5x−3y5

)3
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9.
(

9m5n−7

27m6n5

)−4

10. (4x)2(5y)−3

(2x3y5)2

11. (5r6)4
(1

3 r−2
)5

12. (4t−1s)3(2−1ts−2)−3

13. 6a2b4

18a−3b4 ·
(

8b12

40a−8b5

)2

14. 2(x4y4)0

24x3y5z ÷
8z10

32x−2y5

15. 5g6

15g0h−1 ·
(

h
9g15 j7

)−3

16. Challenge a7b10

4a−5b−2 ·
[
(6ab12)2

12a9b−3

]2
÷ (3a5b−4)3

17. Rewrite 43 as a power of 2.
18. Rewrite 92 as a power of 3.
19. Solve the equation for x. 32 ·3x = 38

20. Solve the equation for x. (2x)4 = 48

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.3.
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2.4 Adding and Subtracting Polynomials

Learning Objectives

Here you’ll learn how to add and subtract polynomials, as well as learn about the different parts of a polynomial.

Rectangular prism A has a volume of x3 +2x2−3. Rectangular prism B has a volume of x4 +2x3−8x2. How much
larger is the volume of rectangular prism B than rectangular prism A?

Adding and Subtracting Polynomials

A polynomial is an expression with multiple variable terms, such that the exponents are greater than or equal to zero.
All quadratic and linear equations are polynomials. Equations with negative exponents, square roots, or variables in
the denominator are not polynomials.

Now that we have established what a polynomial is, there are a few important parts. Just like with a quadratic, a
polynomial can have a constant, which is a number without a variable. The degree of a polynomial is the largest
exponent. For example, all quadratic equations have a degree of 2. Lastly, the leading coefficient is the coefficient
in front of the variable with the degree. In the polynomial 4x4 +5x3−8x2 +12x+24 above, the degree is 4 and the
leading coefficient is also 4. Make sure that when finding the degree and leading coefficient you have the polynomial
in standard form. Standard form lists all the variables in order, from greatest to least.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/168792

Let’s rewrite x3−5x2 +12x4 +15−8x in standard form and find the degree and leading coefficient.

To rewrite in standard form, put each term in order, from greatest to least, according to the exponent. Always write
the constant last.
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x3−5x2 +12x4 +15−8x→ 12x4 + x3−5x2−8x+15

Now, it is easy to see the leading coefficient, 12, and the degree, 4.

Now, let’s simplify the following expressions.

1. (4x3−2x2 +4x+15)+(x4−8x3−9x−6)

To add or subtract two polynomials, combine like terms. Like terms are any terms where the exponents of the
variable are the same. We will regroup the polynomial to show the like terms.

(4x3−2x2 +4x+15)+(x4−8x3−9x−6)

x4 +(4x3−8x3)−2x2 +(4x−9x)+(15−6)

x4−4x3−2x2−5x+9

2. (2x3 + x2−6x−7)− (5x3−3x2 +10x−12)

When subtracting, distribute the negative sign to every term in the second polynomial, then combine like terms.

(2x3 + x2−6x−7)− (5x3−3x2 +10x−12)

2x3 + x2−6x−7−5x3 +3x2−10x+12

(2x3−5x3)+(x2 +3x2)+(−6x−10x)+(−7+12)

−3x3 +4x2−16x+5

Examples

Example 1

Earlier, you were asked to find the difference in the volume of rectangular prism B compared to rectangular prism
A.

We need to subtract the volume of rectangular prism A from the volume of rectangular prism B.

(x4 +2x3−8x2)− (x3 +2x2−3)

= x4 +2x3−8x2− x3−2x2 +3

= x4 + x3−10x2 +3

Therefore, the difference between the two volumes is x4 + x3−10x2 +3.

Example 2

Is
√

2x3−5x+6 a polynomial? Why or why not?

No, this is not a polynomial because x is under a square root in the equation.
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Example 3

Find the leading coefficient and degree of 6x2−3x5 +16x4 +10x−24.

In standard form, this polynomial is −3x5 + 16x4 + 6x2 + 10x− 24. Therefore, the degree is 5 and the leading
coefficient is -3.

Example 4

Add the following polynomials: (9x2 +4x3−15x+22)+(6x3−4x2 +8x−14).

(9x2 +4x3−15x+22)+(6x3−4x2 +8x−14) = 10x3 +5x2−7x+8

Example 5

Subtract the following polynomials: (7x3 +20x−3)− (x3−2x2 +14x−18).

(7x3 +20x−3)− (x3−2x2 +14x−18) = 6x3 +2x2 +6x+15

Review

Determine if the following expressions are polynomials. If not, state why. If so, write in standard form and find the
degree and leading coefficient.

1. 1
x2 + x+5

2. x3 +8x4−15x+14x2−20
3. x3 +8
4. 5x−2 +9x−1 +16
5. x2

√
2− x

√
6+10

6. x4+8x2+12
3

7. x2−4
x

8. −6x3 +7x5−10x6 +19x2−3x+41

Add or subtract the following polynomials.

9. (x3 +8x2−15x+11)+(3x3−5x2−4x+9)
10. (−2x4 + x3 +12x2 +6x−18)− (4x4−7x3 +14x2 +18x−25)
11. (10x3− x2 +6x+3)+(x4−3x3 +8x2−9x+16)
12. (7x3−2x2 +4x−5)− (6x4 +10x3 + x2 +4x−1)
13. (15x2 + x−27)+(3x3−12x+16)
14. (2x5−3x4 +21x2 +11x−32)− (x4−3x3−9x2 +14x−15)
15. (8x3−13x2 +24)− (x3 +4x2−2x+17)+(5x2 +18x−19)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.4.
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2.5 Multiplying Polynomials

Learning Objectives

Here you’ll multiply together several different types of polynomials.

The length of a rectangular garden plot is x3+5x2−1. The width of the plot is x2+3. What is the area of the garden
plot?

Multiplying Polynomials

Multiplying together polynomials is very similar to multiplying together factors. You can FOIL or we will also
present an alternative method. When multiplying together polynomials, you will need to use the properties of
exponents, primarily the Product Property (am ·an = am+n) and combine like terms.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/176186

Let’s find the following products.

1. (x2−5)(x3 +2x−9)

Using the FOIL method, you need be careful. First, take the x2 in the first polynomial and multiply it by every term
in the second polynomial.

Now, multiply the -5 and multiply it by every term in the second polynomial.

Lastly, combine any like terms. In this example, only the x3 terms can be combined.

95

http://www.ck12.org
http://www.ck12.org/flx/show/video/user%3Az3jhy2uucglsbgluz0bjazeylm9yzw../http%3A//www.youtube.com/embed/bBKbldmlbqI%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D32d8852b374abcc0c372650be84769bf
http://www.ck12.org/flx/render/embeddedobject/176186


2.5. Multiplying Polynomials www.ck12.org

2. (x2 +4x−7)(x3−8x2 +6x−11)

In this problem, we will use the “box” method. Align the two polynomials along the top and left side of a rectangle
and make a row or column for each term. Write the polynomial with more terms along the top of the rectangle.

Multiply each term together and fill in the corresponding spot.

Finally, combine like terms. The final answer is x5 − 4x4 − 33x3 + 69x2 − 86x + 77. This method presents an
alternative way to organize the terms. Use whichever method you are more comfortable with. Keep in mind, no
matter which method you use, you will multiply every term in the first polynomial by every term in the second.

3. (x−5)(2x+3)(x2 +4)

In this problem we have three binomials. When multiplying three polynomials, start by multiplying the first two
binomials together.

(x−5)(2x+3) = 2x2 +3x−10x−15

= 2x2−7x−15

Now, multiply the answer by the last binomial.

(2x2−7x−15)(x2 +4) = 2x4 +8x2−7x3−28x−15x2−60

= 2x4−7x3−7x2−28x−60
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Examples

Example 1

Earlier, you were asked to find the area of the garden plot.

Recall that the area of a rectangle is A = lw, where l is the length and w is the width. Therefore, we need to multiply.

A = (x3 +5x2−1)(x2 +3)

= x5 +3x3 +5x4 +15x2− x2−3

Now combine like terms and simplify. Be sure to write your answer in standard form

x5 +3x3 +5x4 +(15x2− x2)−3

= x5 +3x3 +5x4 +14x2−3

= x5 +5x4 +3x3 +14x2−3

Therefore, the area of the garden plot is x5 +5x4 +3x3 +14x2−3.

Example 2

Find the product: −2x2(3x3−4x2 +12x−9).

Use the distributive property to multiply −2x2 by the polynomial.

−2x2(3x3−4x2 +12x−9) =−6x5 +8x4−24x3 +18x2

Example 3

Find the product: (4x2−6x+11)(−3x3 + x2 +8x−10).

Multiply each term in the first polynomial by each one in the second polynomial.

(4x2−6x+11)(−3x3 + x2 +8x−10) =−12x5 +4x4 +32x3−40x2

+18x4−6x3−48x2 +60x

−33x3 +11x2 +88x−110

=−12x5 +22x4−7x3−77x2 +148x−110

Example 4

Find the product: (x2−1)(3x−4)(3x+4).

Multiply the first two binomials together.

(x2−1)(3x−4) = 3x3−4x2−3x+4
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Multiply this product by the last binomial.

(3x3−4x2−3x+4)(3x+4) = 9x4 +12x3−12x3−16x2−9x2−12x+12x−16

= 9x4−25x2−16

Example 5

Find the product: (2x−7)2.

The square indicates that there are two binomials. Expand this and multiply.

(2x−7)2 = (2x−7)(2x−7)

= 4x2−14x−14x+49

= 4x2−28x+49

Review

Find the product.

1. 5x(x2−6x+8)
2. −x2(8x3−11x+20)
3. 7x3(3x3− x2 +16x+10)
4. (x2 +4)(x−5)
5. (3x2−4)(2x−7)
6. (9− x2)(x+2)
7. (x2 +1)(x2−2x−1)
8. (5x−1)(x3 +8x−12)
9. (x2−6x−7)(3x2−7x+15)

10. (x−1)(2x−5)(x+8)
11. (2x2 +5)(x2−2)(x+4)
12. (5x−12)2

13. −x4(2x+11)(3x2−1)
14. (4x+9)2

15. (4x3− x2−3)(2x2− x+6)
16. (2x3−6x2 + x+7)(5x2 +2x−4)
17. (x3 + x2−4x+15)(x2−5x−6)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.5.
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2.6 Sum and Difference of Cubes

Learning Objectives

Here you’ll learn how to use the sum and difference of cubes formulas for factoring certain types of polynomials.

The volume of a rectangular prism is 2x4−128x. What are the lengths of the prism’s sides?

Sum and Difference of Cubes

Previously, you learned how to factor several different types of quadratic equations. Here, we will expand this
knowledge to certain types of polynomials. The first is the sum of cubes. The sum of cubes is what it sounds like,
the sum of two cube numbers or a3 +b3. We will investigate volume to find the factorization of this polynomial.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177334

Sum of Cubes Formula

Step 1: Pictorially, the sum of cubes looks like this:

Or, we can put one on top of the other.
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Step 2: Recall that the formula for volume is length×width× depth. Find the volume of the sum of these two
cubes.

V = a3 +b3

Step 3: Now, we will find the volume in a different way. Using the second picture above, we will add in imaginary
lines so that these two cubes look like one large prism. Find the volume of this prism.

V = a×a× (a+b)

= a2(a+b)

Step 4: Subtract the imaginary portion on top. In the picture, they are prism 1 and prism 2.

V = a2(a+b)−

ab(a−b)︸       ︷︷       ︸
Prism 1

+b2(a−b)︸       ︷︷       ︸
Prism 2



Step 5: Pull out any common factors within the brackets.

V = a2(a+b)−b(a−b)[a+b]

Step 6: Notice that both terms have a common factor of (a+ b). Pull this out, put it in front, and get rid of the
brackets.

V = (a+b)(a2−b(a−b))

Step 7: Simplify what is inside the second set of parenthesis.

V = (a+b)(a2−ab+b2)

In the last step, we found that a3 +b3 factors to (a+b)(a2−ab+b2). This is the Sum of Cubes Formula.

Let’s factor 8x3 +27.

First, determine if these are “cube” numbers. A cube number has a cube root. For example, the cube root of 8 is 2
because 23 = 8. 33 = 27,43 = 64,53 = 125, and so on.
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a3 = 8x3 = (2x)3 b3 = 27 = 33

a = 2x b = 3

In the formula, we have:

(a+b)(a2−ab+b2) = (2x+3)((2x)2− (2x)(3)+32)

= (2x+3)(4x2−6x+9)

Therefore, 8x3 +27 = (2x+3)(4x2−6x+9). The second factored polynomial does not factor any further.

Difference of Cubes

Step 1: Pictorially, the difference of cubes looks like this:

Imagine the smaller cube is taken out of the larger cube.

Step 2: Recall that the formula for volume is length×width×depth. Find the volume of the difference of these two
cubes.

V = a3−b3

Step 3: Now, we will find the volume in a different way. Using the picture here, will add in imaginary lines so that
the shape is split into three prisms. Find the volume of prism 1, prism 2, and prism 3.

Prism 1 : a ·a · (a−b)

Prism 2 : a ·b · (a−b)

Prism 3 : b ·b · (a−b)

Step 4: Add the volumes together to get the volume of the entire shape.

V = a2(a−b)+ab(a−b)+b2(a−b)
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Step 5: Pull out any common factors and simplify.

V = (a−b)(a2 +ab+b2)

In the last step, we found that a3−b3 factors to (a−b)(a2 +ab+b2). This is the Difference of Cubes Formula.

Let’s factor x5−125x2.

First, take out any common factors.

x5−125x2 = x2(x3−125)

What is inside the parenthesis is a difference of cubes. Use the formula.

x5−125x2 = x2(x3−125)

= x2(x3−53)

= x2(x−5)(x2 +5x+25)

Now, let’s find the real-number solutions of x3−8 = 0.

Factor using the difference of cubes.

x3−8 = 0

(x−2)(x2 +2x+4) = 0

x = 2

In the last step, we set the first factor equal to zero. The second factor, x2 + 2x+ 4, will give imaginary solutions.
For both the sum and difference of cubes, this will always happen.

Examples

Example 1

Earlier, you were asked to find the lengths of the prism’s sides.

We need to factor 2x4−128x.

First, take out any common factors.

2x4−128x = 2x(x3−64)

What is inside the parenthesis is a difference of cubes. Use the Difference of Cubes Formula.

2x(x3−64)

= 2x(x3−43)

= 2x(x−4)(x2 +4x+16)

Therefore, the side lengths of the rectangular prism are 2x, x+4, and x2 +4x+16.

Factor using the sum or difference of cubes.
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Example 2

x3−1

Factor using the difference of cubes.

x3−1 = x3−13

= (x−1)(x2 + x+1)

Example 3

3x3 +192

Pull out the 3, then factor using the sum of cubes.

3x3 +192 = 3(x3 +64)

= 3(x3 +43)

= 3(x+4)(x2−4x+16)

Example 4

125−216x3

Factor using the difference of cubes.

125−216x3 = 53− (6x)3

= (5−6x)(52 +(5)(6x)+(6x)2)

= (5−6x)(25+30x+36x2)

Example 5

Find the real-number solution to 27x3 +8 = 0.

Factor using the sum of cubes and then solve.

27x3 +8 = 0

(3x)3 +23 = 0

(3x+2)(9x2−6x+4) = 0

x =−2
3

Review

Factor each polynomial by using the sum or difference of cubes.
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1. x3−27
2. 64+ x3

3. 32x3−4
4. 64x3 +343
5. 512−729x3

6. 125x4 +8x
7. 648x3 +81
8. 5x6−135x3

9. 686x7−1024x4

Find the real-number solutions for each equation.

10. 125x3 +1 = 0
11. 64−729x3 = 0
12. 8x4−343x = 0
13. Challenge Find ALL solutions (real and imaginary) for 5x5 +625x2 = 0.
14. Challenge Find ALL solutions (real and imaginary) for 686x3 +2000 = 0.
15. Real Life Application You have a piece of cardboard that you would like to fold up and make an open (no

top) box out of. The dimensions of the cardboard are 36′′×42′′. Write a factored equation for the volume of
this box. Find the volume of the box when x = 1,3, and 5.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.6.
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2.7 Factoring by Grouping

Learning Objectives

Here you’ll learn how to factor and solve certain polynomials by grouping.

The volume of a rectangular prism is 3x5−27x4−2x2 +18x. What are the lengths of the prism’s sides?

Factoring by Grouping

You have already been introduced to factoring by grouping. We will expand this idea to other polynomials here.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177335

Let’s factor the following polynomials by grouping.

1. x4 +7x3−8x−56

First, group the first two and last two terms together. Pull out any common factors.

x4 +7x3︸     ︷︷     ︸
x3(x+7)

−8x−56︸       ︷︷       ︸
−8(x+7)

Notice what is inside the parenthesis is the same. This should always happen when factoring by grouping. Pull out
this common factor.

x3(x+7)−8(x+7)

(x+7)(x3−8)

Look at the factors. Can they be factored any further? Yes. The second factor is a difference of cubes. Use the
formula.

(x+7)(x3−8)

(x+7)(x−2)(x2 +2x+4)
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2. x3 +5x2− x−5

Follow the steps from above.

x3 +5x2− x−5

x2(x+5)−1(x+5)

(x+5)(x2−1)

Look to see if we can factor either factor further. Yes, the second factor is a difference of squares.

(x+5)(x2−1)

(x+5)(x−1)(x+1)

Now, let’s find all real-number solutions of 2x3−3x2 +8x−12 = 0.

Follow the steps from above.

2x3−3x2 +8x−12 = 0

x2(2x−3)+4(2x−3) = 0

(2x−3)(x2 +4) = 0

Now, determine if you can factor further. No, x2 + 4 is a sum of squares and not factorable. Setting the first factor
equal to zero, we get x = 3

2 .

Examples

Example 1

Earlier, you were asked to find the lengths of the prism’s sides.

We need to factor 3x5−27x4−2x2 +18x to find the lengths of the prism’s sides.

First, pull out the common factor. x(3x4−27x3−2x+18)

Next, factor (3x4−27x3−2x+18) by grouping the first two and last two terms together.

(3x4−27x3−2x+18)

= (3x4−27x3)+(−2x+18)

= 3x3(x−9)−2(x−9)

Now pull out the common factor.

3x3(x−9)−2(x−9)

= (3x3−2)(x−9)
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The expression can’t be factored further, so 3x5−27x4−2x2 +18x = x(3x3−2)(x−9) and the lengths of the sides
of the rectangular prism are x, 3x3−2, and x−9.

For Example 2 and Example 3, factor the polynomials by grouping.

Each of these problems is done in the same way: Group the first two and last two terms together, pull out any
common factors, what is inside the parenthesis is the same, factor it out, then determine if either factor can be
factored further.

Example 2

x3 +7x2−2x−14

x3 +7x2−2x−14

x2(x+7)−2(x+7)

(x+7)(x2−2)

x2−2 is not a difference of squares because 2 is not a square number. Therefore, this cannot be factored further.

Example 3

2x4−5x3 +2x−5

2x4−5x3 +2x−5

x3(2x−5)+1(2x−5)

(2x−5)(x3 +1) Sum of cubes, factor further.

(2x−5)(x+1)(x2 + x+1)

Example 4

Find all the real-number solutions of 4x3−8x2− x+2 = 0.

Factor by grouping.

4x3−8x2− x+2 = 0

4x2(x−2)−1(x−2) = 0

(x−2)(4x2−1) = 0

(x−2)(2x−1)(2x+1) = 0

x = 2,
1
2
,−1

2

Review

Factor the following polynomials using factoring by grouping. Factor each polynomial completely.
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1. x3−4x2 +3x−12
2. x3 +6x2−9x−54
3. 3x3−4x2 +15x−20
4. 2x4−3x3−16x+24
5. 4x3 +4x2−25x−25
6. 4x3 +18x2−10x−45
7. 24x4−40x3 +81x−135
8. 15x3 +6x2−10x−4
9. 4x3 +5x2−100x−125

10. 3x3−2x2 +12x−8

Find all the real-number solutions of the polynomials below.

11. 9x3−54x2−4x+24 = 0
12. x4 +3x3−27x−81 = 0
13. x3−2x2−4x+8 = 0
14. Challenge Find ALL the solutions of x6−9x4− x2 +9 = 0.
15. Challenge Find ALL the solutions of x3 +3x2 +16x+48 = 0.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.7.
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2.8 Factoring Polynomials in Quadratic Form

Learning Objectives

Here you’ll how to factor and solve polynomials that are in “quadratic form.”

The volume of a rectangular prism is 10x3−25x2−15x. What are the lengths of the prism’s sides?

Factoring Polynomials in Quadratic Form

The last type of factorable polynomial are those that are in quadratic form. Quadratic form is when a polynomial
looks like a trinomial or binomial and can be factored like a quadratic. One example is when a polynomial is in
the form ax4 + bx2 + c. Another possibility is something similar to the difference of squares, a4− b4. This can be
factored to (a2− b2)(a2 + b2) or (a− b)(a+ b)(a2 + b2). Always keep in mind that the greatest common factors
should be factored out first.

Let’s factor the following polynomials.

1. 2x4− x2−15

This particular polynomial is factorable. First, ac =−30. The factors of -30 that add up to -1 are -6 and 5. Expand
the middle term and then use factoring by grouping.

2x4− x2−15

2x4−6x2 +5x2−15

2x2(x2−3)+5(x2−3)

(x2−3)(2x2 +5)

Both of the factors are not factorable, so we are done.

2. 81x4−16

Treat this polynomial equation like a difference of squares.

81x4−16

(9x2−4)(9x2 +4)

Now, we can factor 9x2−4 using the difference of squares a second time.

(3x−2)(3x+2)(9x2 +4)

9x2 +4 cannot be factored because it is a sum of squares. This will have imaginary solutions.
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Now, let’s find all the real-number solutions of 6x5−51x3−27x = 0.

First, pull out the GCF among the three terms.

6x5−51x3−27x = 0

3x(2x4−17x2−9) = 0

Factor what is inside the parenthesis like a quadratic equation. ac = −18 and the factors of -18 that add up to -17
are -18 and 1. Expand the middle term and then use factoring by grouping.

6x5−51x3−27x = 0

3x(2x4−17x2−9) = 0

3x(2x4−18x2 + x2−9) = 0

3x[2x2(x2−9)+1(x2−9)] = 0

3x(x2−9)(2x2 +1) = 0

Factor x2−9 further and solve for x where possible. 2x2 +1 is not factorable.

3x(x2−9)(2x2 +1) = 0

3x(x−3)(x+3)(2x2 +1) = 0

x =−3,0,3

Examples

Example 1

Earlier, you were asked to find the lengths of the prism’s sides.

To find the lengths of the prism’s sides, we need to factor 10x3−25x2−15x.

First, pull out the GCF among the three terms.

10x3−25x2−15x

5x(2x2−5x−3)

Factor what is inside the parenthesis like a quadratic equation. ac =−6 and the factors of -6 that add up to -5 are -6
and 1.

5x(2x2−5x−3) = 5x(2x+1)(x−3)

Therefore, the lengths of the rectangular prism’s sides are 5x, 2x+1, and x−3.
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Example 2

Factor: 3x4 +14x2 +8.

ac = 24 and the factors of 24 that add up to 14 are 12 and 2.

3x4 +14x2 +8

3x4 +12x2 +2x2 +8

3x2(x2 +4)+2(x4 +4)

(x2 +4)(3x2 +2)

Example 3

Factor: 36x4−25.

Factor this polynomial like a difference of squares.

36x4−25

(6x2−5)(6x2 +5)

6 and 5 are not square numbers, so this cannot be factored further.

Example 4

Find all the real-number solutions of 8x5 +26x3−24x = 0.

Pull out a 2x from each term.

8x5 +26x3−24x = 0

2x(4x4 +13x−12) = 0

2x(4x4 +16x2−3x2−12) = 0

2x[4x2(x2 +4)−3(x2 +4)] = 0

2x(x2 +4)(4x2−3) = 0

Set each factor equal to zero.

4x2−3 = 0

2x = 0 x2 +4 = 0

and x2 =
3
4

x = 0 x2 =−4

x =±
√

3
2

Notice the second factor will give imaginary solutions.
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Review

Factor the following quadratics completely.

1. x4−6x2 +8
2. x4−4x2−45
3. x4−18x2 +45
4. 4x4−11x2−3
5. 6x4 +19x2 +8
6. x4−81
7. 16x4−1
8. 6x5 +26x3−20x
9. 4x6−36x2

10. 625−81x4

Find all the real-number solutions to the polynomials below.

11. 2x4−5x2−12 = 0
12. x4−16 = 0
13. 16x4−49 = 0
14. 12x6 +69x4 +45x2 = 0
15. 3x4 +17x2−6 = 0

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.8.
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2.9 Long Division of Polynomials

Learning Objectives

Here you’ll learn how to use long division to divide polynomials.

The area of a rectangle is 6x3−12x2 +4x−8. The width of the rectangle is 2x−4. What is the length?

Long Division of Polynomials

Even though it does not seem like it, factoring is a form of division. Each factor goes into the larger polynomial
evenly, without a remainder.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177343

For example, take the polynomial 2x3−3x2−8x+12. If we use factoring by grouping, we find that the factors are
(2x− 3)(x− 2)(x+ 2). If we multiply these three factors together, we will get the original polynomial. So, if we
divide by 2x−3, we should get x2−4.

enclose2x−3longdiv2x3−3x2−8x+12

How many times does 2x go into 2x3? Since 2x(x2) = 2x3, it goes in x2 times.

enclosex2

2x−3longdiv2x3−3x2−8x+12

2x3−3x2

0

Place x2 above the x2 term in the polynomial.

Multiply x2 by both terms in the divisor (2x and -3) and place them under their like terms. Subtract from the
dividend (2x3−3x2−8x+12). Pull down the next two terms and repeat.
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enclosex2 −4

2x−3longdiv2x3−3x2−8x+12

2x3−3x2

−8x+12

−8x+12

Since 2x(-4) = -8x, 2x goes into −8x a total of -4 times.

After multiplying both terms in the divisor by -4, place that under the terms you brought down. When subtracting,
notice that everything cancels out. Therefore x2−4 is indeed a factor.

When dividing polynomials, not every divisor will go in evenly to the dividend. If there is a remainder, write it as a
fraction over the divisor.

Let’s divide the following polynomials using long division.

1. (2x3−6x2 +5x−20)÷ (x2−5)

Set up the problem using a long division bar.

enclosex2−5longdiv2x3−6x2 +5x−20

How many times does x2 go into 2x3? Since x2(2x) = 2x3, it goes in 2x times.

enclose2x

x2−5longdiv2x3−6x2 +5x−20

2x3−10x2

4x2 +5x−20

Multiply 2x by the divisor. Subtract that from the dividend.

Repeat the previous steps. Now, how many times does x2 go into 4x2? It goes in 4 times.

enclose2x +4

x2−5longdiv2x3−6x2 +5x−20

2x3−10x2

4x2 +5x−20

4x2 −20

5x

This is the limit of this process. x2 cannot go evenly into 5x because it has a higher degree. Therefore, 5x is a
remainder. The complete answer would be 2x+4+ 5x

x2−5 .

2. (3x4 + x3−17x2 +19x−6)÷ (x2−2x+1)
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Determine if x2− 2x+ 1 goes evenly into 3x4 + x3− 17x2 + 19x− 6. If so, try to factor the divisor and quotient
further.

First, do the long division. If x2−2x+1 goes in evenly, then the remainder will be zero.

enclose3x2 +7x −6

x2−2x+1longdiv3x4 + x3−17x2 +19x−6

3x4−6x3 3x2

7x3−20x2 +19x

7x3−14x2 + 7x

−6x2 +12x−6

−6x2 +12x−6

0

This means that x2−2x+1 and 3x2+7x−6 both go evenly into 3x4+x3−17x2+19x−6. Let’s see if we can factor
either x2−2x+1 or 3x2 +7x−6 further.

x2−2x+1 = (x−1)(x−1) and 3x2 +7x−6 = (3x−2)(x+3).

Therefore, 3x4 + x3− 17x2 + 19x− 6 = (x− 1)(x− 1)(x+ 3)(3x− 2). You can multiply these to check the work.
A binomial with a degree of one is a factor of a larger polynomial f (x), if it goes evenly into it. In this problem,
(x−1)(x−1)(x+3) and (3x−2) are all factors of 3x4 + x3−17x2 +19x−6. This indicates that 1, 1, -3, and 2

3 are
all solutions of 3x4 + x3−17x2 +19x−6.

Factor Theorem: A polynomial, f (x), has a factor, (x− k), if and only if f (k) = 0.

In other words, if k is a solution or a zero, then the factor, (x− k) divides evenly into f (x).

Now, let’s determine if 5 is a solution of x3 +6x2−8x+15.

To see if 5 is a solution, we need to divide the factor into x3 +6x2−8x+15. The factor that corresponds with 5 is
(x−5).

enclosex2 +11x +5

x−5longdivx3 +6x2−50x+15

x3− 5x2

11x2− 50x

11x2− 55x

5x+15

5x−25

40

Since there is a remainder, 5 is not a solution.

Examples

Example 1

Earlier, you were asked to find the length of the rectangle.
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First, do the long division.

enclose3x2 +2

2x−4longdiv6x3−12x2 +4x−8

6x3−12x2

4x−8

4x−8

0

This means that 2x−4 and 3x2 +2 both go evenly into 6x3−12x2 +4x−8.

3x2 +2 can’t be factored further, so it is the rectangle’s length.

Example 2

Divide: (5x4 +6x3−12x2−3)÷ (x2 +3).

Make sure to put a placeholder in for the x−term.

enclose5x2 +6x −27

x2 +3longdiv5x4 +6x3−12x2 +0x−3

5x4 +15x2

6x3−27x2 +0x

6x3 +18x

−27x2−18x−3

−27x2 −81

−18x+78

The final answer is 5x2 +6x−27− 18x−78
x2+3 .

Example 3

Is (x+4) a factor of x3−2x2−51x−108? If so, find any other factors.

Divide (x+4) into x3−2x2−51x−108 and if the remainder is zero, it is a factor.

enclosex2−6x−27

x+4longdivx3−2x2−51x−108

x3 +4x2

−6x2−51x

−6x2−24x

−27x−108

−27x−108

0
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x+ 4 is a factor. Let’s see if x2− 6x− 27 factors further. Yes, the factors of -27 that add up to -6 are -9 and 3.
Therefore, the factors of x3−2x2−51x−108 are (x+4),(x−9), and (x+3).

Example 4

What are the real-number solutions to Example 3?

The solutions would be -4, 9, and 3; the opposite sign of each factor.

Example 5

Determine if 6 is a solution to 2x3−9x2−12x−24.

To see if 6 is a solution, we need to divide (x−6) into 2x3−9x2−12x−24.

enclose2x2 +3x +6

x−6longdiv2x3−9x2−12x−24

2x3−12x2

3x2−12x

3x2−18x

6x−24

6x−36

12

Because the remainder is not zero, 6 is not a solution.

Review

Divide the following polynomials using long division.

1. (2x3 +5x2−7x−6)÷ (x+1)
2. (x4−10x3 +15x−30)÷ (x−5)
3. (2x4−8x3 +4x2−11x−1)÷ (x2−1)
4. (3x3−4x2 +5x−2)÷ (3x+2)
5. (3x4−5x3−21x2−30x+8)÷ (x−4)
6. (2x5−5x3 +6x2−15x+20)÷ (2x2 +3)

Determine all the real-number solutions to the following polynomials, given one factor.

7. x3−9x2 +27x−15;(x+5)
8. x3 +4x2−9x−36;(x+4)
9. 2x3 +7x2−7x−30;(x−2)

Determine all the real number solutions to the following polynomials, given one zero.

10. 6x3−37x2 +5x+6;6
11. 6x3−41x2 +58x−15;5
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12. x3 + x2−16x−16;4

Find the equation of a polynomial with the given zeros.

13. 4, -2, and 3
2

14. 1, 0, and 3
15. -5, -1, and 3

4
16. Challenge Find two polynomials with the zeros 8, 5, 1, and -1.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.9.
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2.10 Synthetic Division of Polynomials

Learning Objectives

Here you’ll learn how to use synthetic division as a short-cut and alternative to long division (in certain cases) and
to find zeros.

The volume of a rectangular prism is 2x3 +5x2−x−6. Determine if 2x+3 is the length of one of the prism’s sides.

Synthetic Division

Synthetic division is an alternative to long division. It can also be used to divide a polynomial by a possible factor, x−
k. However, synthetic division cannot be used to divide larger polynomials, like quadratics, into another polynomial.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177347

Let’s use synthetic division to divide 2x4−5x3−14x2 +47x−30 by x−2.

Using synthetic division, the setup is as follows:
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To “read” the answer, use the numbers as follows:

Therefore, 2 is a solution, because the remainder is zero. The factored polynomial is 2x3− x2− 16x+ 15. Notice
that when we synthetically divide by k, the “leftover” polynomial is one degree less than the original. We could also
write (x−2)(2x3− x2−16x+15) = 2x4−5x3−14x2 +47x−30.

Now, let’s determine if 4 is a solution to f (x) = 5x3 +6x2−24x−16.

Using synthetic division, we have:

The remainder is 304, so 4 is not a solution. Notice if we substitute in x = 4, also written f (4), we would have
f (4) = 5(4)3 +6(4)2−24(4)−16 = 304. This leads us to the Remainder Theorem.

Remainder Theorem: If f (k) = r, then r is also the remainder when dividing by (x− k).

This means that if you substitute in x = k or divide by k, what comes out of f (x) is the same. r is the remainder, but
it is also the corresponding y−value. Therefore, the point (k,r) would be on the graph of f (x).

Finally, let’s determine if (2x−5) is a factor of 4x4−9x2−100.

If you use synthetic division, the factor is not in the form (x− k). We need to solve the possible factor for zero to
see what the possible solution would be. Therefore, we need to put 5

2 up in the left-hand corner box. Also, not every
term is represented in this polynomial. When this happens, you must put in zero placeholders. In this problem, we
need zeros for the x3−term and the x−term.
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This means that 5
2 is a zero and its corresponding binomial, (2x−5), is a factor.

Examples

Example 1

Earlier, you were asked to determine if 2x+3 is the length of one of the prism’s sides.

If 2x+3 divides evenly into 2x3 +5x2− x−6 then it is the length of one of the prism’s sides.

If we want to use synthetic division, notice that the factor is not in the form (x− k). Therefore, we need to solve the
possible factor for zero to see what the possible solution would be. If 2x+3 = 0 then x = −3

2 . Therefore, we need
to put −3

2 up in the left-hand corner box.

When we perform the synthetic division, we get a remainder of 0. This means that (2x+3) is a factor of the volume.
Therefore, it is also the length of one of the sides of the rectangular prism.

Example 2

Divide x3 +9x2 +12x−27 by (x+3). Write the resulting polynomial with the remainder (if there is one).

Using synthetic division, divide by -3.

The answer is x2 +6x−6− 9
x+3 .

Example 3

Divide 2x4−11x3 +12x2 +9x−2 by (2x+1). Write the resulting polynomial with the remainder (if there is one).

Using synthetic division, divide by −1
2 .
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The answer is 2x3−12x2 +18x− 2
2x+1 .

Example 4

Is 6 a solution for f (x) = x3−8x2 +72? If so, find the real-number zeros (solutions) of the resulting polynomial.

Put a zero placeholder for the x−term. Divide by 6.

The resulting polynomial is x2−2x−12. While this quadratic does not factor, we can use the Quadratic Formula to
find the other roots.

x =
2±

√
22−4(1)(−12)

2
=

2±
√

4+48
2

=
2±2

√
13

2
= 1±

√
13

The solutions to this polynomial are 6, 1+
√

13≈ 4.61 and 1−
√

13≈−2.61.

Review

Use synthetic division to divide the following polynomials. Write out the remaining polynomial.

1. (x3 +6x2 +7x+10)÷ (x+2)
2. (4x3−15x2−120x−128)÷ (x−8)
3. (4x2−5)÷ (2x+1)
4. (2x4−15x3−30x2−20x+42)÷ (x+9)
5. (x3−3x2−11x+5)÷ (x−5)
6. (3x5 +4x3− x−2)÷ (x−1)
7. Which of the division problems above generate no remainder? What does that mean?
8. What is the difference between a zero and a factor?
9. Find f (−2) if f (x) = 2x4−5x3−10x2 +21x−4.

10. Now, divide 2x4−5x3−10x2 +21x−4 by (x+2) synthetically. What do you notice?

Find all real zeros of the following polynomials, given one zero.

11. 12x3 +76x2 +107x−20;−4
12. x3−5x2−2x+10;−2
13. 6x3−17x2 +11x−2;2

122

http://www.ck12.org


www.ck12.org Chapter 2. Polynomial Functions

Find all real zeros of the following polynomials, given two zeros.

14. x4 +7x3 +6x2−32x−32;−4,−1
15. 6x4 +19x3 +11x2−6x;0,−2

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.10.

123

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


2.11. Finding Rational and Real Zeros www.ck12.org

2.11 Finding Rational and Real Zeros

Learning Objectives

Here you’ll learn how to find all the rational and real-number zeros of a higher-degree polynomial.

A length of a piece of farmland is 2x2 + 10 and the width is x+ 1. The area of the farmland is 353 square yards.
What are the possible rational solutions to the polynomial equation represented by this situation?

Rational and Real Zeros

Recall that every quadratic equation has two solutions. The degree of a quadratic equation is 2, thus leading us
towards the notion that it has 2 solutions. The degree will always tell us the maximum number of solutions a
polynomial has. Quadratic equations also have a few different possibilities for solutions; two real-number solutions
(parabola passes through the x−axis twice), one real-number solution (where the solution is the vertex, called a
repeated root), or two imaginary solutions (where the graph does not touch the x−axis at all).

When it comes to solutions for polynomials, all these options are possibilities. There can be rational, irrational and
imaginary solutions. Irrational and imaginary solutions will always come in pairs. This is due to the fact that to find
these types of solutions, you must use the Quadratic Formula and the ± sign will give two solutions. In this concept
we will only address real-number solutions.

MEDIA
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Now, you might be wondering, how do we find all these solutions? One way is to use the Rational Root Theorem.

Rational Root Theorem: For a polynomial, f (x) = anxn + an−1xn−1 + · · ·+ a1x + a0, where an,an−1, · · ·a0 are
integers, the rational roots can be determined from the factors of an and a0. More specifically, if p is a factor of a0
and q is a factor of an, then all the rational factors will have the form ± p

q .

In other words, the factors of the constant divided by the factors of the leading coefficient will yield all the possible
rational solutions to f (x).

Let’s find the solutions to the following problems.

1. Find all the possible rational solutions to f (x) = 6x4−43x3 +66x2−3x−10.

All the possible factors of 10 are 1, 2, 5, and 10. All the possible factors of 6 are 1, 2, 3, and 6. The possi-
ble combinations are ±1.±2,±5,±10

±1,±2,±3,±6 = ±1,±1
2 ,±

1
3 ,±

1
6 ,±2,±2

3 ,±5,±5
2 ,±

5
3 ,±

5
6 ,±10,±10

3 . Therefore, there are 24
possibilities.
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2. Find the rational solutions to f (x) = 6x4−43x3 +66x2−3x−10.

Before the days of graphing calculators, you would have to test all 24 possible solutions to find the correct solutions.
Now, we can graph the function and eliminate any possibilities that seem unreasonable. Because the degree of the
function is 4, there will be 4 solutions. Here is the graph:

Looking back at #1, the reasonable solutions appear to be: 5,2,±1
2 ,±

1
3 ,±

1
6 ,±

2
3 , or±5

6 . By just looking at the graph,
the solutions between -1 and 1 are difficult to see. This is why we have listed all the solutions between -1 and 1 to
test. Let’s test 5 and 2 using synthetic division.

The remainder is zero, like we thought.

Now, rather than starting over with the division by 2, continue with the leftover polynomial.
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Again, the remainder is zero. Both 5 and 2 are zeros.

To find the last two zeros, we can test all the fractions above using synthetic division. OR, we can factor this
leftover polynomial. Because we started with a polynomial of degree 4, this leftover polynomial is a quadratic. It is
6x2−x−1. ac =−6 and the factors of -1 that add up to -6 are -3 and 2. Expand the x−term and factor by grouping.

6x2−3x︸      ︷︷      ︸+2x−1︸   ︷︷   ︸
3x(2x−1)+1(2x−1)

(2x−1)(3x+1)

Setting these two factors equal to zero, we have x = 1
2 and −1

3 . Therefore, the solutions to this polynomial are 5, 2,
1
2 and −1

3 .

Check your answer: To check your work, you can multiply the factors together to see if you get the original
polynomial.

(2x−1)(3x+1)︸                 ︷︷                 ︸(x−5)(x−2)︸             ︷︷             ︸
(6x2− x−1)(x2−7x+10)

6x4−43x3 +66x2−3x−10

3. Find all the real solutions to f (x) = x4 +6x3−2x2−48x−32.

First, sketch a graph.

Now, use the Rational Root Theorem to determine all possible rational roots.

factors of -32
factors of 1

=
±32,±16,±8,±4,±2,±1

±1
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Using the graph, it looks like -4 is the only possible rational solution. Also, notice that the graph touches at -4 and
does not pass through the x−axis. That means that this solution is a repeated root. Let’s do synthetic division.

Because the root is repeated, we did synthetic division twice. At the end of the synthetic division, the leftover
polynomial is x2− 2x− 2 which is not factorable. Therefore, to find the last two real solutions, we must do the
Quadratic Formula.

x =
2±

√
(−2)2−4(1)(−2)

2(1)

=
2±
√

4+8
2

=
2±
√

12
2

=
2±2

√
3

2
= 1±

√
3≈ 2.73,−0.73

The roots, or zeros, of f (x) = x4 +6x3−2x2−48x−32 are -4 (twice), 2.73, and -0.73. Looking back at the graph,
we see that this is where the function crosses the x−axis. The graph is always a good way to double-check your
work.

Examples

Example 1

Earlier, you were asked to find the possible rational solutions to the polynomial equation if the length of a piece of
farmland is 2x2 +10, the width is x+1, and the area is 353 square yards.

First, we need to set up the equation.

(x+1)(2x2 +10) = 353

= 2x3 +10x+2x2 +10 = 353

= 2x3 +2x2 +10x−343 = 0

All the possible factors of 343 are 1, 7, 49, and 343. All the possible factors of 2 are 1 and 2. The possible
combinations are ±1,±7,±49,±343

±1,±2 =±1,±7,±49,±343,±1
2 ,±

7
2 ,±

49
2 ,±

343
2 . Therefore, there are 16 possibilities.

Find all the real solutions of the following functions.

Example 2

f (x) = x3−2x2−15x+30
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Using the Rational Root Theorem, the possible rational roots are: ±30,±15,±10,±6,±5,±3,±2,±1. Now, graph
the function.

By looking at the graph, the only reasonable rational root is 2. We can rule out 4 and -4 because they are not included
in the list of rational roots. Therefore, these two roots will be irrational. Do the synthetic division for 2.

The leftover polynomial is x2−15 = 0. This polynomial can be solved by using square roots.

x2−15 = 0

x2 = 15

x =±
√

15≈±3.87

∗Instead of using the Rational Root Theorem and synthetic division, this problem could have also been solved using
factoring by grouping.

Example 3

f (x) = 6x3 +19x2 +11x−6

Using the Rational Root Theorem, the possible rational roots are: ±6,±3,±2,±3
2 ,±1,±1

2 ,±
1
3 ,±

1
6 .
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By looking at the graph, the reasonable rational roots are −2,−3
2 ,

1
3 or 1

6 . The rational answers are difficult to see
because they do not cross exactly the x−axis on an integer. Therefore, we will do the synthetic division for -2 first.

The leftover polynomial is 6x2 + 7x− 3, which is factorable. You can decide if you would like to factor this
polynomial, use the Quadratic Formula, or test the rational possibilities from above. Let’s factor.

6x2 +7x−3

6x2 +9x−2x−3

3x(2x+3)−1(2x+3)

(3x−1)(2x+3)

From these factors, the rational solutions are 1
3 and −3

2 .

Example 4

f (x) = x5−4x4−18x3 +38x2−11x−6

Using the Rational Root Theorem, the possible rational roots are: ±6,±3,±2,±1.
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From the graph, the possible roots are 6 and 1. It looks like 1 is a double root because the function reaches the
x−axis at 1, but does not pass through it. Do synthetic division with 6, 1, and 1 again.

The leftover polynomial is x2 +4x+1. This is not a factorable polynomial, so use the Quadratic Formula to find the
last two roots.

x =
−4±

√
42−4(1)(1)
2(1)

=
−4±

√
12

2
=
−4±2

√
3

2
=−2±

√
3≈−0.27,−3.73

Review

Find all the possible rational solutions for the following polynomials. Use the Rational Root Theorem.

1. f (x) = x3 +6x2−18x+20
2. f (x) = 4x4 + x2−15
3. f (x) =−2x3 +7x2− x+8
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4. f (x) = x4−3x3−4x2 +15x+9
5. f (x) = 8x4−5x3 +16x2 +37x−24

Find all the real-number solutions for each function below. Use any method you like.

6. f (x) = 6x3−17x2 +11x−2
7. f (x) = x4 +7x3 +6x2−32x−32
8. f (x) = 16x3 +40x2−25x−3
9. f (x) = 2x3−9x2 +21x−18

10. f (x) = 4x3−16x2 +39x−295
11. f (x) = 18x4 +3x3−17x2 +17x−55
12. f (x) = x5 +7x4−3x3−65x2−8x−156
13. f (x) = 4x4 +20x3−23x2−120x+144
14. f (x) = 9x4−226x2 +25
15. Solve f (x) = 3x4− x2− 14 by factoring. How many real solutions does this function have? What type of

solution(s) could the others be?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.11.
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2.12 Finding Imaginary Solutions

Learning Objectives

Here you’ll find all the solutions to any polynomial, including imaginary solutions.

Louis calculates that the area of a rectangle is represented by the equation 3x4 + 7x2 = 2. Did Louis calculate it
right? Explain based on the degree and zeros of the function.

Imaginary Solutions

Remember, imaginary solutions always come in pairs. To find the imaginary solutions to a function, use the
Quadratic Formula.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177349

Let’s solve f (x) = 3x4− x2−14.

First, this quartic function can be factored just like a quadratic equation.

g(x) = x4 +21x2 +90

Now, because neither factor can be factored further and there is no x−term, we can set each equal to zero and solve.

3x2−7 = 0

x2 +2 = 0 3x2 = 7

x2 =−2 and x2 =
7
3

x =±
√
−2 or ± i

√
2 x =±

√
7
3

or ±
√

21
3

Including the imaginary solutions, there are four, which is what we would expect because the degree of this function
is four.

Now, let’s find all the solutions of the function g(x) = x4 +21x2 +90.

When graphed, this function does not touch the x−axis. Therefore, all the solutions are imaginary. To solve, this
function can be factored like a quadratic equation. The factors of 90 that add up to 21 are 6 and 15.
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= x4 +21x2 +900 = (x2 +6)(x2 +15)

Now, set each factor equal to zero and solve.

x2 +6 = 0 x2 +15 = 0

x2 =−6 and x2 =−15

x =±i
√

6 x =±i
√

15

Finally, let’s find the function that has the solution 3, -2, and 4+ i.

Notice that one of the given solutions involves an imaginary number. Imaginary and complex solutions always come
in pairs, so 4− i is also a factor. The two factors are complex conjugates. Translate each solution into a factor and
multiply them all together.

Any multiple of this function would also have these roots. For example, 2x4−18x3 +38x2 +62x−204 would have
these roots as well.

Examples

Example 1

Earlier, you were asked to determine if Louis calculated his work correctly.

First we need to change the equation to standard form. Then we can factor it.

= 23x4 +7x2−2 = 0(3x2 +1)(x2 +2) = 0
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Solving for x we get

3x2 +1 = 0 x2 +2 = 0

x2 =
−1
3

and x2 =−2

x =±i

√
1
3

x =±i
√

2

All of the solutions are imaginary and the area of a rectangle must have real solutions. Therefore Louis did not
calculate correctly.

Example 2

Find all the solutions to the following function: f (x) = 25x3−120x2 +81x−4.

First, graph the function.

Using the Rational Root Theorem, the possible realistic zeros could be 1
25 , 1, or 4. Let’s try these three possibilities

using synthetic division.
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Of these three possibilities, only 4 is a zero. The leftover polynomial, 25x2−20x+1 is not factorable, so we need
to use the Quadratic Formula to find the last two zeros.

=
20±

√
202−4(25)(1)
2(25)

=
20±

√
400−100
50

=
20±10

√
3

50
or

2±
√

3
5

≈ 0.746 and 0.054

Helpful Hint: Always find the decimal values of each zero to make sure they match up with the graph.

Example 3

Find all the solutions to the following function: f (x) = 4x4 +35x2−9.

f (x) = 4x4 +35x2−9 is factorable. ac =−36.

4x4 +35x2−9

4x4 +36x2− x2−9

4x2(x2 +9)−1(x2 +9)

(x2 +9)(4x2−1)

Setting each factor equal to zero, we have:

4x2−1 = 0

x2 +9 = 0 4x2 = 1

x2 =−9 or x2 =
1
4

x =±3i x =±1
2
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Example 4

Find the equation of a function with roots 4,
√

2 and 1− i.

Recall that irrational and imaginary roots come in pairs. Therefore, all the roots are 4,
√

2,−
√

2,1 + i,1− i.
Multiply all 5 roots together.

(x−4)(x−
√

2)(x+
√

2)(x− (1+ i))(x− (1− i))

(x−4)(x2−2)(x2−2x+2)

(x3−4x2−2x+8)(x2−2x+2)

x5−6x4 +8x3−4x2−20x+16

Review

Find all solutions to the following functions. Use any method.

1. f (x) = x4 + x3−12x2−10x+20
2. f (x) = 4x3−20x2−3x+15
3. f (x) = 2x4−7x2−30
4. f (x) = x3 +5x2 +12x+18
5. f (x) = 4x4 +4x3−22x2−8x+40
6. f (x) = 3x4 +4x2−15
7. f (x) = 2x3−6x2 +9x−27
8. f (x) = 6x4−7x3−280x2−419x+280
9. f (x) = 9x4 +6x3−28x2 +2x+11

10. f (x) = 2x5−19x4 +30x3 +97x2−20x+150

Find a function with the following roots.

11. 4, i
12. −3,−2i
13.
√

5,−1+ i
14. 2, 1

3 ,4−
√

2
15. Writing: Write down the steps you use to find all the zeros of a polynomial function.
16. Writing: Why do imaginary and irrational roots always come in pairs?
17. Challenge: Find all the solutions to f (x) = x5 + x3 +8x2 +8.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.12.
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2.13 Finding and Defining Parts of a Polynomial
Function Graph

Learning Objectives

Here you’ll learn about the different parts of graphs for higher-degree polynomials.

The prototype for a roller coaster is represented by the equation y = x5−8x3+10x+6. What is the maximum height
the coaster will reach over the domain [-1, 2]?

Parts of a Polynomial Graph

By now, you should be familiar with the general idea of what a polynomial function graph does. It should cross the
x−axis as many times as the degree, unless there are imaginary solutions. It will curve up and down and can have a
maximum and a minimum. Let’s define the parts of a polynomial function graph here.
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Notice that in both the cubic (third degree, on the left) and the quartic (fourth degree, on the right) functions, there
is no vertex. We now have minimums and maximums. If there are more than one minimum or maximum, there will
be an absolute maximum/minimum, which is the lowest/highest point of the graph. A local maximum/minimum
is a maximum/minimum relative to the points around it. The places where the function crosses the x−axis are still
the solutions (also called x−intercepts, roots or zeros). In the quartic function, there is a repeated root at x = 4. A
repeated root will touch the x−axis without passing through or it can also have a “jump” in the curve at that point
(see the first problem below). All of these points together (maximums, minimums, x−intercepts, and y−intercept)
are called critical values.

Another important thing to note is end behavior. It is exactly what it sounds like; how the “ends” of the graph
behaves or points. The cubic function above has ends that point in the opposite direction. We say that from left
to right, this function is mostly increasing. The quartic function’s ends point in the same direction, both positive,
just like a quadratic function. When considering end behavior, look at the leading coefficient and the degree of the
polynomial.
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Let’s use a table to graph y = x3.

Draw a table and pick at least 5 values for x.

TABLE 2.1:

x x3 y
-2 (−2)3 -8
-1 (−1)3 -1
0 03 0
1 13 1
2 23 8

Plot the points and connect. This particular function is the parent graph for cubic functions. Recall from quadratic
functions, that the parent graph has a leading coefficient of 1, no other x−terms, and no y−intercept. y = x4 and
y = x5 are also parent graphs.

Now, let’s analyze the graph below. Find the critical values, end behavior, and find the domain and range.
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First, find the solutions. They appear to be (-2, 0), (1, 0), and (2, 0). Therefore, this function has a minimum
degree of 3. However, look at the y−intercept. The graph slightly bends between the maximum and minimum. This
movement in the graph tells us that there are two imaginary solutions (recall that imaginary solutions always come
in pairs). Therefore, the function has a degree of 5. Approximate the other critical values:

maximum: (-1.1, 10)

minimum: (1.5, -1.3)

y−intercept: (0, 5)

In general, this function is mostly increasing and the ends go in opposite directions. The domain and range are both
all real numbers.

When describing critical values, you may approximate their location. You will later use the graphing calculator to
find these values exactly.

Sometime it can be tricky to see if a function has imaginary solutions from the graph. Compare the graph in the
previous problem to the cubic function above it. Notice that it is smooth between the maximum and minimum. As
was pointed out earlier, the graph from the previous problem bends. Any function with imaginary solutions will
have a slightly irregular shape or bend like this one does.

Finally, let’s sketch a graph of a function with roots −4,−3, 1
2 , and 3, has an absolute maximum at (2, 5), and has

negative end behavior. This function does not have any imaginary roots.

There are several possible answers for this graph because we are only asking for a sketch. You would need more
information to get an exact answer. Because this function has negative end behavior and four roots, we know that it
will pass through the x−axis four times and face down. The absolute maximum is located between the roots 1

2 and
3. Plot these five points and connect to form a graph.
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Examples

Example 1

Earlier, you were asked to find the maximum height the coaster will reach over the domain [-1, 2].

Use a table to graph x5−8x3 +10x+6.

Draw a table and pick at least 5 values for x. Remember that we are dealing only with x values between and including
-1 and 2.

TABLE 2.2:

x y
-1 3
0 6
0.5 10.03125
1 9
2 -16

Plot the points and connect.

From your graph you can see that the maximum height the roller coaster reaches is just slightly over 10.

Example 2

Use a table to graph f (x) =−(x+2)2(x−3).

This function is in intercept form. Because the factor, (x+2) is squared, we know it is a repeated root. Therefore,
the function should just touch at -2 and not pass through the x−axis. There is also a zero at 3. Because the function
is negative, it will be generally decreasing. Think of the slope of the line between the two endpoints. It would be
negative. Select several points around the zeros to see the behavior of the graph.
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TABLE 2.3:

x y
-4 14
-2 0
0 12
2 16
3 0
4 -36

Example 3

Analyze the graph. Find all the critical values, domain, range and describe the end behavior.
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There are three real zeros at approximately -3.5, 1, and 7. Notice the curve between the zeros 1 and 7. This indicated
there are two imaginary zeros, making this at least a fifth-degree polynomial. Think about an imaginary horizontal
line at y = 3. This line would touch the graph five times, so there should be five solutions. Next, there is an absolute
minimum at (-0.5, -7.5), a local maximum at (2.25, 5), a local minimum at (2.25, 2.25) and an absolute maximum at
(5, 6). The y−intercept is at (0, -6). The domain and range are both all real numbers and the end behavior is mostly
decreasing.

Example 4

Draw a graph of the cubic function with solutions of -6 and a repeated root at 1. This function is generally increasing
and has a maximum value of 9.

To say the function is “mostly increasing” means that the slope of the line that connects the two ends (arrows) is
positive. Then, the function must pass through (-6, 0) and touch, but not pass through (1, 0). From this information,
the maximum must occur between the two zeros and the minimum will be the double root.
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Review

Use the given x−values to make a table and graph the functions below.

1.

f (x) = x3−7x2 +15x−2

x =−2,−1,0,1,2,3,4

2.

g(x) =−2x4−11x3−3x2 +37x+35

x =−5,−4,−3,−2,−1,0,1,2

3.

y = 2x3 +25x2 +100x+125

x =−7,−6,−5,−4,−3,−2,−1,0

Make your own table and graph the following functions.

4. f (x) = (x+5)(x+2)(x−1)
5. y = x4

6. y = x5

7. Analyze the graphs of y = x2,y = x3,y = x4, and y = x5. These are all parent functions. What do you think
the graph of y = x6 and y = x7 will look like? What can you say about the end behavior of all even functions?
Odd functions? What are the solutions to these functions?

8. Writing How many repeated roots can one function have? Why?

Analyze the graphs of the following functions. Find all critical values, the domain, range, and end behavior.
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9.

10.
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11.

12.

For questions 13-15, make a sketch of the following real-solution functions.

13. Draw two different graphs of a cubic function with zeros of -1, 1, and 4.5 and a minimum of -4.
14. A fourth-degree polynomial with roots of -3.2, -0.9, 1.2, and 8.7, positive end behavior, and a local minimum

of -1.7.
15. A fourth-degree function with solutions of -7, -4, 1, and 2, negative end behavior, and an absolute maximum

at
(
−11

2 ,
1755
128

)
.

16. Challenge Find the equation of the function from #15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.13.
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2.14 Graphing Polynomial Functions with a
Graphing Calculator

Learning Objectives

Here you’ll learn how to graph polynomial functions and find critical values using a graphing calculator.

To make a fair race between a dragster and a funny car, a scientist devised the following polynomial equation:

f (x) = 71.682x− 60.427x2 + 84.710x3− 27.769x4 + 4.296x5− 0.262x6. What is the maximum point of this func-
tion’s graph?

Source: Rice University

Graphing Polynomial Functions with a Calculator

You have already used the graphing calculator to graph parabolas. Now, we will expand upon that knowledge
and graph higher-degree polynomials. Then, we will use the graphing calculator to find the zeros, maximums and
minimums.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/177353

Let’s graph f (x) = x3 + x2−8x−8 using a graphing calculator.

These instructions are for a TI-83 or 84. First, press Y =. If there are any functions in this window, clear them
out by highlighting the = sign and pressing ENTER. Now, in Y 1, enter in the polynomial. It should look like:
x∧3+ x∧2−8x−8. Press GRAPH.
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To adjust the window, press ZOOM. To get the typical -10 to 10 screen (for both axes), press 6:ZStandard. To
zoom out, press ZOOM, 3:ZoomOut, ENTER, ENTER. For this particular function, the window needs to go from
-15 to 15 for both x and y. To manually input the window, press WINDOW and change the Xmin,Xmax,Y min, and
Y max so that you can see the zeros, minimum and maximum. Your graph should look like the one above.

Now, let’s find the zeros, maximum, and minimum of the function from the previous problem above.

To find the zeros, press 2nd TRACE to get the CALC menu. Select 2:Zero and you will be asked “Left Bound?”
by the calculator. Move the cursor (by pressing the ↑ or ↓) so that it is just to the left of one zero. Press ENTER.
Then, it will ask “Right Bound?” Move the cursor just to the right of that zero. Press ENTER. The calculator will
then ask “Guess?” At this point, you can enter in what you think the zero is and press ENTER again. Then the
calculator will give you the exact zero. For the graph from the previous problem above, you will need to repeat this
three times. The zeros are -2.83, -1, and 2.83.

To find the minimum and maximum, the process is almost identical to finding zeros. Instead of selecting 2:Zero,
select 3:min or 4:max. The minimum is (1.33, -14.52) and the maximum is (-2, 4).

Finally, let’s find the y−intercept of the graph from the same problem above.

If you decide not to use the calculator, plug in zero for x and solve for y.

f (0) = 03 +02−8 ·0−8

=−8

Using the graphing calculator, press 2nd TRACE to get the CALC menu. Select 1:value. X = shows up at the
bottom of the screen. If there is a value there, press CLEAR to remove it. Then press 0 and ENTER. The calculator
should then say “Y =−8.”

Examples

Example 1

Earlier, you were asked to find the maximum point of the function’s graph.
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If you plug the equation f (x) = 71.682x−60.427x2+84.710x3−27.769x4+4.296x5−0.262x6 into your calculator,
you find that the maximum occurs when x= 6.15105. At that value of x, f(x) equals 1754.43. Therefore the maximum
point of the function’s graph is (6.15105, 1754.43).

Graph and find the critical values of the following functions.

Example 2

f (x) =−1
3 x4− x3 +10x2 +25x−4

zeros: -5.874, -2.56, 0.151, 5.283

y−intercept: (0, -4)

minimum: (-1.15, -18.59)

local maximum: (-4.62, 40.69)

absolute maximum: (3.52, 113.12)

Example 3

g(x) = 2x5− x4 +6x3 +18x2−3x−8

zeros: -1.413, -0.682, 0.672

y−intercept: (0, -8)

minimum: (-1.11, 4.41)

maximum: (0.08, -8.12)
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Example 4

Find the domain and range of Examples 2 and 3.

The domain of Example 2 is all real numbers and the range is all real numbers less than the maximum; (−∞,113.12].
The domain and range of Example 3 are all real numbers.

Review

Graph questions 1-6 on your graphing calculator. Sketch the graph in an appropriate window. Then, find all the
critical values, domain, range, and describe the end behavior.

1. f (x) = 2x3 +5x2−4x−12
2. h(x) =−1

4 x4−2x3− 13
4 x2−8x−9

3. y = x3−8
4. g(x) =−x3−11x2−14x+10
5. f (x) = 2x4 +3x3−26x2−3x+54
6. y = x4 +2x3−5x2−12x−6
7. What are the types of solutions in #2?
8. Find the two imaginary solutions in #3.
9. Find the exact values of the irrational roots in #5.

Determine if the following statements are SOMETIMES, ALWAYS, or NEVER true. Explain your reasoning.

10. The range of an even function is (−∞,max], where max is the maximum of the function.
11. The domain and range of all odd functions are all real numbers.
12. A function can have exactly three imaginary solutions.
13. An nth degree polynomial has n real solutions.
14. The parent graph of any polynomial function has one zero.
15. Challenge The exact value for one of the zeros in #2 is −4+

√
7. What is the exact value of the other root?

Then, use this information to find the imaginary roots.
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 6.14.

Summary

This chapter covers exponents and their properties as well as how to add, subtract, multiply and divide polynomials.
We will also solve polynomials using formulas, factoring, synthetic division, and technology.
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CHAPTER 3 Roots, Radicals, and
Function Operations

Chapter Outline
3.1 DEFINING NTH ROOTS

3.2 RATIONAL EXPONENTS AND ROOTS

3.3 APPLYING THE LAWS OF EXPONENTS TO RATIONAL EXPONENTS

3.4 GRAPHING SQUARE ROOT FUNCTIONS

3.5 GRAPHING CUBED ROOT FUNCTIONS

3.6 EXTRACTING THE EQUATION FROM A GRAPH

3.7 SOLVING SIMPLE RADICAL EQUATIONS

3.8 SOLVING RADICAL EQUATIONS WITH VARIABLES ON BOTH SIDES

3.9 SOLVING RATIONAL EXPONENT EQUATIONS

3.10 FUNCTION OPERATIONS

3.11 INVERSE FUNCTIONS

Introduction

This chapter extends what we have learned about polynomials and exponents and applies those ideas to square root
and cubed root functions. First, we will introduce rational exponents and simplify these expressions. We will also
solve equations with radicals and rational exponents. Then, we switch gears a little and learn how to find the inverse
of a function as well as how to add, subtract, multiply, divide, and compose them.
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3.1 Defining nth Roots

Learning Objectives

Here you’ll learn how to define and use nth roots.

The volume of a cube is found to be 343s7. What is the length of each side of the cube?

nth Roots

So far, we have seen exponents with integers and the square root. In this concept, we will link roots and exponents.
First, let’s define additional roots. Just like the square and the square root are inverses of each other, the inverse of a
cube is the cubed root. The inverse of the fourth power is the fourth root.

3√
27 =

3√
33 = 3, 5√32 =

5√
25 = 2

The nth root of a number, xn, is x, n√xn = x. And, just like simplifying square roots, we can simplify nth roots.

Let’s find 6√729.

To simplify a number to the sixth root, there must be 6 of the same factor to pull out of the root.

729 = 3 ·3 ·3 ·3 ·3 ·3 = 36

Therefore, 6√729 =
6√

36 = 3. The sixth root and the sixth power cancel each other out. We say that 3 is the sixth
root of 729.

From this problem, we can see that it does not matter where the exponent is placed, it will always cancel out with
the root.

6√
36 =

6√3
6

or
(

6√3
)6

6√729 = (1.2009 . . .)6

3 = 3

So, it does not matter if you evaluate the root first or the exponent.

The nth Root Theorem: For any real number a, root n, and exponent m, the following is always true: n√am =
n√am

=
(

n√a
)m.

Now, let’s evaluate the following expressions without a calculator.

1.
5√

323

If you solve this problem as written, you would first find 323 and then apply the 5th root.
5√

323 =
5√

38768 = 8

However, this would be very difficult to do without a calculator. This is an example where it would be easier to apply
the root and then the exponent. Let’s rewrite the expression and solve.
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5√32
3
= 23 = 8

2.
√

16
3

This problem does not need to be rewritten.
√

16 = 4 and then 43 = 64.

Finally, let’s simplify the following.

1.
4√

64

To simplify the fourth root of a number, there must be 4 of the same factor to pull it out of the root. Let’s write the
prime factorization of 64 and simplify.

4√
64 =

4√
2 ·2 ·2 ·2 ·2 ·2 = 2

4√
4

Notice that there are 6 2’s in 64. We can pull out 4 of them and 2 2’s are left under the radical.

2. 3

√
54x3

125y5

Just like simplifying fractions with square roots, we can separate the numerator and denominator.

3

√
54x3

125y5 =
3√

54x3
3
√

125y5
=

3√
2 ·3 ·3 ·3 · x3

3
√

5 ·5 ·5 · y3 · y2
= 3x

3√2
5y

3
√

y2

Notice that because the x is cubed, the cube and cubed root cancel each other out. With the y-term, there were five,
so three cancel out with the root, but two are still left under radical.

Examples

Example 1

Earlier, you were asked to find the length of each side of the cube.

Recall that the volume of a cube is V = s3, where s is the length of each side. So to find the side length, take the
cube root of 343z7.

First, you can separate this number into two different roots, 3√343 · 3
√

z7. Now, simplify each root.
3√343 · 3

√
z7 =

3√
73 · 3
√

z3 · z3 · z = 7z2 3
√

z

Therefore, the length of the cube’s side is 7z2 3
√

z.

Simplify each expression below, without a calculator.

Example 2

4
√

625z8

First, you can separate this number into two different roots,
4√

625 · 4
√

z8. Now, simplify each root.
4√

625 · 4
√

z8 =
4√

54 · 4
√

z4 · z4 = 5z2

When looking at the z8, think about how many z4 you can even pull out of the fourth root. The answer is 2, or a z2,
outside of the radical.
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Example 3

7
√

32x5y

32 = 25, which means there are not 7 2’s that can be pulled out of the radical. Same with the x5 and the y. Therefore,
you cannot simplify the expression any further.

Example 4

5√
9216

Write out 9216 in the prime factorization and place factors into groups of 5.

5√
9216 =

5
√

2 ·2 ·2 ·2 ·2 · 2 ·2 ·2 ·2 ·2 ·3 ·3

=
5√

25 ·25 ·32

= 2 ·2 5√
32

= 4 5√9

Example 5

3

√
40

175
Reduce the fraction, separate the numerator and denominator and simplify.

3

√
40

175
=

3

√
8

35
=

3√
23

3√35
= 2

3√35
·

3√
352

3√
352

= 2
3√1225

35

In the red step, we rationalized the denominator by multiplying the top and bottom by
3√

352, so that the denominator
would be

3√
353 or just 35. Be careful when rationalizing the denominator with higher roots!

Review

Reduce the following radical expressions.

1. 3√81
2.

4√
625

3

3.
√

95

4. 5√128

5.
√√

10000

6.

√
25
8

4

7.
6√

64
5

8. 3

√
8
81

2

9. 4

√
243
16

10.
3√

24x5

11. 4
√

48x7y13
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12. 5

√
160x8

y7

13.
3√

1000x6
2

14. 4

√
162x5

y3z10

15.
√

40x3y4
3

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.1.
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3.2 Rational Exponents and Roots

Learning Objectives

Here you’ll learn about rational exponents and relate them to nth roots.

A planet’s maximum distance from the sun (in astronomical units) is given by the formula d = p
2
3 , were p is the

period (in years) of the planet’s orbit around the sun. If a planet’s orbit around the sun is 27 years, what is its distance
from the sun?

The Rational Exponent Theorem

Now that you are familiar with nth roots, we will convert them into exponents. Let’s look at the square root and see
if we can use the properties of exponents to determine what exponential number it is equivalent to.

Writing the Square Root as an Exponent

Step 1: Evaluate
(√

x
)2. What happens?

The √ and the 2 cancel each other out,
(√

x2
)
= x.

Step 2: Recall that when a power is raised to another power, we multiply the exponents. Therefore, we can rewrite
the exponents and root as an equation, n ·2 = 1. Solve for n.

n · �2
�2

=
1
2

n =
1
2

Step 3: From Step 2, we can conclude that √ = 1
2 .(√

x
)2

=
(

x
1
2

)2
= x(

1
2)·2 = x1 = x

From the steps above, we see that
√

x = x
1
2 . We can extend this idea to the other roots as well; 3√x = x

1
3 = 4√x =

x
1
4 , . . . n√x = x

1
n .

The Rational Exponent Theorem: For any real number a, root n, and exponent m, the following is always true:
a

m
n =

n√am =
(

n√a
)m.

Let’s solve the following problems.

1. Find 256
1
4 .

Rewrite this expression in terms of roots. A number to the one-fourth power is the same as the fourth root.

256
1
4 =

4√
256 =

4√
44 = 4

Therefore, 256
1
4 = 4.
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2. Find 49
3
2 .

This problem is similar to ones you have seen already. However, now, the root is written in the exponent. Rewrite
the problem.

49
3
2 =

(
493
) 1

2 =
√

493 or
(√

49
)3

It is easier to evaluate the second option above.

So
(√

49
)3

= 73 = 343.

3. Find 5
2
3 using a calculator. Round your answer to the nearest hundredth.

To type this into a calculator, the keystrokes would probably look like: 5
2
3 . The “^” symbol is used to indicate a

power. Anything in parenthesis after the “^” would be in the exponent. Evaluating this, we have 2.924017738..., or
just 2.92.

Other calculators might have a xy button. This button has the same purpose as the ^ and would be used in the exact
same way.

Examples

Example 1

Earlier, you were asked to find the planet’s distance from the sun.

Substitute 27 for p and solve.

d = 27
2
3

Rewrite the problem.

27
2
3 =

(
272
) 1

3 =
3√

272 or
3√

27
2

(
3√

27
)2

= 32 = 9.

Therefore, the planet’s distance from the sun is 9 astronomical units.

Example 2

Rewrite
7√

12 using rational exponents. Then, use a calculator to find the answer.

Using rational exponents, the 7th root becomes the 1
7 power;12

1
7 = 1.426.

Example 3

Rewrite 845
4
9 using roots. Then, use a calculator to find the answer.

Using roots, the 9 in the denominator of the exponent is the root;
9√

8454 = 19.99. To enter this into a calculator, you
can use the rational exponents. If you have a TI-83 or 84, press MATH and select 5: x

√ . On the screen, you should
type 9 x

√ 845∧4 to get the correct answer. You can also enter 845∧
(4

9

)
and get the exact same answer

Example 4

Evaluate without a calculator: 125
4
3 .
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125
4
3 =

(
3√

125
)4

= 54 = 625

Example 5

Evaluate without a calculator: 256
5
8 .

256
5
8 =

(
8√

256
)5

= 25 = 32

Example 6

Evaluate without a calculator:
√

81
1
2 .√

81
1
2 =

√√
81 =

√
9 = 3

Review

Write the following expressions using rational exponents and then evaluate using a calculator. Answers should be
rounded to the nearest hundredth.

1.
5√

45
2. 9√140
3.

8√
50

3

Write the following expressions using roots and then evaluate using a calculator. Answers should be rounded to the
nearest hundredth.

4. 72
5
3

5. 95
2
3

6. 125
3
4

Evaluate the following without a calculator.

7. 64
2
3

8. 27
4
3

9. 16
5
4

10.
√

253

11. 2√9
5

12.
5√

322

For the following problems, rewrite the expressions with rational exponents and then simplify the exponent and
evaluate without a calculator.

13.
4

√(
2
3

)8

14.
3

√
7
2

6

15.
√
(16)

1
2

6
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.2.
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3.3 Applying the Laws of Exponents to Ratio-
nal Exponents

Learning Objectives

Here you’ll learn how to use the laws of exponents with rational exponents.

The period (in seconds) of a pendulum with a length of L (in meters) is given by the formula P = 2π( L
9.8)

1
2 . If the

length of a pendulum is 9.8
8
3 , what is its period?

Applying the Laws of Exponents to Rational Exponents

When simplifying expressions with rational exponents, all the laws of exponents that were learned previously are
still valid. On top of that, the rules of fractions apply as well.

Let’s simplify the following.

1. x
1
2 · x 3

4

Recall from the Product Property of Exponents, that when two numbers with the same base are multiplied we add
the exponents. Here, the exponents do not have the same base, so we need to find a common denominator and then
add the numerators.

x
1
2 · x 3

4 = x
2
4 · x 3

4 = x
5
4

This rational exponent does not reduce, so we are done.

2. 4x
2
3 y4

16x3y
5
6

This problem utilizes the Quotient Property of Exponents. Subtract the exponents with the same base and reduce 4
16 .

4x
2
3 y4

16x3y
5
6
= 1

4 x(
2
3)−3y

4−5
6 = 1

4 x
−7
3 y

19
6

If you are writing your answer in terms of positive exponents, your answer would be y
19
6

4x
7
3

. Notice, that when a

rational exponent is improper we do not change it to a mixed number.

If we were to write the answer using roots, then we would take out the whole numbers. For example, y = 19
6 can be

written as y
19
6 = y3y

1
6 = y3 6

√
y because 6 goes into 19, 3 times with a remainder of 1.

3.

(
2x

1
2 y6
) 2

3

4x
5
4 y

9
4

On the numerator, the entire expression is raised to the 2
3 power. Distribute this power to everything inside the

parenthesis. Then, use the Powers Property of Exponents and rewrite 4 as 22.(
2x

1
2 y6
) 2

3

4x
5
4 y

9
4

= 2
2
3 x

1
3 y4

22x
5
4 y

9
4
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Combine like terms by subtracting the exponents.

2
2
3 x

1
3 y4

22x
5
4 y

9
4
= 2(

2
3)−2x(

1
3)−(

5
4)y4−( 9

4) = 2
−4
3 x

−11
12 y

7
4

Finally, rewrite the answer with positive exponents by moving the 2 and x into the denominator. y
7
4

2
4
3 x

11
12

Examples

Example 1

Earlier, you were asked to find the period of the pendulum.

Substitute 9.8
8
3 for L and solve.

P = 2π(
L

9.8
)

1
2

P = 2π(
9.8

8
3

9.8
)

1
2

P = 2π(
9.8

8
3

9.8
3
3
)

1
2

P = 2π(9.8
5
3 )

1
2

P = 2π(9.8)
5
6

Therefore, the period of the pendulum is P = 2π(9.8)
5
6 .

Simplify each expression below. Reduce all rational exponents and write final answers using positive expo-
nents.

Example 2

4d
3
5 ·8 1

3 d
2
5

Change 4 and 8 so that they are powers of 2 and then add exponents with the same base.

4d
3
5 ·8 1

3 d
2
5 = 22d

3
5 ·
(
23
) 1

3 d
2
5 = 23d

5
5 = 8d

Example 3

w
7
4

w
1
2

Subtract the exponents. Change the 1
2 power to 2

4 .

w
7
4

w
1
2
= w

7
4

w
2
4
= w

5
4

Example 4

(
3

3
2 x4y

6
5

) 4
3
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Distribute the 4
3 power to everything inside the parenthesis and reduce.(

3
3
2 x4y

6
5

) 4
3
= 3

12
6 x

16
3 y

24
15 = 32x

16
3 y

8
5 = 9x

16
3 y

8
5

Review

Simplify each expression. Reduce all rational exponents and write final answer using positive exponents.

1. 1
5 a

4
5 25

3
2 a

3
5

2. 7b
4
3 49

1
2 b−

2
3

3. m
8
9

m
2
3

4. x
4
7 y

11
6

x
1

14 y
5
3

5. 8
5
3 r5s

3
4 t

1
3

24r
21
5 s2t

7
9

6.
(

a
3
2 b

4
5

) 10
3

7.
(

5x
5
7 y4
) 3

2

8.
(

4x
2
5

9y
4
5

) 5
2

9.
(

75d
18
5

3d
3
5

) 5
2

10.
(

81
3
2 a3

8a
9
2

) 1
3

11. 27
2
3 m

4
5 n−

3
2 4

1
2 m−

2
3 n

8
5

12.
(

3x
3
8 y

2
5

5x
1
4 y−

3
10

)2

13. Rewrite your answer from Problem #1 using radicals.
14. Rewrite your answer from Problem #4 using radicals.
15. Rewrite your answer from Problem #4 using one radical.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.3.
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3.4 Graphing Square Root Functions

Learning Objectives

Here you’ll learn how to graph a square root function with and without a calculator.

Mrs. Garcia has assigned her student the function y =−
√

x+2−3 to graph for homework. The next day, she asks
her students which quadrant(s) their graph is in.

Alendro says that because it is a square root function, it can only have positive values and therefore his graph is only
in the first quadrant.

Dako says that because of the two negative sign, all y values will be positive and therefore his graph is in the first
and second quadrants.

Marisha says they are both wrong. Because it is a negative square root function, her graph is in the third and fourth
quadrants.

Which one of them is correct?

Graphing Square Root Functions

A square root function has the form y = a
√

x−h+k, where y =
√

x is the parent graph. Graphing the parent graph,
we have:

TABLE 3.1:

x y
16 4
9 3
4 2
1 1
0 0
-1 und
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Notice that this shape is half of a parabola, lying on its side. For y =
√

x, the output is the same as the input of
y = x2. The domain and range of y =

√
x are all positive real numbers, including zero. x cannot be negative because

you cannot take the square root of a negative number.

Let’s graph y =
√

x−2+5 without a calculator.

To graph this function, draw a table. x = 2 is a critical value because it makes the radical zero.

TABLE 3.2:

x y
2 5
3 6
6 7
11 8
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After plotting the points, we see that the shape is exactly the same as the parent graph. It is just shifted up 5 and to
the right 2. Therefore, we can conclude that h is the horizontal shift and k is the vertical shift.

The domain is all real numbers such that x≥ 2 and the range is all real numbers such that y≥ 5.

Now’s let’s graph y = 3
√

x+1 and find the domain and range.

From the previous problem, we already know that there is going to be a horizontal shift to the left one unit. The 3 in
front of the radical changes the width of the function. Let’s make a table.

TABLE 3.3:

x y
−1 0
0 3
3 6
8 9
15 12
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Notice that this graph grows much faster than the parent graph. Extracting (h,k) from the equation, the starting point
is (−1,0) and then rather than increase at a “slope” of 1, it is three times larger than that.

Finally, let’s graph f (x) =−
√

x−2+3.

Extracting (h,k) from the equation, we find that the starting point is (2,3). The negative sign in front of the radical
indicates a reflection. Let’s make a table. Because the starting point is (2,3), we should only pick x-values after
x = 2.

TABLE 3.4:

x y
2 3
3 2
6 1
11 0
18 -1
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The negative sign in front of the radical, we now see, results in a reflection over x-axis.

Using the graphing calculator: If you wanted to graph this function using the TI-83 or 84, press Y = and clear out
any functions. Then, press the negative sign, (-) and 2nd x2, which is √ . Then, type in the rest of the function, so
that Y =−√ (X−2)+3. Press GRAPH and adjust the window.

Examples

Example 1

Earlier, you were asked to determine which student was correct.

If you graph the function y =−
√

x+2−3, you will see that its domain is x≥−2, which makes all of the quadrants
possibilities. But its range is y ≤ −3, limiting the graph to the third and fourth quadrants. Therefore, Marisha is
correct.

Example 2

Evaluate y =−2
√

x−5+8 when x = 9.

Plug in x = 9 into the equation and solve for y.

y =−2
√

9−5+8 =−2
√

4+8 =−2(2)+8 =−4+8 =−4

Graph the following square root functions. Describe the relationship to the parent graph and find the domain
and range. Use a graphing calculator for Example 5.

Example 3

Graph y =
√
−x.

Here, the negative is under the radical. This graph is a reflection of the parent graph over the y-axis.

The domain is all real numbers less than or equal to zero. The range is all real numbers greater than or equal to zero.
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Example 4

Graph f (x) = 1
2

√
x+3.

The starting point of this function is (−3,0) and it is going to “grow” half as fast as the parent graph.

The domain is all real numbers greater than or equal to -3. The range is all real numbers greater than or equal to
zero.

Example 5

Graph f (x) =−4
√

x−5+1.
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Using the graphing calculator, the function should be typed in as: Y =−4√ (X−5)+1. It will be a reflection over
the x-axis, have a starting point of (5,1) and grow four times as fast as the parent graph.

Review

Evaluate the function, f (x) =−
√

x−4+3 for the following values of x.

1. f (3)
2. f (6)
3. f (13)
4. What is the domain of this function?

Graph the following square root functions and find the domain and range. Use your calculator to check your answers.

5. f (x) =
√

x+2
6. y =

√
x−5−2

7. y =−2
√

x+1
8. f (x) = 1+

√
x−3

9. f (x) = 1
2

√
x+8

10. f (x) = 3
√

x+6
11. y = 2

√
1− x

12. y =
√

x+3−5
13. f (x) = 4

√
x+9−8

14. y =−3
2

√
x−3+6

15. y =−3
√

5− x+7
16. f (x) = 2

√
3− x−9

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.4.
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3.5 Graphing Cubed Root Functions

Learning Objectives

Here you’ll graph a cubed root function with and without a calculator.

Mrs. Garcia assigns her student the cube root function y =− 3
√

(x+1) to graph for homework. The following day,
she asks her students which quadrant(s) their graph is in.

Alendro says that because of the negative sign, all y values are negative. Therefore his graph is only in the third and
fourth quadrants quadrant.

Dako says that his graph is in the third and fourth quadrants as well but it is also in the second quadrant.

Marisha says they are both wrong and that her graph of the function is in all four quadrants.

Which one of them is correct?

Graphing Cubed Root Functions

A cubed root function is different from that of a square root. Their general forms look very similar, y = a 3√x−h+k
and the parent graph is y = 3√x. However, we can take the cubed root of a negative number, therefore, it will be
defined for all values of x. Graphing the parent graph, we have:

TABLE 3.5:

x y
-27 -3
-8 -2
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TABLE 3.5: (continued)

x y
-1 -1
0 0
1 1
8 2
27 3

For y = 3√x, the output is the same as the input of y = x3. The domain and range of y = 3√x are all real numbers.
Notice there is no “starting point” like the square root functions, the (h,k) now refers to the point where the function
bends, called a point of inflection.

Let’s describe how to obtain the graph of y = 3√x+5 from y = 3√x.

We know that the +5 indicates a vertical shift of 5 units up. Therefore, this graph will look exactly the same as the
parent graph, shifted up five units.

Now, let’s graph f (x) =− 3√x+2−3 and find the domain and range.
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From the previous problem, we know that from the parent graph, this function is going to shift to the left two units
and down three units. The negative sign will result in a reflection.

Alternate Method: If you want to use a table, that will also work. Here is a table, then plot the points. (h,k) should
always be the middle point in your table.

TABLE 3.6:

x y
6 -5
-1 -4
-2 -3
-3 -2
-10 -1

Finally, let’s graph f (x) = 1
2

3√x−4.

The -4 tells us that, from the parent graph, the function will shift to the right four units. The 1
2 effects how quickly

the function will “grow”. Because it is less than one, it will grow slower than the parent graph.
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Using the graphing calculator: If you wanted to graph this function using the TI-83 or 84, press Y = and clear out
any functions. Then, press (1÷ 2), MATH and scroll down to 4: 3

√ and press ENTER. Then, type in the rest of
the function, so that Y =

(1
2

)
3
√

(X−4). Press GRAPH and adjust the window.

Important Note: The domain and range of all cubed root functions are both all real numbers.

Examples

Example 1

Earlier, you were asked to determine which student was correct.

If you graph the function y = − 3
√

(x+1), you see that the domain is all real numbers, which makes all quadrants
possible. However, for all positive values of x, y is negative because of the negative sign in front of the cube root.
That rules out the first quadrant. Therefore, Dako is correct.

Example 2

Evaluate y = 3√x+4−11 when x =−12.

Plug in x =−12 and solve for y.

y = 3√−12+4−11 =
3√−8+4 =−2+4 = 2

Example 3

Describe how to obtain the graph of y = 3√x+4−11 from y = 3√x.

Starting with y = 3√x, you would obtain y = 3√x+4−11 by shifting the function to the left four units and down 11
units.
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Graph the following cubed root functions. Check your graphs on the graphing calculator.

Example 4

y = 3√x−2−4

This function is a horizontal shift to the right two units and down four units.

Example 5

f (x) =−3
√

x−1

This function is a reflection of y = 3√x and stretched to be three times as large. Lastly, it is shifted down one unit.
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Review

Evaluate f (x) = 3√2x−1 for the following values of x.

1. f (14)
2. f (−62)
3. f (20)

Graph the following cubed root functions. Use your calculator to check your answers.

4. y = 3√x+4
5. y = 3√x−3
6. f (x) = 3√x+2−1
7. g(x) =− 3√x−6
8. f (x) = 2 3√x+1
9. h(x) =−3 3√x+5

10. y = 1
2

3√1− x
11. y = 2 3√x+4−3
12. y =−1

3
3√x−5+2

13. g(x) = 3√6− x+7
14. f (x) =−5 3√x−1+3
15. y = 4 3√7− x−8

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.5.
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3.6 Extracting the Equation from a Graph

Learning Objectives

Here you’ll look at the graph of a square root or cubed root function and determine the equation.

The graph of a cubic function starts at the point (2, 2). It passes through the point (10, -2). What is the equation of
the function?

Extracting the Equation from a Graph

In this concept, instead of graphing from the equation, we will now find the equation when we are given the graph.

Let’s determine the equation of the graph below.

We know this is a square root function, so the general form is y = a
√

x−h+ k. The starting point is (−6,1).
Plugging this in for h and k, we have y = a

√
x+6+1. Now, find a, using the given point, (−2,5). Let’s substitute

it in for x and y and solve for a.

5 = a
√
−2+6+1

4 = a
√

4

4 = 2a

2 = a

The equation is y = 2
√

x+6+1.
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Now, let’s find the equation of the cubed root function where h =−1 and k =−4 and passes through (−28,−3).

First, plug in what we know to the general equation; y = 3√x−h+ k⇒ y = a 3√x+1−4. Now, substitute x =−28
and y =−3 and solve for a.

−3 = a 3√−28+1−4

1 =−3a

−1
3
= a

The equation of the function is y =−1
3

3√x+1−4.

Finally, let’s find the equation of the function below.

It looks like (0,−4) is (h,k). Plug this in for h and k and then use the second point to find a.

−6 = a 3√1−0−4

−2 = a
3√

1

−2 = a

The equation of this function is y =−2 3√x−4.

When finding the equation of a cubed root function, you may assume that one of the given points is (h,k). Whichever
point is on the “bend” is (h,k) for the purposes of this text.

Examples

Example 1

Earlier, you were asked to find the equation of the function.
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First, plug in what we know to the general equation; y = 3√x−h+k⇒ y = a 3√x−2+2. Now, substitute x = 10 and
y =−2 and solve for a.

−2 = a 3√10−2+2

−2 = a
3√8+2

−2 = 2a+2

−4 = 2a

a =−2

The equation of the function is y =−2 3√x−2+2.

Example 2

Find the equation of the following function.

Substitute what you know into the general equation to solve for a. From the final practice problem above, you may
assume that (5,8) is (h,k) and (−3,7) is (x,y).

y = a 3√x−5+8

7 = a 3√−3−5+8

−1 =−2a
1
2
= a

The equation of this function is y = 1
2

3√x−5+8.

179

http://www.ck12.org


3.6. Extracting the Equation from a Graph www.ck12.org

Example 3

Find the equation of the following function.

Substitute what you know into the general equation to solve for a. From the graph, the starting point, or (h,k) is
(4,−11) and (13,1) are a point on the graph.

y = a
√

x−4−11

1 = a
√

13−4−11

12 = 3a

4 = a

The equation of this function is y = 4
√

x−4−11.

Example 4

Find the equation of a square root equation with a starting point of (−5,−3) and passes through (4,−6).

Substitute what you know into the general equation to solve for a. From the graph, the starting point, or (h,k) is
(−5,−3) and (4,−6) are a point on the graph.

y = a
√

x+5−3

−6 = a
√

4+5−3

−3 = 3a

−1 = a

The equation of this function is y =−
√

x+5−3.
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Review

Write the equation for each function graphed below.

1.

2.
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3.

4.
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5.

6.
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7.

8.
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9.
10. Write the equation of a square root function with starting point (−6,−3) passing through (10,−15).
11. Write the equation of a cube root function with (h,k) = (2,7) passing through (10,11).
12. Write the equation of a square root function with starting point (−1,6) passing through (3,16).
13. Write the equation of a cubed root function with (h,k) = (−1,6) passing through (7,16).
14. Write the equation of a cubed root function with (h,k) = (7,16) passing through (−1,6).
15. How do the two equations above differ? How are they the same?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.6.
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3.7 Solving Simple Radical Equations

Learning Objectives

Here you’ll learn how to solve basic radical equations.

The legs of a right triangle measure 3 and 2
√

x. The hypotenuse measures 5. What is the length of the leg with the
unknown value?

Solving Radical Equations

Solving radical equations are very similar to solving other types of equations. The objective is to get x by itself.
However, now there are radicals within the equations. Recall that the opposite of the square root of something is to
square it.

Let’s determine if x = 5 is the solution to
√

2x+15 = 8.

Plug in 5 for x to see if the equation holds true. If it does, then 5 is the solution.

√
2(5)+15 = 8
√

10+15 = 9
√

25 6= 8

We know that
√

25 = 5, so x = 5 is not the solution.

Now, let’s solve the following equations for x.

1.
√

2x−5+7 = 16

To solve for x, we need to isolate the radical. Subtract 7 from both sides.

√
2x−5+7 = 16
√

2x−5 = 9

Now, we can square both sides to eliminate the radical. Only square both sides when the radical is alone on one side
of the equals sign.

√
2x−5

2
= 92

2x−5 = 81

2x = 86

x = 43

Check:
√

2(43)−5+7 =
√

86−5+7 =
√

81+7 = 9+7 = 16
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ALWAYS check your answers when solving radical equations. Sometimes, you will solve an equation, get a solution,
and then plug it back in and it will not work. These types of solutions are called extraneous solutions and are not
actually considered solutions to the equation.

2. 3 3√x−8−2 =−14

Again, isolate the radical first. Add 2 to both sides and divide by 3.

3 3√x−8−2 =−14

3 3√x−8 =−12
3√x−8 =−4

Now, cube both sides to eliminate the radical.

3√x−8
3
= (−4)3

x−8 =−64

x =−56

Check: 3 3√−56−8−2 = 3 3√−64−2 = 3 ·−4−2 =−12−2 =−14

Examples

Example 1

Earlier, you were asked to find the length of the leg with the unknown value.

Use the Pythagorean Theorem and solve for x then substitute that value in to solve for the leg with the unknown.

32 +(2
√

x)2) = 52

9+4x = 25

4x = 16

x = 4

Now substitute this value into the leg with the unknown.

2
√

4 = 2 ·2 = 4

Therefore the leg with the unknown has a length of 4.

Example 2

Solve for x:
√

x+5 = 6. Check your answer.

The radical is already isolated here. Square both sides and solve for x.

√
x+5

2
= 62

x+5 = 36

x = 31
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Check:
√

31+5 =
√

36 = 6

Example 3

Solve for x: 5
√

2x−1+1 = 26. Check your answer.

Isolate the radical by subtracting 1 and then dividing by 5.

5
√

2x−1+1 = 26

5
√

2x−1 = 25
√

2x−1 = 5

Square both sides and continue to solve for x.

√
2x−1

2
= 52

2x−1 = 25

2x = 26

x = 13

Check: 5
√

2(13)−1+1 = 5
√

26−1 = 5
√

25+1 = 5 ·5+1 = 25+1 = 26

Example 4

Solve for x: 4√3x+11−2 = 3. Check your answer.

In this problem, we have a fourth root. That means, once we isolate the radical, we must raise both sides to the
fourth power to eliminate it.

4√3x+11−2 = 3
4√3x−11

4
= 54

3x−11 = 625

3x = 636

x = 212

Check: 4
√

3(212)+11−2 =
4√636−11−2 =

4√
625−2 = 5−2 = 3

Review

Determine if the given values of x are solutions to the radical equations below.

1.
√

x−3 = 7;x = 32
2. 3√6+ x = 3;x = 21
3. 4√2x+3−11 =−9;x = 6

Solve the equations and check your answers.
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4.
√

x+5 = 6
5. 2−

√
x+1 = 0

6. 4
√

5− x = 12
7.
√

x+9+7 = 11
8. 1

2
3√x−2 = 1

9. 3√x+3+5 = 9
10. 5

√
15− x+2 = 17

11. −5 =
5√x−5−7

12. 4√x−6+10 = 13
13. 8

5
3√x+5 = 8

14. 3
√

x+7−2 = 25
15. 4√235+ x+9 = 14

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.7.
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3.8 Solving Radical Equations with Variables
on Both Sides

Learning Objectives

Here you’ll learn how to solve more complicated radical equations.

The legs of a right triangle measure 12 and
√

x+1. The hypotenuse measures
√

7x+1. What are the lengths of the
sides with the unknown values?

Solving Radical Equations with Variables

In this concept, we will continue solving radical equations. Here, we will address variables and radicals on both
sides of the equation.

Let’s solve the following radical equations for x.

1.
√

4x+1− x =−1

Now we have an x that is not under the radical. We will still isolate the radical.

√
4x+1− x =−1
√

4x−1 = x−1

Now, we can square both sides. Be careful when squaring x−1, the answer is not x2−1.

√
4x+1

2
= (x−1)2

4x+1 = x2−2x+1

This problem is now a quadratic. To solve quadratic equations, we must either factor, when possible, or use the
Quadratic Formula. Combine like terms and set one side equal to zero.

4x+1 = x2−2x+1

0 = x2−6x

0 = x(x−6)

x = 0 or 6

Check both solutions:
√

4(0)+1−1 =
√

0+1−1 = 1−1 = 0 6=−1. 0 is an extraneous solution.√
4(6)+1−6 =

√
24+1−6 = 5−6 =−1

Therefore, 6 is the only solution.

2.
√

8x−11−
√

3x+19 = 0
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In this problem, you need to isolate both radicals. To do this, subtract the second radical from both sides. Then,
square both sides to eliminate the variable.

√
8x−11−

√
3x+19 = 0

√
8x−11

2
=
√

3x+19
2

8x−11 = 3x+19

5x = 30

x = 6

Check:
√

8(6)−11−
√

3(6)+19 =
√

48−11−
√

18+19 =
√

37−
√

37 = 0

3. 4√4x+1 = x

The radical is isolated. To eliminate it, we must raise both sides to the fourth power.

4
√

2x2−1
4
= x4

2x2−1 = x4

0 = x4−2x2 +1

0 = (x2−1)(x2−1)

0 = (x−1)(x+1)(x−1)(x+1)

x = 1 or −1

Check: 4
√

2(1)2−1 =
4√2−1 =

4√
1 = 1

4
√

2(−1)2−1 =
4√2−1 =

4√
1 = 1

Examples

Example 1

Earlier, you were asked to find the lengths of the sides with the unknown values.

Use the Pythagorean Theorem and solve for x then substitute that value in to solve for the sides with unknowns.

122 +(
√

x+1)2) = (
√

7x+1)2

144+ x+1 = 7x+1

144 = 6x

x = 24

Now substitute this value into the sides with the unknowns.
√

x+1 =
√

24+1 = 5 and
√

7x+1 =
√

[7(24)]+1 =
√

169 = 13

Therefore the leg with the unknown measures 5 and the hypotenuse measures 13.

Solve the following radical equations. Check for extraneous solutions.
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Example 2

3
√

4x3−24 = x

The radical is isolated. Cube both sides to eliminate the cubed root.

3
√

4x3−24
3
= x3

4x3−24 = x3

−24 =−3x3

8 = x3

2 = x

Check:
3
√

4(2)3−24 =
3√32−24 =

3√8 = 2

Example 3

√
5x−3 =

√
3x+19

Square both sides to solve for x.

√
5x−3

2
=
√

3x+19
2

5x−3 = 3x+19

2x = 22

x = 11

Check: √
5(11)−3 =

√
3(11)+19

√
55−3 =

√
33+19

√
52 =

√
52

Example 4

√
6x−5− x =−10

Add x to both sides and square to eliminate the radical.

√
6x−5

2
= (x−10)2

6x−5 = x2−20x+100

0 = x2−26x+105

0 = (x−21)(x−5)

x = 21 or 5
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Check both solutions:

x = 21 :
√

6(21)−5−21 =
√

126−5−21 =
√

121−21 = 11−21 =−10

x = 5 :
√

6(5)−5−21 =
√

30−5−21 =
√

25−21 = 5−21 6=−10

5 is an extraneous solution.

Review

Solve the following radical equations. Be sure to check for extraneous solutions.

1.
√

x−3 = x−5
2.
√

x+3+15 = x−12
3.

4
√

3x2 +54 = x
4.
√

x2 +60 = 4
√

x
5.
√

x4 +5x3 = 2
√

2x+10
6. x =

√
5x−6

7.
√

3x+4 = x−2
8.
√

x3 +8x−
√

9x2−60 = 0
9. x =

3
√

4x+4− x2

10.
4
√

x3 +3 = 2 4√x+3
11. x2−

√
42x2 +343 = 0

12. x
√

x2−21 = 2
√

x3−25x+25

For questions 13-15, you will need to use the method illustrated in the example below.

√
x−15 =

√
x−3(√

x−15
)2

=
(√

x−3
)2

x−15 = x−6
√

x+9

−24 =−6
√

x

(4)2 =
(√

x
)2

16 = x

1. Square both sides
2. Combine like terms to isolate the remaining radical
3. Square both sides again to solve

Check: Don’t forget to check your answers for extraneous solutions!

√
16−15 =

√
16−3

√
1 = 4−3

1 = 1

13.
√

x+11−2 =
√

x−21
14.
√

x−6 =
√

7x−22
15. 2+

√
x+5 =

√
4x−7
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.8.
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3.9 Solving Rational Exponent Equations

Learning Objectives

Here you’ll learn how to solve equations where the variable has a rational exponent.

The period (in seconds) of a pendulum with a length of L (in meters) is given by the formula P = 2π( L
9.8)

1
2 . If the

period of a pendulum is 10π is the length of the pendulum 156.8?

Solving Rational Exponent Equations

When solving a rational exponent equation, you first isolate the variable. Then, to eliminate the exponent, you will
need to raise everything to the reciprocal power.

Let’s determine if x = 9 is a solution to 2x
3
2 −19 = 35.

Substitute in x and see if the equation holds.

2(9)
3
2 −19 = 35

2 ·27−19 = 35

54−19 = 35

9 is a solution to this equation.

Now, let’s solve the following equations for x.

1. 3x
5
2 = 96

First, divide both sides by 3 to isolate x.

3x
5
2 = 96

x
5
2 = 32

x is raised to the five-halves power. To cancel out this exponent, we need to raise everything to the two-fifths power.

(
x

5
2

) 2
5
= 32

2
5

x = 32
2
5

x =
5√32

2
= 22 = 4

Check: 3(4)
5
2 = 3 ·25 = 3 ·32 = 96

2. −2(x−5)
3
4 +48 =−202
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Isolate (x−5)
3
4 by subtracting 48 and dividing by -2.

−2(x−5)
3
4 +48 =−202

−2(x−5)
3
4 =−250

(x−5)
3
4 =−125

To undo the three-fourths power, raise everything to the four-thirds power.

[
(x−5)

3
4

] 4
3
= (−125)

4
3

x−5 = 625

x = 630

Check: −2(630−5)
3
4 +48 =−2 ·625

3
4 +48 =−2 ·125+48 =−250+48 =−202

Examples

Example 1

Earlier, you were asked to verify the length of the pendulum.

We need to plug 156.8 in to the equation P = 2π( L
9.8)

1
2 for L and solve. If our answer equals 10π, then the given

length is correct.

P = 2π(
L

9.8
)

1
2

2π(
156.8
9.8

)

1
2

2π(16)
1
2

2π(4) = 8π

8π does not equal 10π, so the length cannot be 156.8.

Solve the following rational exponent equations and check for extraneous solutions.

Example 2

8(3x−1)
2
3 = 200

Divide both sides by 8 and raise everything to the three-halves power.
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8(3x−1)
2
3 = 200[

(3x−1)
2
3

] 3
2
= (25)

3
2

3x−1 = 125

3x = 126

x = 42

Check: 8(3(42)−1)
2
3 = 8(126−1)

2
3 = 8(125)

2
3 = 8 ·25 = 200

Example 3

6x
3
2 −141 = 19172.

Here, only the x is raised to the three-halves power. Subtract 141 from both sides and divide by 6. Then, eliminate
the exponent by raising both sides to the two-thirds power.

6x
3
2 −141 = 1917

6x
3
2 = 2058

x
3
2 = 343

x = 343
2
3 = 72 = 49

Check: 6(49)
3
2 −141 = 6 ·343−141 = 2058−141 = 1917

Review

Determine if the following values of x are solutions to the equation 3x
3
5 =−24

1. x = 32
2. x =−32
3. x = 8

Solve the following equations. Round any decimal answers to 2 decimal places.

4. 2x
3
2 = 54

5. 3x
1
3 +5 = 17

6. (7x−3)
2
5 = 4

7. (4x+5)
1
2 = x−4

8. x
5
2 = 16x

1
2

9. (5x+7)
3
5 = 8

10. 5x
2
3 = 45

11. (7x−8)
2
3 = 4(x−5)

2
3

12. 7x
3
7 +9 = 65

13. 4997 = 5x
3
2 −3

14. 2x
3
4 = 686

15. x3 = (4x−3)
3
2
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.9.
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3.10 Function Operations

Learning Objectives

Here you’ll learn to add, subtract, multiply, divide and compose two or more functions.

The area of a rectangle is 2x2. The length of the rectangle is
√

x+3. What is the width of the rectangle? What
restrictions, if any, are on this value?

Function Operations

We have already dealt with adding, subtracting, and multiplying functions. To add and subtract, you combine like
terms. When multiplying, you either FOIL or use the “box” method. When you add, subtract, or multiply functions,
it is exactly the same as what you would do with polynomials, except for the notation. Note that we don’t need to
write out the entire function f (x)−g(x), just f −g, for example. Let’s continue:

f (x)−g(x) = (x+5)− (x2−4x+8)

= x+5− x2 +4x−8

=−x2 +5x−3

Distribute the negative sign to the second function and combine like terms. Be careful! f (x)−g(x) 6= g(x)− f (x).
Also, this new function, f (x)−g(x) has a different domain and range that either f (x) or g(x).

If f (x) =
√

x−8 and g(x) = 1
2 x2, let’s find f g and f

g and determine any restrictions for f
g .

First, even though the x is not written along with the f (x) and g(x), it can be implied that f and g represent f (x) and
g(x).

f g =
√

x−8 · 1
2 x2 = 1

2 x2
√

x−8

To divide the two functions, we will place f over g in a fraction.

f
g =

√
x−8
1
2 x2 = 2

√
x−8
x2

To find the restriction(s) on this function, we need to determine what value(s) of x make the denominator zero
because we cannot divide by zero. In this case x 6= 0. Also, the domain of f (x) is only x≥ 8, because we cannot take
the square root of a negative number. The portion of the domain where f (x) is not defined is also considered part of
the restriction. Whenever there is a restriction on a function, list it next to the function, separated by a semi-colon.
We will not write x 6= 0 separately because it is included in x��<8.

f
g = 2

√
x−8
x2 ;x��<8

Now we will introduce a new way to manipulate functions; composing them. When you compose two functions, we
put one function into the other, where ever there is an x. The notation can look like f (g(x)) or f ◦g, and is read “ f
of g of x”.

Using f (x) and g(x) from the previous problem, let’s find f (g(x)) and g( f (x)) and any restrictions on the domains.

For f (g(x)), we are going to put g(x) into f (x) everywhere there is an x-value.

f (g(x)) =
√

g(x)−8
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Now, substitute in the actual function for g(x).

f (g(x)) =
√

g(x)−8

=

√
1
2

x2−8

To find the domain of f (g(x)), let’s determine where x is defined. The radicand is equal to zero when x = 4 or
x = −4. Between 4 and -4, the function is not defined because the square root would be negative. Therefore, the
domain is all real numbers; −4��< x��<4.

Now, to find g( f (x)), we would put f (x) into g(x) everywhere there is an x-value.

g( f (x)) =
1
2
[ f (x)]2

=
1
2

[√
x−8

]2

=
1
2
(x−8)

=
1
2

x−4

Notice that f (g(x)) 6= g( f (x)). It is possible that f ◦ g = g ◦ f and is a special case, which will be addressed later.
To find the domain of g( f (x)), we will determine where x is defined. g( f (x)) is a line, so we would think that the
domain is all real numbers. However, while simplifying the composition, the square and square root canceled out.
Therefore, any restriction on f (x) or g(x) would still exist. The domain would be all real numbers such that x ≥ 8
from the domain of f (x). Whenever operations cancel, the original restrictions from the inner function still
exist. As with the case of f (g(x)), no simplifying occurred, so the domain was unique to that function.

If f (x) = x4−1 and g(x) = 2 4√x+1, let’s find g◦ f and the restrictions on the domain.

Recall that g◦ f is another way of writing g( f (x)). Let’s plug f into g.

g◦ f = 2 4
√

f (x)+1

= 2 4
√
(x4−1)+1

= 2
4√

x4

= 2 |x|

The final function, g◦ f 6= 2x because x is being raised to the 4th power, which will always yield a positive answer.

Therefore, even when x is negative, the answer will be positive. For example, if x = −2, then g◦ f = 2
4
√

(−2)4 =
2 · 2 = 4.. An absolute value function has no restrictions on the domain. This will always happen when even roots
and powers cancel. The range of this function is going to be all positive real numbers because the absolute value is
never negative.

Recall, from the previous problem, however, that the restrictions, if there are any, from the inner function, f (x), still
exist. Because there are no restrictions on f (x), the domain of g◦ f remains all real numbers.
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Examples

Example 1

Earlier, you were asked to determine if there are any restrictions on the width of the rectangle if the area is 2x2 and
the length is

√
x+3.

If we set g equal to 2x2 and f equal to
√

x+3, to find the width, we need to find g
f .

2x2
√

x+3
2x2
√

x+3
·
√

x+3√
x+3

2x2√x+3
x+3

Therefore the width of the rectangle is 2x2
√

x+3
x+3 , and x =−3 is a restriction on the answer.

For the following examples, use f (x) = 5x−1 and g(x) = 4x+7.

Example 2

Find f g.

f g is the product of f (x) and g(x).

f g = 5x−1(4x+7)

= 20x0 +35x−1

= 20+35x−1 or
20x+35

x

Both representations are correct. Discuss with your teacher how s/he would like you to leave your answer.

Example 3

Find g− f .

Subtract f (x) from g(x) and simplify, if possible.

g− f = (4x+7)−5x−1

= 4x+7−5x−1 or
4x2 +7x−5

x

Example 4

Find f
g .

Divide f (x) by g(x). Don’t forget to include the restriction(s).
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f
g
=

5x−1

4x+7

=
5

x(4x+7)
; x 6= 0,−7

4

Recall the properties of exponents. Anytime there is a negative exponent, it should be moved into the denominator.
We set each factor in the denominator equal to zero to find the restrictions.

Example 5

Find g( f (x)) and the domain.

g( f (x)) is a composition function. Let’s plug f (x) into g(x) everywhere there is an x.

g( f (x)) = 4 f (x)+7

= 4(5x−1)+7

= 20x−1 +7 or
20+7x

x

The domain of f (x) is all real numbers except x 6= 0, because we cannot divide by zero. Therefore, the domain of
g( f (x)) is all real numbers except x 6= 0.

Example 6

Find f ◦ f .

f ◦ f is a composite function on itself. We will plug f (x) into f (x) everywhere there is an x.

f ( f (x)) = 5( f (x))−1

= 5(5x−1)−1

= 5 ·5−1x1

= x

Review

For problems 1-8, use the following functions to form the indicated compositions and clearly indicate any restrictions
to the domain of the composite function.

f (x) = x2 +5 g(x) = 3
√

x−5 h(x) = 5x+1

1. f +h
2. h−g
3. f

g
4. f h
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5. f ◦g
6. h( f (x))
7. g◦ f
8. f ◦g◦h

For problems 9-16, use the following functions to form the indicated compositions and clearly indicate any restric-
tions to the domain of the composite function.

p(x) =
5
x

q(x) = 5
√

x r(x) =
√

x
5

s(x) =
1
5

x2

9. ps
10. q

r
11. q+ r
12. p(q(x))
13. s(q(x))
14. q◦ s
15. q◦ p◦ s
16. p◦ r

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.10.
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3.11 Inverse Functions

Learning Objectives

Here you’ll learn how to find the inverse of a relation and function.

A planet’s maximum distance from the sun (in astronomical units) is given by the formula d = p
2
3 , were p is the

period (in years) of the planet’s orbit around the sun. What is the inverse of this function?

Inverse Functions

By now, you are probably familiar with the term “inverse”. Multiplication and division are inverses of each other.
More examples are addition and subtraction and the square and square root. We are going to extend this idea to
functions. An inverse relation maps the output values to the input values to create another relation. In other words,
we switch the x and y values. The domain of the original relation becomes the range of the inverse relation and the
range of the original relation becomes the domain of the inverse relation.

Let’s find the inverse mapping of S = {(6,−1),(−2,−5),(−3,4),(0,3),(2,2)}.

Here, we will find the inverse of this relation by mapping it over the line y = x. As was stated above in the definition,
the inverse relation switched the domain and range of the original function. So, the inverse of this relation, S, is S−1

(said “s inverse”) and will flip all the x and y values.

S−1 = {(−1,6),(−5,−2),(4,−3),(3,0),(2,2)}

If we plot the two relations on the x− y plane, we have:

The blue points are all the points in S and the red points are all the points in S−1. Notice that the points in S−1 are a
reflection of the points in S over the line, y = x. All inverses have this property.
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If we were to fold the graph on y = x, each inverse point S−1 should lie on the original point from S. The point (2,2)
lies on this line, so it has no reflection. Any value on this line will remain the same.

Domain of S: x ∈ {6,−2,−3,0,2}

Range of S: y ∈ {−1,−5,4,3,2}

Domain of S′: x ∈ {−1,−5,4,3,2}

Range of S′: y ∈ {6,−2,−3,0,2}

By looking at the domains and ranges of S and S−1, we see that they are both functions (no x-values repeat). When
the inverse of a function is also a function, we say that the original function is a one-to-one function. Each value
maps one unique value onto another unique value.

Now, let’s find the inverse of f (x) = 2
3 x−1.

This is a linear function. Let’s solve by doing a little investigation. First, draw the line along with y = x on the same
set of axes.

Notice the points on the function (blue line). Map these points over y = x by switching their x and y values. You
could also fold the graph along y = x and trace the reflection.
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The red line in the graph to the right is the inverse of f (x) = 2
3 x− 1. Using slope triangles between (-1, 0) and (1,

3), we see that the slope is 3
2 . Use (-1, 0) to find the y-intercept.

f−1(x) =
3
2

x+b

0 =
3
2
(−1)+b

3
2
= b

The equation of the inverse, read “ f inverse”, is f−1(x) = 3
2 x+ 3

2 .

You may have noticed that the slopes of f and f−1 are reciprocals of each other. This will always be the case for
linear functions. Also, the x-intercept of f becomes the y-intercept of f−1 and vice versa.

Alternate Method: There is also an algebraic approach to finding the inverse of any function. Let’s repeat this
example using algebra.

Step 1: Change f (x) to y.

y = 2
3 x−1

Step 2: Switch the x and y. Change y to y−1 for the inverse.

x = 2
3 y−1−1

Step 3: Solve for y′.

x =
2
3

y−1−1

3
2
(x+1) =

3
2
·
(

2
3

y−1
)

3
2

x+
3
2
= y−1
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The algebraic method will work for any type of function.

Finally, let’s determine if g(x) =
√

x−2 and f (x) = x2 +2 are inverses of each other.

There are two different ways to determine if two functions are inverses of each other. The first, is to find f−1 and
g−1 and see if f−1 = g and g−1 = f .

x =
√

y−1−2 x = (y−1)2 +2

x2 = y−1−2 and x−2 = (y−1)2

x2 +2 = y−1 = g−1(x) ±
√

x−2 = y−1 = f−1(x)

Notice the ± sign in front of the square root for f−1. That means that g−1 is
√

x−2 and −
√

x−2.

Therefore, f−1 is not really a function because it fails the vertical line test. However, if you were to take each
part separately, individually, they are functions. You can also think about reflecting f (x) over y = x. It would be a
parabola on its side, which is not a function.

The inverse of g would then be only half of the parabola, see below. Despite the restrictions on the domains, f and
g are inverses of each other.
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Alternate Method: The second, and easier, way to determine if two functions are inverses of each other is to use
composition. If f ◦ g = g ◦ f = x, then f and g are inverses of each other. Think about it; if everything cancels
out and all that remains is x, each operation within the functions are opposites, making the functions “opposites” or
inverses of each other.

f ◦g =
√
(x2 +2)−2 g◦ f =

√
x−2

2
+2

=
√

x2 and = x−2+2

= x = x

Because f ◦g = g◦ f = x, f and g are inverses of each other. Both f ◦g = x and g◦ f = x in order for f and g to be
inverses of each other.

Examples

Example 1

Earlier, you were asked to find the inverse of the function d = p
2
3 .

In the function d = p
2
3 , d is the equivalent of y and p is the equivalent of x. So rewrite the equation and follow the

step-by-step process illustrated above.

y = x
2
3 ,

Switch the x and y. Change y to y−1 for the inverse.

x = (y−1)
2
3

Solve for y′.

x = (y−1)
2
3

x
3
2 = (y−1)

2
3 ·

3
2

x
3
2 = y−1
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Now replace y and x with d and p. The inverse d is p
3
2 .

Example 2

Find the inverse of g(x) =−3
4 x+12 algebraically.

y =−3
4

x+12

x =−3
4

y−1 +12

x−12 =−3
4

y−1

−4
3
(x−12) = y−1

g−1(x) =−4
3

x+16

Example 3

Find the inverse of f (x) = 2x3 +5 algebraically. Is the inverse a function?

y = 2x3 +5

x = 2(y−1)3 +5

x−5 = 2(y−1)3

x−5
2

= (y−1)3

f−1(x) =
3

√
x−5

2

Yes, f−1 is a function. Plot in your graphing calculator if you are unsure and see if it passes the vertical line test.

Example 4

Determine if h(x) = 4x4−7 and j(x) = 1
4

4√x−7 are inverses of each other using compositions.

First, find h( j(x)).

h( j(x)) = 4
(

1
4

4√x+7
)4

−7

= 4 ·
(

1
4

)4

x+7−7

=
1

64
x

Because h( j(x)) 6= x, we know that h and j are not inverses of each other. Therefore, there is no point to find j(h(x)).

209

http://www.ck12.org


3.11. Inverse Functions www.ck12.org

Review

Write the inverses of the following functions. State whether or not the inverse is a function.

1. (2,3),(−4,8),(−5,9),(1,1)
2. (9,−6),(8,−5),(7,3),(4,3)

Find the inverses of the following functions algebraically. Note any restrictions to the domain of the inverse
functions.

3. f (x) = 6x−9
4. f (x) = 1

4x+3
5. f (x) =

√
x+7

6. f (x) = x2 +5
7. f (x) = x3−11
8. f (x) = 5√x+16

Determine whether f and g are inverses of each other by checking to see whether finding f ◦g = x or g◦ f = x. You
do not need to show both.

9. f (x) = 2
3 x−14 and g(x) = 3

2 x+21
10. f (x) = x+5

8 and g(x) = 8x+5
11. f (x) = 3√3x−7 and g(x) = x3

3 −7
12. f (x) = x

x−9 ,x 6= 9 and g(x) = 9x
x−1

Find the inverses of the following functions algebraically. Note any restrictions to the domain of the inverse
functions. These problems are a little trickier as you will need to factor out the y variable to solve. Use the example
below as a guide.

f (x) = 3x+13
2x−11

Example:

• x = 3y+13
2y−11 First, switch x and y

• 2xy−11x = 3y+13 Multiply both sides by 2y−11 to eliminate the fraction
• 2xy−3y = 11x+13 Now rearrange the terms to get both terms with y in them on one side and everything else

on the other side
• y(2x−3) = 11x+13 Factor out the y
• y = 11x+13

2x−3 Finally, Divide both sides by 2x−3 to isolate y.

So, the inverse of f (x) = 3x+13
2x−11 ,x 6=

11
2 is f−1(x) = 11x+13

2x−3 ,x 6= 3
2 .

13. f (x) = x+7
x ,x 6= 0

14. f (x) = x
x−8 ,x 6= 8

Multi-step problem

15. In many countries, the temperature is measured in degrees Celsius. In the US we typically use degrees
Fahrenheit. For travelers, it is helpful to be able to convert from one unit of measure to another. The following
problem will help you learn to do this using an inverse function.
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a. The temperature at which water freezes will give us one point on a line in which x represents the degrees
in Celsius and y represents the degrees in Fahrenheit. Water freezes at 0 degrees Celsius and 32 degrees
Fahrenheit so the first point is (0, 32). The temperature at which water boils gives us the second point
(100, 212), because water boils at 100 degrees Celsius or 212 degrees Fahrenheit. Use this information
to show that the equation to convert from Celsius to Fahrenheit is y = 9

5 x+32 or F = 9
5C+32.

b. Find the inverse of the equation above by solving for C to derive a formula that will allow us to convert
from Fahrenheit to Celsius.

c. Show that your inverse is correct by showing that the composition of the two functions simplifies to
either F or C (depending on which one you put into the other.)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 7.11.

Summary

This chapter covers roots, radicals, and rational exponents. We will simplify expressions, graph, and solve equations
with all of these types of operators. Lastly, we will learn how to find the composition of a function and the inverse
of a function.
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CHAPTER 4 Exponential and
Logarithmic Functions

Chapter Outline
4.1 EXPONENTIAL GROWTH FUNCTION

4.2 EXPONENTIAL DECAY FUNCTION

4.3 USING EXPONENTIAL GROWTH AND DECAY MODELS

4.4 THE NUMBER E

4.5 DEFINING LOGARITHMS

4.6 INVERSE PROPERTIES OF LOGARITHMIC FUNCTIONS

4.7 GRAPHING LOGARITHMIC FUNCTIONS

4.8 PRODUCT AND QUOTIENT PROPERTIES OF LOGARITHMS

4.9 POWER PROPERTY OF LOGARITHMS

4.10 SOLVING EXPONENTIAL EQUATIONS

4.11 SOLVING LOGARITHMIC EQUATIONS

Introduction

In this chapter, we will analyze two new types of functions, exponents and logarithms. Up until now, the variable has
been the base, with numbers in the exponent; linear, quadratic, cubic, etc. Exponential functions have the variable in
the exponent. Logarithmic functions are the inverse of exponential functions. We will graph these functions, solve
equations, and use them for modeling real-life situations.
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4.1 Exponential Growth Function

Learning Objectives

Here you’ll learn how to analyze an exponential growth function and its graph.

A population of 10 mice grows at a rate of 300% every month. How many mice are in the population after six
months?

Exponential Growth Functions

An exponential function has the variable in the exponent of the expression. All exponential functions have the
form: f (x) = a ·bx−h +k, where h and k move the function in the x and y directions respectively, much like the other
functions we have seen in this text. b is the base and a changes how quickly or slowly the function grows. Let’s take
a look at the parent graph, y = 2x.

Let’s graph y = 2x and find the y-intercept.

Let’s start by making a table. Include some positive and negative values for x and zero.

TABLE 4.1:

x 2x y
3 23 8
2 22 4
1 21 2
0 20 1
-1 2−1 1

2
-2 2−2 1

4
-3 2−3 1

8
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This is the typical shape of an exponential growth function. The function grows “exponentially fast”. Meaning, in
this case, the function grows in powers of 2. For an exponential function to be a growth function, a > 0 and b > 1
and h and k are both zero (y = abx). From the table, we see that the y-intercept is (0, 1).

Notice that the function gets very, very close to the x-axis, but never touches or passes through it. Even if we chose
x = −50, y would be 2−50 = 1

250 , which is still not zero, but very close. In fact, the function will never reach zero,
even though it will get smaller and smaller. Therefore, this function approaches the line y = 0, but will never touch
or pass through it. This type of boundary line is called an asymptote. In the case with all exponential functions,
there will be a horizontal asymptote. If k = 0, then the asymptote will be y = 0.

Now, let’s graph y = 3x−2 +1 and find the y-intercept, asymptote, domain and range.

This is not considered a growth function because h and k are not zero. To graph something like this (without a
calculator), start by graphing y = 3x and then shift it h units in the x-direction and k units in the y-direction.
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Notice that the point (0, 1) from y = 3x gets shifted to the right 2 units and up one unit and is (2, 2) in the translated
function, y = 3x−2 +1. Therefore, the asymptote is y = 1. To find the y-intercept, plug in x = 0.

y = 30−2 +1 = 3−2 +1 = 1
1
9
= 1.1

The domain of all exponential functions is all real numbers. The range will be everything greater than the asymptote.
In this problem, the range is y > 1.

Finally, let’s graph the function y =−1
2 ·4

x and determine if it is an exponential growth function.

In this problem, we will outline how to use the graphing calculator to graph an exponential function. First, clear out
anything in Y=. Next, input the function into Y1= -(1/2)4^X and press GRAPH. Adjust your window accordingly.
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This is not an exponential growth function, because it does not grow in a positive direction. By looking at the
definition of a growth function, a > 0, and it is not here.

Examples

Example 1

Earlier, you were asked to find the number of mice that are in the population after six months.

This is an example of exponential growth, so we can use the exponential form f (x) = a ·bx−h + k. In this case, a =
10, the starting population; b = 300% or 3, the rate of growth; x-h = 6 the number of months, and k = 0.

P = 10 ·36

= 10 ·729 = 7290

Therefore, the mouse population after six months is 7,290.

For Examples 2-4, graph the exponential functions. Determine if they are growth functions. Then, find the
y-intercept, asymptote, domain and range. Use an appropriate window.

Example 2

y = 3x−4−2

This is not a growth function because h and k are not zero. The y-intercept is y = 30−4− 2 = 1
81 − 2 = −1 80

81 , the
asymptote is at y =−2, the domain is all real numbers and the range is y >−2.
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Example 3

f (x) = (−2)x+5

This is not a growth function because h is not zero. The y-intercept is y = (−2)0+5 = (−2)5 =−32, the asymptote
is at y = 0, the domain is all real numbers and the range is y > 0.
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Example 4

f (x) = 5x

This is a growth function.

The y-intercept is y = 5◦ = 1, the asymptote is at y = 0, the domain is all real numbers and the range is y > 0.
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Example 5

Abigail is in a singles tennis tournament. She finds out that there are eight rounds until the final match. If the
tournament is single elimination, how many games will be played? How many competitors are in the tournament?

If there are eight rounds to single’s games, there are will be 28 = 256 competitors. In the first round, there will be
128 matches, then 64 matches, followed by 32 matches, then 16 matches, 8, 4, 2, and finally the championship game.
Adding all these all together, there will be 128+64+32+16+8+4+2+1 or 255 total matches.

Review

Graph the following exponential functions. Find the y-intercept, the equation of the asymptote and the domain and
range for each function.

1. y = 4x

2. y = (−1)(5)x

3. y = 3x−2
4. y = 2x +1
5. y = 6x+3

6. y =−1
4(2)

x +3
7. y = 7x+3−5
8. y =−(3)x−4 +2
9. y = 3(2)x+1−5

10. What is the y-intercept of y = ax? Why is that?
11. What is the range of the function y = ax−h + k?
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12. March Madness is a single-game elimination tournament of 64 college basketball teams. How many games
will be played until there is a champion? Include the championship game.

13. In 2012, the tournament added 4 teams to make it a field of 68 and there are 4 "play-in" games at the beginning
of the tournament. How many games are played now?

14. An investment grows according the function A = P(1.05)t where P represents the initial investment, A repre-
sents the value of the investment and t represents the number of years of investment. If $10,000 was the initial
investment, how much would the value of the investment be after 10 years, to the nearest dollar?

15. How much would the value of the investment be after 20 years, to the nearest dollar?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.1.
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4.2 Exponential Decay Function

Learning Objectives

Here you’ll learn how to graph and analyze an exponential decay function.

The population of a city was 10,000 in 2012 and is declining at a rate of 5% each year. If this decay rate continues,
what will the city’s population be in 2017?

Exponential Decay Function

Previously, we have only addressed functions where |b|> 1. So, what happens when b is less than 1? Let’s analyze
y =

(1
2

)x.

Graph y =
(1

2

)x and compare it to y = 2x.

Let’s make a table of both functions and then graph.

TABLE 4.2:

x
(1

2

)x 2x

3
(1

2

)3
= 1

8 23 = 8
2

(1
2

)2
= 1

4 22 = 4
1

(1
2

)1
= 1

2 21 = 2
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TABLE 4.2: (continued)

x
(1

2

)x 2x

0
(1

2

)0
= 1 20 = 1

-1
(1

2

)−1
= 2 2−1 = 1

2

-2
(1

2

)−2
= 4 2−2 = 1

4

-3
(1

2

)3
= 8 2−3 = 1

8

Notice that y =
(1

2

)x is a reflection over the y-axis of y = 2x. Therefore, instead of exponential growth, the function
y =

(1
2

)x
decreases exponentially, or exponentially decays. Anytime b is a fraction or decimal between zero and one,

the exponential function will decay. And, just like an exponential growth function, and exponential decay function
has the form y = abx and a > 0. However, to be a decay function, 0 < b < 1. The exponential decay function also
has an asymptote at y = 0.

Let’s determine which of the following functions are exponential decay functions, exponential growth functions, or
neither and briefly explain our answers.

a. y = 4(1.3)x

b. f (x) = 3
(6

5

)x

c. y =
( 3

10

)x

d. g(x) =−2(0.65)x

a. and b. are exponential growth functions because b > 1.

c. is an exponential decay function because b is between zero and one.

d. is neither growth or decay because a is negative.

Let’s graph g(x) =−2
(2

3

)x−1
+1 and find the y-intercept, asymptote, domain, and range.

To graph this function, you can either plug it into your calculator (entered Y= -2(2/3)^(X-1)+1) or graph y =−2
(2

3

)x

and shift it to the right one unit and up one unit. We will use the second method; final answer is the blue function
below.
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The y-intercept is:

y =−2
(2

3

)0−1
+1 =−2 · 3

2 +1 =−3+1 =−2

The horizontal asymptote is y = 1, the domain is all real numbers and the range is y < 1.

Examples

Example 1

Earlier, you were asked to find the city’s population in 2017 if the population was 10,000 in 2012 and is declining at
a rate of 5% each year.

This is an example of exponential decay, so we can once again use the exponential form f (x) = a ·bx−h + k, but we
have to be careful. In this case, a = 10,000, the starting population, x-h = 5 the number of years, and k = 0, but b is
a bit trickier. If the population is decreasing by 5%, each year the population is (1 - 5%) or (1 - 0.05) = 0.95 what it
was the previous year. This is our b.

P = 10,000 ·0.955

= 10,000 ·0.7738 = 7738

Therefore, the city’s population in 2017 is 7,738.

For Examples 2-4, graph the exponential functions. Find the y-intercept, asymptote, domain, and range.

Example 2

f (x) = 4
(1

3

)x
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y-intercept: (4,0), asymptote: y = 0, domain: all reals, range: y < 0

Example 3

y =−2
(2

3

)x+3

y-intercept:
(
0,−16

27

)
, asymptote: y = 0, domain: all reals, range: y < 0
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Example 4

g(x) =
(3

5

)x−6

y-intercept: (−5,0), asymptote: y =−6, domain: all reals, range: y >−6
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For Examples 5-8, determine if the functions are exponential growth, exponential decay, or neither.

Example 5

y = 2.3x

exponential growth

Example 6

y = 2
(4

3

)−x

exponential decay; recall that a negative exponent flips whatever is in the base. y = 2
(4

3

)−x is the same as y = 2
(3

4

)x,
which looks like our definition of a decay function.

Example 7

y = 3 ·0.9x

exponential decay

Example 8

y = 1
2

(4
5

)x

neither; a < 0

Review

Determine which of the following functions are exponential growth, exponential decay or neither.

1. y =−
(2

3

)x

2. y =
(4

3

)x

3. y = 5x

4. y =
(1

4

)x

5. y = 1.6x

6. y =−
(6

5

)x

7. y = 0.99x

Graph the following exponential functions. Find the y-intercept, the equation of the asymptote and the domain and
range for each function.

8. y =
(1

2

)x

9. y = (0.8)x+2

10. y = 4
(2

3

)x−1−5
11. y =−

(5
7

)x
+3

12. y =
(8

9

)x+5−2
13. y = (0.75)x−2 +4
14. Is the domain of an exponential function always all real numbers? Why or why not?
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15. A discount retailer advertises that items will be marked down at a rate of 10% per week until sold. The initial
price of one item is $50.

a. Write an exponential decay function to model the price of the item x weeks after it is first put on the rack.
b. What will the price be after the item has been on display for 5 weeks?
c. After how many weeks will the item be half its original price?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.2.
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4.3 Using Exponential Growth and Decay Mod-
els

Learning Objectives

Here you’ll use different exponential functions in real-life situations.

The half-life of an isotope of barium is about 10 years. The half-life of a substance is the amount of time it takes for
half of that substance to decay. If a nuclear scientist starts with 200 grams of barium, how many grams will remain
after 100 years?

Growth and Decay Factors

When a real-life quantity increases by a percentage over a period of time, the final amount can be modeled by the
equation: A = P(1+ r)t , where A is the final amount, P is the initial amount, r is the rate (or percentage), and t is the
time (in years). 1+ r is known as the growth factor.

Conversely, a real-life quantity can decrease by a percentage over a period of time. The final amount can be modeled
by the equation: A = P(1− r)t , where 1− r is the decay factor.

Let’s solve the following problems.

1. The population of Coleman, Texas grows at a 2% rate annually. If the population in 2000 was 5981, what was
the population is 2010? Round up to the nearest person.

First, set up an equation using the growth factor. r = 0.02, t = 10, and P = 5981

A = 5981(1+0.02)10

= 5981(1.02)10

= 7291 people

2. You deposit $1000 into a savings account that pays 2.5% annual interest. Find the balance after 3 years if the
interest rate is compounded a) annually, b) monthly, and c) daily.

For part a, we will use A = 1000(1.025)3 = 1008.18.

But, to determine the amount if it is compounded in amounts other than yearly, we need to alter the equation. For
compound interest, the equation is A= P

(
1+ r

n

)nt , where n is the number of times the interest is compounded within
a year. For part b, n = 12.

A = 1000
(

1+
0.025

12

)12·3

= 1000(1.002)36

= 1077.80

In part c, n = 365.
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A = 1000
(

1+
0.025
365

)365·3

= 1000(1.000068)1095

= 1077.88

3. You buy a new car for $35,000. If the value of the car decreases by 12% each year, what will the value of the
car be in 5 years?

This is a decay function because the value decreases.

A = 35000(1−0.12)5

= 35000(0.88)5

= 18470.62

The car would be worth $18,470.62 after five years.

Examples

Example 1

Earlier, you were asked to find the number of grams of barium that will remain after 100 years if you start with 200
grams and the half-life of this barium isotope is 10 years.

This is an example of exponential decay, so we can once again use the exponential form f (x) = a ·bx−h + k. In this
case, a = 200, the starting amount; b is 1/2, the rate of decay; x-h = 100/10 = 10, and k = 0.

P = 200 · 1
2

10

= 200 · 1
1024

= 0.195

Therefore, 0.195 grams of the barium still remain 100 years later.

Example 2

Tommy bought a truck 7 years ago that is now worth $12,348. If the value of his truck decreased 14% each year,
how much did he buy it for? Round to the nearest dollar.

Tommy needs to use the formula A = P(1− r)t and solve for P.

12348 = P(1−0.14)7

12348 = P(0.86)7 Tommy’s truck was originally $35,490.
12348
(0.86)7 = P≈ 35490
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Example 3

The Wetakayomoola credit card company charges an Annual Percentage Rate (APR) of 21.99%, compounded
monthly. If you have a balance of $2000 on the card, what would the balance be after 4 years (assuming you
do not make any payments)? If you pay $200 a month to the card, how long would it take you to pay it off? You
may need to make a table to help you with the second question.

You need to use the formula A = P
(
1+ r

n

)nt , where n = 12 because the interest is compounded monthly.

A = 2000
(

1+
0.2199

12

)12·4

= 2000(1018325)48

= 4781.65

To determine how long it will take you to pay off the balance, you need to find how much interest is com-
pounded in one month, subtract $200, and repeat. A table might be helpful. For each month after the first,

we will use the equation, B = R
(
1+ 0.2199

12

)12·( 1
12 ) = R(1.018325), where B is the current balance and R is the

remaining balance from the previous month. For example, in month 2, the balance (including interest) would be

B = 1800
(
1+ 0.2199

12

)12·( 1
12) = 1800 ·1.08325 = 1832.99.

TABLE 4.3:

Month 1 2 3 4 5 6 7 8 9 10 11
Balance 2000 1832.99 1662.91 1489.72 1313.35 930.09 790.87 640.06 476.69 299.73 108.03
Payment 200 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 108.03
Remain $1800 1632.99 1462.91 1289.72 913.35 730.09 590.87 440.06 276.69 99.73 0

It is going to take you 11 months to pay off the balance and you are going to pay 108.03 in interest, making your
total payment $2108.03.

Example 4

As the altitude increases, the atmospheric pressure (the pressure of the air around you) decreases. For every 1000
feet up, the atmospheric pressure decreases about 4%. The atmospheric pressure at sea level is 101.3. If you are on
top of Hevenly Mountain at Lake Tahoe (elevation about 10,000 feet) what is the atmospheric pressure?

The equation will be A = 101,325(1− 0.04)100 = 1709.39. The decay factor is only raised to the power of 100
because for every 1000 feet the pressure decreased. Therefore, 10,000÷1000 = 100. Atmospheric pressure is what
you don’t feel when you are at a higher altitude and can make you feel light-headed. The picture below demonstrates
the atmospheric pressure on a plastic bottle. The bottle was sealed at 14,000 feet elevation (1), and then the resulting
pressure at 9,000 feet (2) and 1,000 feet (3). The lower the elevation, the higher the atmospheric pressure, thus the
bottle was crushed at 1,000 feet.
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Review

Use an exponential growth or exponential decay function to model the following scenarios and answer the questions.

1. Sonya’s salary increases at a rate of 4% per year. Her starting salary is $45,000. What is her annual salary, to
the nearest $100, after 8 years of service?

2. The value of Sam’s car depreciates at a rate of 8% per year. The initial value was $22,000. What will his car
be worth after 12 years to the nearest dollar?

3. Rebecca is training for a marathon. Her weekly long run is currently 5 miles. If she increase her mileage each
week by 10%, will she complete a 20 mile training run within 15 weeks?

4. An investment grows at a rate of 6% per year. How much, to the nearest $100, should Noel invest if he wants
to have $100,000 at the end of 20 years?

5. Charlie purchases a 7 year old used RV for $54,000. If the rate of depreciation was 13% per year during those
7 years, how much was the RV worth when it was new? Give your answer to the nearest one thousand dollars.

6. The value of homes in a neighborhood increase in value an average of 3% per year. What will a home
purchased for $180,000 be worth in 25 years to the nearest one thousand dollars?

7. The population of a community is decreasing at a rate of 2% per year. The current population is 152,000. How
many people lived in the town 5 years ago?

8. The value of a particular piece of land worth $40,000 is increasing at a rate of 1.5% per year. Assuming the
rate of appreciation continues, how long will the owner need to wait to sell the land if he hopes to get $50,000
for it? Give your answer to the nearest year.

For problems 9-15, use the formula for compound interest: A = P
(
1+ r

n

)nt .

9. If $12,000 is invested at 4% annual interest compounded monthly, how much will the investment be worth in
10 years? Give your answer to the nearest dollar.

10. If $8,000 is invested at 5% annual interest compounded semiannually, how much will the investment be worth
in 6 years? Give your answer to the nearest dollar.

11. If $20,000 is invested at 6% annual interested compounded quarterly, how much will the investment be worth
in 12 years. Give your answer to the nearest dollar.

12. If $5,000 is invested at 8% annual interest compounded quarterly, how much will the investment be worth in
15 years? Give your answer to the nearest dollar.

13. How much of an initial investment is required to insure an accumulated amount of at least $25,000 at the end
of 8 years at an annual interest rate of 3.75% compounded monthly? Give your answer to the nearest one
hundred dollars.
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14. How much of an initial investment is required to insure an accumulated amount of at least $10,000 at the
end of 5 years at an annual interest rate of 5% compounded quarterly? Give your answer to the nearest one
hundred dollars.

15. Your initial investment of $20,000 doubles after 10 years. If the bank compounds interest quarterly, what is
your interest rate?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.3.
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4.4 The Number e

Learning Objectives

Here you’ll use the natural number, e, in exponential functions and real-life situations.

The interest on a sum of money that compounds continuously can be calculated with the formula I = Pert−P, where
P is the amount invested (the principal), r is the interest rate, and t is the amount of time the money is invested. If
you invest $1000 in a bank account that pays 2.5% interest compounded continuously and you leave the money in
that account for 4 years, how much interest will you earn?

The Number e

There are many special numbers in mathematics: π, zero,
√

2, among others. In this concept, we will introduce
another special number that is known only by a letter, e. It is called the natural number (or base), or the Euler
number, named after the Swiss mathematician Leonhard Euler who popularized the use of the letter e for the
constant. Credit for discovery of the constant itself goes to another important Swiss mathematician, Jacob Bernoulli,
and his study of sequences in compound interest.

We previously learned that the formula for compound interest is A = P
(
1+ r

n

)nt . Let’s set P,r and t equal to one and
see what happens, A =

(
1+ 1

n

)n.

Finding the values of
(
1+ 1

n

)n as n gets larger

Step 1: Copy the table below and fill in the blanks. Round each entry to the nearest 4 decimal places.

TABLE 4.4:

n 1 2 3 4 5 6 7 8(
1+ 1

n

)n (
1+ 1

1

)1
=

2

(
1+ 1

2

)2
=

2.25

Step 2: Does it seem like the numbers in the table are approaching a certain value? What do you think the number
is?

Step 3: Find
(
1+ 1

100

)100 and
(
1+ 1

1000

)1000. Does this change your answer from #2?

Step 4: Fill in the blanks: As n approaches ___________, ___________ approaches e≈ 2.718281828459 . . .

We define e as the number that
(
1+ 1

n

)n approaches as n→∞ (n approaches infinity). e is an irrational number with
the first 12 decimal places above.

Let’s graph y = ex and identify the asymptote, y-intercept, domain and range.

As you would expect, the graph of ex will curve between 2x and 3x.
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The asymptote is y = 0 and the y-intercept is (0, 1) because anything to the zero power is one. The domain is all real
numbers and the range is all positive real numbers; y > 0.

Now, let’s simplify e2 · e4.

The bases are the same, so you can just add the exponents. The answer is e6.

Finally, let’s solve the following problem.

Gianna opens a savings account with $1000 and it accrues interest continuously at a rate of 5%. What is the balance
in the account after 6 years?

Previously, the word problems you have dealt with involve interest that compounded monthly, quarterly, annually,
etc. In this example, the interest compounds continuously. The equation changes slightly, from A = P

(
1+ r

n

)nt

to A = Pert , without n, because there is no longer any interval. Therefore, the equation for this problem is A =
1000e0.05(6) and the account will have $1349.86 in it. Compare this to daily accrued interest, which would be
A = 1000

(
1+ 0.05

365

)365(6)
= 1349.83.

Examples

Example 1

Earlier, you were asked to find how much money you will earn after 4 years.

Plug the given values into the equation I = Pert and solve for I.
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I = Pert −P

I = 1000 · e0.025·4−1000

I = 1000 · e0.1−1000

I = 1000 ·1.10517−1000

I = 1105.17−1000 = 105.17

Therefore, at the end of 4 years, you will have earned $105.17 in interest.

Determine if Examples 2-5 are exponential growth, decay, or neither.

Recall to be exponential growth, the base must be greater than one. To be exponential decay, the base must be
between zero and one.

Example 2

y = 1
2 ex

Exponential growth; e > 1

Example 3

y =−4ex

Neither; a < 0

Example 4

y = e−x

Exponential decay; e−x =
(1

e

)x and 0 < 1
e < 1

Example 5

y = 2
(1

e

)−x

Exponential growth;
(1

e

)−x
= ex

Example 6

Simplify the following expression with e.

2e−3 · e2

2e−3 · e2 = 2e−1 or 2
e

Example 7

Simplify the following expression with e.
4e6

16e2
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4e6

16e2 =
e4

4

Example 8

The rate of radioactive decay of radium is modeled by R = Pe−0.00043t , where R is the amount (in grams) of radium
present after t years and P is the initial amount (also in grams). If there is 698.9 grams of radium present after 5,000
years, what was the initial amount?

Use the formula given in the problem and solve for what you don’t know.

R = Pe−0.00043t

698.9 = Pe−0.00043(5000)

698.9 = P(0.11648)

6000 = P

There was about 6000 grams of radium to start with.

Review

Determine if the following functions are exponential growth, decay or neither. Give a reason for your answer.

1. y = 4
3 ex

2. y =−e−x +3
3. y =

(1
e

)x
+2

4. y =
(3

e

)−x−5

Simplify the following expressions with e.

5. e−3 · e12

6. 5e−4

e3

7. 6e5e−4

8.
(

4e4

3e−2e3

)−2

Solve the following word problems.

The population of Springfield is growing exponentially. The growth can be modeled by the function P = Ie0.055t ,
where P represents the projected population, I represents the current population of 100,000 in 2012 and t represents
the number of years after 2012.

9. To the nearest person, what will the population be in 2022?
10. In what year will the population double in size if this growth rate continues?

The value of Steve’s car decreases in value according to the exponential decay function: V = Pe−0.12t , where V is
the current value of the vehicle, t is the number of years Steve has owned the car and P is the purchase price of the
car, $25,000.

11. To the nearest dollar, what will the value of Steve’s car be in 2 years?
12. To the nearest dollar, what will the value be in 10 years?
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Naya invests $7500 in an account which accrues interest continuously at a rate of 4.5%.

13. Write an exponential growth function to model the value of her investment after t years.
14. How much interest does Naya earn in the first six months to the nearest dollar?
15. How much money, to the nearest dollar, is in the account after 8 years?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.4.
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4.5 Defining Logarithms

Learning Objectives

Here you’ll define and learn how to use logarithms.

You go a concert and you want to know how loud it is in decibels. The decibel level of a sound is found by first
assigning an intensity I0 to a very soft sound, or the threshold. The decibel level can then be measured with the
formula d = 10 · log I

I0 where I is the intensity of the sound. If the intensity of the concert is 1,000,000,000(I0), what
is its decibel level?

Logarithm

You can probably guess that x = 3 in 2x = 8 and x = 4 in 2x = 16. But, what is x if 2x = 12? Until now, we did
not have an inverse to an exponential function. But, because we have variables in the exponent, we need a way
to get them out of the exponent. We will now introduce the logarithm. A logarithm is defined as the inverse of
an exponential function. It is written logb a = x such that bx = a. Therefore, if 52 = 25 (exponential form), then
log5 25 = 2 (logarithmic form).

There are two special logarithms, or logs. One has base 10, and rather that writing log10, we just write log. The
other is the natural log, the inverse of the natural number. The natural log has base e and is written ln. This is the
only log that is not written using log.

Let’s rewrite log3 27 = 3 in exponential form.

Use the definition above, also called the “key”.

logb a = x↔ bx = a

log3 27 = 3↔ 33 = 27

Now, let’s find the following.

a. log1000

log1000 = x⇒ 10x = 1000,x = 3.

b. log7
1

49

log7
1

49 = x⇒ 7x = 1
49 ,x =−2.

c. log 1
2
(−8)

log 1
2
(−8) = x⇒

(1
2

)x
= −8. There is no solution. A positive number when raised to any power will never be

negative.

Using the key, we can rearrange all of these in terms of exponents.

There are two special logarithms that you may encounter while writing them into exponential form.
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The first is logb 1 = 0, because b0 = 1. The second is logb b = 1 because b1 = b ·b can be any number except 1.

Finally, let’s use a calculator to find the following logarithms and round our answers to the nearest hundredth.

a. ln7

Locate the LN button on your calculator. Depending on the brand, you may have to input the number first. For a
TI-83 or 84, press LN, followed by the 7 and ENTER. The answer is 1.95.

b. log35

The LOG button on the calculator is base 10. Press LOG, 35, ENTER. The answer is 1.54.

c. log5 226

To use the calculator for a base other than 10 or the natural log, you need to use the change of base formula.

Change of Base Formula: loga x = logb x
logb a , such that x,a, and b > 0 and a and b 6= 1.

So, to use this for a calculator, you can use either LN or LOG.

log5 226 = log226
log5 or ln226

ln5 ≈ 3.37

In the TI-83 or 84, the keystrokes would be LOG(226)/LOG(5), ENTER.

Examples

Example 1

Earlier, you were asked to find the decibel level of a concert if the intensity is 1,000,000,000(I0).

Plug the given values into the equation d = 10 · log I
I0 and solve for d.

d = 10 · log
1,000,000,000(I0)

I0
d = 10 · log1,000,000,000

d = 10 ·9 = 90

Therefore, the decibel level of the concert is 90.

Example 2

Write 62 = 36 in logarithmic form.

Using the key, we have: 62 = 36→ log6 36 = 2.

For Examples 3-5, evaluate the expressions without a calculator.

Change each logarithm into exponential form and solve for x.

Example 3

log 1
2

16

log 1
2

16→
(1

2

)x
= 16. x must be negative because the answer is not a fraction, like the base.

24 = 16, so
(1

2

)−4
= 16. Therefore, log 1

2
16 =−4.
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Example 4

log100

log100→ 10x = 100. x = 2, therefore, log100 = 2.

Example 5

log64
1
8

log64
1
8 → 64x = 1

8 . First,
√

64 = 8, so 64
1
2 = 8. To make this a fraction, we need to make the power negative.

64−
1
2 = 1

8 , therefore log64
1
8 =−1

2 .

Example 6

Use the change of base formula to evaluate log8
7
9 in a calculator.

Rewriting log8
7
9 using the change of base formula, we have: log 7

9
log8 . Plugging it into a calculator, we get

log( 7
9)

log8 ≈
−0.12.

Review

Convert the following exponential equations to logarithmic equations.

1. 3x = 5
2. ax = b
3. 4(5x) = 10

Convert the following logarithmic equations to exponential equations.

4. log2 32 = x
5. log 1

3
x =−2

6. loga y = b

Convert the following logarithmic expressions without a calculator.

7. log5 25
8. log 1

3
27

9. log 1
10

10. log2 64

Evaluate the following logarithmic expressions using a calculator. You may need to use the Change of Base Formula
for some problems.

11. log72
12. ln8
13. log2 12
14. log3 9
15. log11 32
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.5.
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4.6 Inverse Properties of Logarithmic Func-
tions

Learning Objectives

Here you’ll understand the inverse properties of a logarithmic function.

If you continue to study mathematics into college, you may take a course called Differential Equations. There you
will learn that the solution to the differential equation y′ = y is the general function y =Cex. What is the inverse of
this function?

Inverse Properties of Logarithms

By the definition of a logarithm, it is the inverse of an exponent. Therefore, a logarithmic function is the inverse of
an exponential function. Recall what it means to be an inverse of a function. When two inverses are composed, they
equal x. Therefore, if f (x) = bx and g(x) = logb x, then:

f ◦g = blogb x = x and g◦ f = logb bx = x

These are called the Inverse Properties of Logarithms.

Let’s solve the following problems. We will use the Inverse Properties of Logarithms.

1. Find 10log56.

Using the first property, we see that the bases cancel each other out. 10log56 = 56

eln6 · eln2

Here, e and the natural log cancel out and we are left with 6 ·2 = 12.

2. Find log4 16x.

We will use the second property here. Also, rewrite 16 as 42.

log4 16x = log4(4
2)x = log4 42x = 2x

3. Find the inverse of f (x) = 2ex−1.

Change f (x) to y. Then, switch x and y.

y = 2ex−1

x = 2ey−1

Now, we need to isolate the exponent and take the logarithm of both sides. First divide by 2.

x
2
= ey−1

ln
( x

2

)
= lney−1
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Recall the Inverse Properties of Logarithms from earlier in this concept. logb bx = x; applying this to the right side
of our equation, we have lney−1 = y−1. Solve for y.

ln
( x

2

)
= y−1

ln
( x

2

)
+1 = y

Therefore, ln
( x

2

)
+1 is the inverse of 2ey−1.

Examples

Example 1

Earlier, you were asked to find the inverse of y =Cex.

Switch x and y in the function y =Cex and then solve for y.

x =Cey

x
C

= ey

ln
x
C

= ln(ey)

ln
x
C

= y

Therefore, the inverse of y =Cex is y = ln x
C .

Example 2

Simplify 5log5 6x.

Using the first inverse property, the log and the base cancel out, leaving 6x as the answer.

5log5 6x = 6x

Example 3

Simplify log9 81x+2.

Using the second inverse property and changing 81 into 92 we have:

log9 81x+2 = log9 92(x+2)

= 2(x+2)

= 2x+4
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Example 4

Find the inverse of f (x) = 4x+2−5.

f (x) = 4x+2−5

y = 4x+2−5

x = 4y+2−5

x+5 = 4y+2

log4(x+5) = y+2

log4(x+5)−2 = y

Review

Use the Inverse Properties of Logarithms to simplify the following expressions.

1. log3 27x

2. log5
(1

5

)x

3. log2
( 1

32

)x

4. 10log(x+3)

5. log6 36(x−1)

6. 9log9(3x)

7. eln(x−7)

8. log
( 1

100

)3x

9. lne(5x−3)

Find the inverse of each of the following exponential functions.

10. y = 3ex+2

11. f (x) = 1
5 e

x
7

12. y = 2+ e2x−3

13. f (x) = 7
3
x +1−5

14. y = 2(6)
x−5

2

15. f (x) = 1
3(8)

x
2−5

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.6.
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4.7 Graphing Logarithmic Functions

Learning Objectives

Here you’ll learn how to graph a logarithmic function by hand and using a calculator.

Your math homework assignment is to find out which quadrants the graph of the function f (x) = 4ln(x+ 3) falls
in. On the way home, your best friend tells you, "This is the easiest homework assignment ever! All logarithmic
functions fall in Quadrants I and IV." You’re not so sure, so you go home and graph the function as instructed. Your
graph falls in Quadrant I as your friend thought, but instead of Quadrant IV, it also falls in Quadrants II and III.
Which one of you is correct?

Graphing Logarithmic Functions

Now that we are more comfortable with using these functions as inverses, let’s use this idea to graph a logarithmic
function. Recall that functions are inverses of each other when they are mirror images over the line y = x. Therefore,
if we reflect y = bx over y = x, then we will get the graph of y = logb x.
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Recall that an exponential function has a horizontal asymptote. Because the logarithm is its inverse, it will have a
vertical asymptote. The general form of a logarithmic function is f (x) = a logb(x−h)+k and the vertical asymptote
is x = h. The domain is x > h and the range is all real numbers. Lastly, if b > 1, the graph moves up to the right. If
0 < b < 1, the graph moves down to the right.

Let’s graph y = log3(x−4) and state the domain and range.

FIGURE 4.1

To graph a logarithmic function without a calculator, start by drawing the vertical asymptote, at x = 4. We know the
graph is going to have the general shape of the first function above. Plot a few points, such as (5, 0), (7, 1), and (13,
2) and connect.

The domain is x > 4 and the range is all real numbers.

Now, let’s determine if (16, 1) is on y = log(x−6).
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Plug in the point to the equation to see if it holds true.

1 = log(16−6)

1 = log10

1 = 1

Yes, this is true, so (16, 1) is on the graph.

Finally, let’s graph f (x) = 2ln(x+1).

To graph a natural log, we can use a graphing calculator. Press Y = and enter in the function, Y = 2ln(x+ 1),
GRAPH.

FIGURE 4.2

Examples

Example 1

Earlier, you were asked to determine if your friend was correct.

The vertical asymptote of the function f (x) = 4ln(x+3) is x =−3. Since x will approach −3 but never quite reach
it, x can assume some negative values. Hence, the function will fall in Quadrants II and III. Therefore, you are
correct and your friend is wrong.

Example 2

Graph y = log 1
4

x+2 in an appropriate window.

First, there is a vertical asymptote at x = 0. Now, determine a few easy points, points where the log is easy to find;
such as (1, 2), (4, 1), (8, 0.5), and (16, 0).

To graph a logarithmic function using a TI-83/84, enter the function into Y = and use the Change of Base Formula:
logax = logbx

logba . The keystrokes would be:

Y = log(x)
log( 1

4)
+2, GRAPH
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FIGURE 4.3

To see a table of values, press 2nd → GRAPH.

Example 3

Graph y =− logx using a graphing calculator. Find the domain and range.

The keystrokes are Y =− log(x), GRAPH.

FIGURE 4.4

The domain is x > 0 and the range is all real numbers.

Example 4

Is (-2, 1) on the graph of f (x) = log 1
2
(x+4)?

Plug (-2, 1) into f (x) = log 1
2
(x+4) to see if the equation holds true.
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1 = log 1
2
(−2+4)

1 = log 1
2

2

1 6=−1

Therefore, (-2, 1) is not on the graph. However, (-2, -1) is.

Review

Graph the following logarithmic functions without using a calculator. State the equation of the asymptote, the
domain and the range of each function.

1. y = log5 x
2. y = log2(x+1)
3. y = log(x)−4
4. y = log 1

3
(x−1)+3

5. y =− log 1
2
(x+3)−5

6. y = log4(2− x)+2

Graph the following logarithmic functions using your graphing calculator.

7. y = ln(x+6)−1
8. y =− ln(x−1)+2
9. y = log(1− x)+3

10. y = log(x+2)−4
11. How would you graph y = log4 x on the graphing calculator? Graph the function.
12. Graph y = log 3

4
x on the graphing calculator.

13. Is (3, 8) on the graph of y = log3(2x−3)+7?
14. Is (9, -2) on the graph of y = log 1

4
(x−5) ?

15. Is (4, 5) on the graph of y = 5log2(8− x)?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.7.
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4.8 Product and Quotient Properties of Loga-
rithms

Learning Objectives

Here you’ll use and apply the product and quotient properties of logarithms.

Your friend Robbie works as a server at a pizza parlor. You and two of your friends go to the restaurant and order a
pizza. You ask Robbie to bring you separate checks so you can split the cost of the pizza. Instead of bringing you
three checks, Robbie brings you one with the total log3 162− log3 2. "This is how much each of you owes," he says
as he drops the bill on the table. How much do each of you owe?

Product and Quotient Properties of Logarithms

Just like exponents, logarithms have special properties, or shortcuts, that can be applied when simplifying expres-
sions. In this lesson, we will address two of these properties.

Let’s simplify logb x+ logb y.

First, notice that these logs have the same base. If they do not, then the properties do not apply.

logb x = m and logb y = n, then bm = x and bn = y.

Now, multiply the latter two equations together.

bm ·bn = xy

bm+n = xy

Recall, that when two exponents with the same base are multiplied, we can add the exponents. Now, reapply the
logarithm to this equation.

bm+n = xy→ logb xy = m+n

Recall that m = logb x and n = logb y, therefore logb xy = logb x+ logb y.

This is the Product Property of Logarithms.

Now, let’s expand log12 4y.

Applying the Product Property from the previous problem, we have:

log12 4y = log12 4+ log12 y

Finally, let’s simplify log3 15− log3 5.

As you might expect, the Quotient Property of Logarithms is logb
x
y = logb x− logb y (proof in the Review section).

Therefore, the answer is:

log3 15− log3 5 = log3
15
5

= log3 3

= 1
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Examples

Example 1

Earlier, you were asked to find the amount that each of you owes.

If you rewrite log3 162− log3 2 as log3
162
2 , you get log3 81.

34 = 81 so you each owe $4.

Example 2

Simplify the following expression: log7 8+ log7 x2 + log7 3y.

Combine all the logs together using the Product Property.

log7 8+ log7 x2 + log7 3y = log7 8x23y

= log7 24x2y

Example 3

Simplify the following expression: logy− log20+ log8x.

Use both the Product and Quotient Property to condense.

logy− log20+ log8x = log
y

20
·8x

= log
2xy
5

Example 4

Simplify the following expression: log2 32− log2 z.

Be careful; you do not have to use either rule here, just the definition of a logarithm.

log2 32− log2 z = 5− log2 z

Example 5

Simplify the following expression: log8
16x
y2 .

When expanding a log, do the division first and then break the numerator apart further.

log8
16x
y2 = log8 16x− log8 y2

= log8 16+ log8 x− log8 y2

=
4
3
+ log8 x− log8 y2

To determine log8 16, use the definition and powers of 2: 8n = 16→ 23n = 24→ 3n = 4→ n = 4
3 .
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Review

Simplify the following logarithmic expressions.

1. log3 6+ log3 y− log3 4
2. log12− logx+ logy2

3. log6 x2− log6 x− log6 y
4. ln8+ ln6− ln12
5. ln7− ln14+ ln10
6. log11 22+ log11 5− log11 55

Expand the following logarithmic functions.

7. log6(5x)
8. log3(abc)

9. log
(

a2

b

)
10. log9

( xy
5

)
11. log

(
2x
y

)
12. log

(
8x2

15

)
13. log4

(
5
9y

)
14. Write an algebraic proof of the Quotient Property. Start with the expression loga x− loga y and the equations

loga x = m and loga y = n in your proof. Refer to the proof of the Product Property in the first practice
problem as a guide for your proof.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.8.
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4.9 Power Property of Logarithms

Learning Objectives

Here you’ll use the Power Property of logarithms.

The hypotenuse of a right triangle has a length of log3 278. How long is the triangle’s hypotenuse?

Power Property

The last property of logs is the Power Property.

logb x = y

Using the definition of a log, we have by = x. Now, raise both sides to the n power.

(by)n = xn

bny = xn

Let’s convert this back to a log with base b, logb xn = ny. Substituting for y, we have logb xn = n logb x.

Therefore, the Power Property says that if there is an exponent within a logarithm, we can pull it out in front of the
logarithm.

Let’s use the Power Property to expand the following logarithms.

1. log6 17x5

To expand this log, we need to use the Product Property and the Power Property.

log6 17x5 = log6 17+ log6 x5

= log6 17+5log6 x

2. ln
(

2x
y3

)4

We will need to use all three properties to expand this problem. Because the expression within the natural log is in
parenthesis, start with moving the 4th power to the front of the log.

ln
(

2x
y3

)4

= 4ln
2x
y3

= 4(ln2x− lny3)

= 4(ln2+ lnx−3lny)

= 4ln2+4lnx−12lny
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Depending on how your teacher would like your answer, you can evaluate 4 ln2 ≈ 2.77, making the final answer
2.77+4lnx−12lny.

Now, let’s condense log9−4log5−4logx+2log7+2logy.

This is the opposite of the previous two problems. Start with the Power Property.

log9−4log5−4logx+2log7+2logy

log9− log54− logx4 + log72 + logy2

Now, start changing things to division and multiplication within one log.

log 9·72y2

54x4

Lastly, combine like terms.

log 441y2

625x4

Examples

Example 1

Earlier, you were asked to find the length of the triangle’s hypotenuse.

We can rewrite log3 278 and 8log3 27 and solve.

8 log3 27

= 8 ·3
= 24

Therefore, the triangle’s hypotenuse is 24 units long.

Example 2

Expand the following expression: lnx3.

The only thing to do here is apply the Power Property: 3 lnx.

Example 3

Expand the following expression: log16
x2y
32z5 .

Let’s start with using the Quotient Property.

log16
x2y
32z5 = log16 x2y− log16 32z5

Now, apply the Product Property, followed by the Power Property.
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= log16 x2 + log16 y−
(
log16 32+ log16 z5)

= 2log16 x+ log16 y− 5
4
−5log16 z

Simplify log16 32→ 16n = 32→ 24n = 25 and solve for n. Also, notice that we put parenthesis around the second
log once it was expanded to ensure that the z5 would also be subtracted (because it was in the denominator of the
original expression).

Example 4

Expand the following expression: log(5c4)2.

For this problem, you will need to apply the Power Property twice.

log(5c4)2 = 2log5c4

= 2(log5+ logc4)

= 2(log5+4logc)

= 2log5+8logc

Important Note: You can write this particular log several different ways. Equivalent logs are: log25+8logc, log25+
logc8 and log25c8. Because of these properties, there are several different ways to write one logarithm.

Example 5

Condense into one log: ln5−7lnx4 +2lny.

To condense this expression into one log, you will need to use all three properties.

ln5−7lnx4 +2lny = ln5− lnx28 + lny2

= ln
5y2

x28

Important Note: If the problem was ln5− (7lnx4 +2lny), then the answer would have been ln 5
x28y2 . But, because

there are no parentheses, the y2 is in the numerator.

Review

Expand the following logarithmic expressions.

1. log7 y2

2. log12 5z2

3. log4(9x)3

4. log
(

3x
y

)2

5. log8
x3y2

z4
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6. log5

(
25x4

y

)2

7. ln
(

6x
y3

)−2

8. ln
(

e5x−2

y3

)6

Condense the following logarithmic expressions.

9. 6 logx
10. 2 log6 x+5log6 y
11. 3(logx− logy)
12. 1

2 log(x+1)−3logy
13. 4 log2 y+ 1

3 log2 x3

14. 1
5 [10log2(x−3)+ log2 32− log2 y]

15. 4
[1

2 log3 y− 1
3 log3 x− log3 z

]
Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.9.
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4.10 Solving Exponential Equations

Learning Objectives

Here you’ll learn how to solve exponential equations.

"I’m thinking of a number," you tell your best friend. "The number I’m thinking of satisfies the equation 4x+1 = 256.
What number are you thinking of?

Exponential Equations

Until now, we have only solved pretty basic exponential equations. But, what happens when the power is not easily
found? We must use logarithms, followed by the Power Property to solve for the exponent.

Let’s solve the following more complicated exponential equations.

1. 6x = 49 (Round your answer to the nearest three decimal places)

To solve this exponential equation, let’s take the logarithm of both sides. The easiest logs to use are either ln (the
natural log), or log (log, base 10). We will use the natural log.

6x = 49

ln6x = ln49

x ln6 = ln49

x =
ln49
ln6
≈ 2.172

2. 10x−3 = 1003x+11

Change 100 into a power of 10.

10x−3 = 102(3x+11)

x−3 = 6x+22

−25 = 5x

−5 = x

3. 82x−3−4 = 5

Add 4 to both sides and then take the log of both sides.
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82x−3−4 = 5

82x−3 = 9

log82x−3 = log9

(2x−3) log8 = log9

2x−3 =
log9
log8

2x = 3+
log9
log8

x =
3
2
+

log9
2log8

≈ 2.56

Notice that we did not find the numeric value of log9 or log8 until the very end. This will ensure that we have the
most accurate answer.

Examples

Example 1

Earlier, you were asked to determine what number you are thinking of if the number satisfies the equation 4x+1 =
256.

We can rewrite the equation 4x+1 = 256 as 22(x+1) = 28 and solve for x.

22(x+1) = 28

22x+2 = 28

2x+2 = 8

x = 3

Therefore, you’re thinking of the number 3.

Example 2

Solve: 4x−8 = 16.

Change 16 to 42 and set the exponents equal to each other.

4x−8 = 16

4x−8 = 42

x−8 = 2

x = 10

Example 3

Solve: 2(7)3x+1 = 48.
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Divide both sides by 2 and then take the log of both sides.

2(7)3x+1 = 48

73x+1 = 24

ln73x+1 = ln24

(3x+1) ln7 = ln24

3x+1 =
ln24
ln7

3x =−1+
ln24
ln7

x =−1
3
+

ln24
3ln7

≈ 0.211

Example 4

Solve: 2
3 ·5

x+2 +9 = 21.

Subtract 9 from both sides and multiply both sides by 3
2 . Then, take the log of both sides.

2
3
·5x+2 +9 = 21

2
3
·5x+2 = 12

5x+2 = 18

(x+2) log5 = log18

x =
log18
log5

−2≈−0.204

Review

Use logarithms and a calculator to solve the following equations for x. Round answers to three decimal places.

1. 5x = 65
2. 7x = 75
3. 2x = 90
4. 3x−2 = 43
5. 6x+1 +3 = 13
6. 6(113x−2) = 216
7. 8+132x−5 = 35
8. 1

2 ·7
x−3−5 = 14

Solve the following exponential equations without a calculator.

9. 4x = 8
10. 9x−2 = 27
11. 52x+1 = 125
12. 93 = 34x−6

13. 7(2x−3) = 56
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14. 16x ·4x+1 = 32x+1

15. 33x+5 = 3 ·9x+3

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.10.
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4.11 Solving Logarithmic Equations

Learning Objectives

Here you’ll learn how to solve a logarithmic equation with any base.

"I’m thinking of a number," you tell your best friend. "The number I’m thinking of satisfies the equation log10x2−
logx = 3." What number are you thinking of?

Solving Logarithm Equations

A logarithmic equation has the variable within the log. To solve a logarithmic equation, you will need to use the
inverse property, blogb x = x, to cancel out the log.

Let’s solve the following logarithmic equations.

1. log2(x+5) = 9

There are two different ways to solve this equation. The first is to use the definition of a logarithm.

log2(x+5) = 9

29 = x+5

512 = x+5

507 = x

The second way to solve this equation is to put everything into the exponent of a 2, and then use the inverse property.

2log2(x+5) = 29

x+5 = 512

x = 507

Make sure to check your answers for logarithmic equations. There can be times when you get an extraneous
solution.To check, plug in 507 for x : log2(507+5) = 9→ log2 512 = 9

2. 3 ln(−x)−5 = 10

First, add 5 to both sides and then divide by 3 to isolate the natural log.

3 ln(−x)−5 = 10

3ln(−x) = 15

ln(−x) = 5
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Recall that the inverse of the natural log is the natural number. Therefore, everything needs to be put into the
exponent of e in order to get rid of the log.

eln(−x) = e5

−x = e5

x =−e5 ≈−148.41

Checking the answer, we have 3ln(−(−e5))−5 = 10→ 3lne5−5 = 10→ 3 ·5−5 = 10

3. log5x+ log(x−1) = 2

Condense the left-hand side using the Product Property.

log5x+ log(x−1) = 2

log[5x(x−1)] = 2

log(5x2−5x) = 2

Now, put everything in the exponent of 10 and solve for x.

10log(5x2−5x) = 102

5x2−5x = 100

5x2−5x−100 = 0

x2− x−20 = 0

(x−5)(x+4) = 0

x = 5,−4

Now, check both answers.

log5(5)+ log(5−1) = 2 log5(−4)+ log((−4)−1) = 2

log25+ log4 = 2 log(−20)+ log(−5) = 2

log100 = 2

-4 is an extraneous solution. In the step log(−20)+ log(−5) = 2, we cannot take the log of a negative number,
therefore -4 is not a solution. 5 is the only solution.

Examples

Example 1

Earlier, you were asked to determine what number you are thinking of if the number satisfies the equation log10x2−
logx = 3.

We can rewrite log10x2− logx = 3 as log 10x2

x = 3 and solve for x.
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log
10x2

x
= 3

log10x = 3

10log10x = 103

10x = 1000

x = 100

Therefore, the number you are thinking of is 100.

Example 2

Solve: 9+2log3 x = 23.

Isolate the log and put everything in the exponent of 3.

9+2log3 x = 23

2log3 x = 14

log3 x = 7

x = 37 = 2187

Example 3

Solve: ln(x−1)− ln(x+1) = 8.

Condense the left-hand side using the Quotient Rule and put everything in the exponent of e.

ln(x−1)− ln(x+1) = 8

ln
(

x−1
x+1

)
= 8

x−1
x+1

= e8

x−1 = (x+1)e8

x−1 = xe8 + e8

x− xe8 = 1+ e8

x(1− e8) = 1+ e8

x =
1+ e8

1− e8 ≈−1.0007

Checking our answer, we get ln(−1.0007−1)− ln(−1.0007+1) = 8, which does not work because you cannot take
the log of a negative number. Therefore, there is no solution for this equation.

Example 4

Solve: 1
2 log5(2x+5) = 2.
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Multiply both sides by 2 and put everything in the exponent of a 5.

1
2

log5(2x+5) = 2

log5(2x+5) = 4

5log5 (2x+5) = 54

2x+5 = 625

2x = 620

x = 310

Review

Use properties of logarithms and a calculator to solve the following equations for x. Round answers to three decimal
places and check for extraneous solutions.

1. log2 x = 15
2. log12 x = 2.5
3. log9(x−5) = 2
4. log7(2x+3) = 3
5. 8 ln(3− x) = 5
6. 4 log3 3x− log3 x = 5
7. log(x+5)+ logx = log14
8. 2 lnx− lnx = 0
9. 3 log3(x−5) = 3

10. 2
3 log3 x = 2

11. 5 log x
2 −3log 1

x = log8
12. 2 lnxe+2− lnx = 10
13. 2 log6 x+1 = log6(5x+4)
14. 2 log 1

2
x+2 = log 1

2
(x+10)

15. 3 log 2
3

x− log 2
3

27 = log 2
3

8

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 8.11.

Summary

In this chapter you’ll learn about exponential and logarithmic functions. We will graph these functions and solve
equations. We will also learn about the properties of logarithms and the natural number, e.
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CHAPTER 5 Rational Functions
Chapter Outline

5.1 DIRECT VARIATION

5.2 INVERSE VARIATION

5.3 JOINT VARIATION

5.4 GRAPHING RATIONAL FUNCTIONS IN STANDARD FORM

5.5 GRAPHING WHEN THE DEGREES OF THE NUMERATOR AND DENOMINATOR ARE

THE SAME

5.6 GRAPHING WHEN THE DEGREES OF THE NUMERATOR AND DENOMINATOR ARE

DIFFERENT

5.7 SIMPLIFYING RATIONAL EXPRESSIONS

5.8 MULTIPLYING RATIONAL EXPRESSIONS

5.9 DIVIDING RATIONAL EXPRESSIONS

5.10 ADDING AND SUBTRACTING RATIONAL EXPRESSIONS WITH LIKE DENOMINA-
TORS

5.11 ADDING AND SUBTRACTING RATIONAL EXPRESSIONS WHERE ONE DENOMI-
NATOR IS THE LCD

5.12 ADDING AND SUBTRACTING RATIONAL EXPRESSIONS WITH UNLIKE DENOMI-
NATORS

5.13 COMPLEX FRACTIONS

5.14 SOLVING RATIONAL EQUATIONS USING CROSS-MULTIPLICATION

5.15 SOLVING RATIONAL EQUATIONS USING THE LCD

Introduction

This chapter deals with functions that have the variable in the denominator of a fraction. First, we will discuss
the concept of variation and how that relates to a rational function. Next, we will graph several different types of
rational functions followed by multiplying, dividing, adding, and subtracting rational expressions. Lastly, we will
solve rational equations.
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5.1 Direct Variation

Learning Objectives

Here you’ll determine if a set of data is related directly.

According to Newton’s second law, the net force (F) of an object is equal to its mass (m) times its acceleration (a),
where F is measured in Newtons, m is measured in kilograms, and a is measured in meters/sec/sec. If an object with
an acceleration of 8 meters/sec/sec has a force of 24 Newtons, what is the object’s force when its acceleration is 12
meters/sec/sec?

Direct Variation

We say that a set of data is related directly if the independent and dependent variables both grow large or small
together. For example, the equation of the line y = 2x would represent a direct variation relationship. As x gets
bigger, so would y. In fact, direct variation equation is y = kx,k 6= 0, which looks just like the equation of a line
without a y-intercept. We call k the constant of variation and y is said to vary directly with x. k can also be written
k = y

x .

The variables x and y vary directly, and y = 10 when x = 2. Let’s write an equation that relates x and y and find y
when x = 9.

Using the direct variation equation, we can substitute in x and y and solve for k.

y = kx

10 = k(2)

5 = k

Therefore, the equation is y = 5x. To find y when x is 9, we have y = 5 ·9 = 45.

Now, let’s determine if the following set of data varies directly. If so, let’s find the direct variation equation.

TABLE 5.1:

x 4 8 16 20
y 1 2 4 5

Looking at the set of data, the x values increase. For the data to vary directly, the y values would also have to
increase, and they do. To find the equation, use the first point and find k.

y = kx

1 = k(4)
1
4
= k

So, the equation for the first point is y = 1
4 x. Plug each point into the equation to make sure it works.
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2 = 1
4(8) 4 = 1

4(16) 5 = 1
4(20)

The number of calories, C, a person burns working out varies directly with length of time it was done, t (in minutes).
A 150 pound person can burn 207 calories swimming laps for 30 minutes. Let’s write a variation model for C as a
function of t. Then, let’s determine how long it will take that person to burn 520 calories.

Plug in what you know to the direct variation model and solve for k.

C = kt

207 = k(30) The model for a 150-pound person is C = 6.9t.

6.9 = k

To find how long it will take to this person to burn 520 calories, solve for t.

520 = 6.9t It will take 75.4 minutes to burn 520 calories.

75.4 = t

Examples

Example 1

Earlier, you were asked to find the object’s force when its acceleration is 12 meters/sec/sec.

If we write Newton’s second law as an equation, we get F = ma. We can now see that this is an example of a direct
variation equation, where y = F , m = k, and a = x. Using the direct variation equation, we can substitute in F and a
and solve for m.

F = ma

24 = m(8)

3 = m

So the mass of the object is 3 kg but we’re looking for its force when its acceleration is 12 meters/sec/sec. Hence,
we use the formula again.

F = ma

F = (3)(12)

F = 36

Therefore, the object’s force is 36 Newtons.

Example 2

The variables x and y vary directly, and y =−6 when x =−8. Find the equation and determine x when y = 12.

First, solve for k.

k = y
x =

−6
−8 = 3

4 → y = 3
4 x
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Now, substitute in 12 for y and solve for x.

12 =
3
4

x

4
3
·12 = x

16 = x

Example 3

Determine if the set below varies directly.

TABLE 5.2:

x 1 2 3 4 5
y 2 4 8 16 20

At first glance, it looks like both values increase together. Let’s check to see if k is the same for each set of points.

k = y
x =

2
1 = 4

2 6=
8
3

At this point, we can stop because the point (3,8) does not have the same ratio as the first two points. Therefore, this
set of data does not vary directly.

Example 4

Taylor’s income varies directly with the number of hours he works. If he worked 60 hours last week and made $900,
how much does he make per hour? Set up a direct variation equation.

We want to find Taylor’s hourly wage, which is the constant of variation.

k = 900
60 = 15, he makes $15/hour. The equation would be y = 15x.

Review

For problems 1-4, use the given x and y values to write a direct variation equation and find y given that x = 12.

1. x = 3,y = 15
2. x = 9,y =−3
3. x = 1

2 ,y =
1
3

4. x =−8,y = 4
3

For problems 5-8, use the given x and y values to write a direct variation equation and find x given that y = 2.

5. x = 5,y = 4
6. x = 18,y = 3
7. x = 7,y =−28
8. x = 2

3 ,y =
5
6

Determine if the following data sets vary directly.
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9. .

TABLE 5.3:

x 12 16 5 20
y 3 4 1 5

10. .

TABLE 5.4:

x 2 10 5 6
y 14 70 35 42

11. .

TABLE 5.5:

x 2 8 18 34
y 3 12 27 51

Solve the following word problems using a direct variation equation.

12. Based on her weight and pace, Kate burns 586 calories when she runs 5 miles. How many calories will she
burn if she runs only 3 miles? How many miles (to the nearest mile) does she need to run each week if she
wants to burn one pound (3500 calories) of body fat each week?

13. One a road trip, Mark and Bill cover 450 miles in 8 hours, including stops. If they maintain the same pace,
how far (to the nearest mile) will they be from their starting point after 15 hours of driving?

14. About three hours into a fundraising car wash, the Mathletes Club earned $240 washing 48 cars. How much
was charged for each carwash? How many more cars will they have to wash to reach their goal of earning
$400?

15. Dorothy earned $900 last week for working 36 hours. What is her hourly wage? If she works full time (40
hours) in a week how much will she make?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.1.

269

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


5.2. Inverse Variation www.ck12.org

5.2 Inverse Variation

Learning Objectives

Here you’ll determine if a set of data is related indirectly.

The force, F, required for a karate student to break a board varies inversely with the board’s length, L. It takes 21
pounds of pressure to break a board that is 3 feet long. How many pounds of pressure does it take to break a board
that is 2 feet long?

Inverse Variation

We say that a set of data is related inversely if the independent increases and dependent variables decreases or vice
versa. For example, the further away from an object that you are, the smaller it appears. In inverse variation, the
variables are related inversely. As x gets bigger, y would get smaller. The inverse variation equation is y = k

x ;k,x 6= 0.
We still call k the constant of variation and y is said to vary inversely with x. k can also be written k = xy.

The variables x and y vary inversely, and y = 7 when x = 2. Let’s write an equation that relates x and y and find y
when x =−6.

Using the inverse variation equation, we can substitute in x and y and solve for k.

k = yx

k = 7 ·2
k = 14

Therefore, the equation is y = 14
x . To find y when x is -6, we have y = 14

−6 =−7
3 .

Now, let’s determine if the following set of data varies directly, inversely, or neither and find the equation if possible.

TABLE 5.6:

x 1 2 3 4
y 12 6 4 3

Looking at the set of data, the x values increase. For the data to vary directly, the y values would also have to
increase, and they do not. So, it could be an inverse relationship. Let’s see if k is the same for every set of points.

k = 1 ·12 = 12

k = 2 ·6 = 12

k = 3 ·4 = 12

k = 4 ·3 = 12

So, for each set of points, k = 12. Therefore, the equation is y = 12
x . If k is not the same, then the answer would have

been neither.
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Finally, let’s solve the following problem.

Sherry is driving from San Francisco to Los Angeles (380 miles). How long does it take her if she drives 65 miles
per hour (the speed limit)? How fast does she have to drive to get to LA in five and a half hours?

The faster Sherry drives, the less time it will take her to get to LA. Therefore, this is an inverse relationship. y is the
time driving, k is the 380 miles between LA and San Francisco and x is the speed.

y = 380
x

So, it is going to take her y = 380
65 ≈ 5.85 hours, which is 5 hours and 51 minutes. For her to get there in 5.5 hours,

she would have to drive 5.5 = 380
x → 5.5x = 380→ x = 69.1 miles per hour.

Examples

Example 1

Earlier, you were asked to determine the pounds of pressure it takes to break a board that is 2 feet long.

We are told this is an inverse variation, so we can use the inverse variation equation y = k
x . In this case, y equals the

force and x equals the length of the board.

F =
k
L

21 =
k
3

k = 63

We’ve found the constant of variation, so now we use the equation a second time to find the force when the length
of the board is 2 feet.

F =
63
2

F = 31.5

Therefore 31.5 pounds of pressure are needed to break a board that is 2 feet long.

Example 2

The variables x and y vary inversely, and y =−5 when x = 3. Find the equation and determine x when y = 12.

First, solve for k.

k = xy→ 3 ·−5 =−15

y =−15
x

Now, substitute in 12 for y and solve for x.
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12 =−15
x

12x =−15

x =−5
4

Example 3

Determine if the set below varies directly or inversely.

TABLE 5.7:

x 1 2 3 4 5
y 2 6 12 24 36

At first glance, it looks like both values increase together, so we know the set does not vary inversely. Let’s check
for direct variation by determining if k is the same for each set of points.

k = xy = 2 6= 3 6= 4 . . .

None of these points have the same ratio; therefore the data set does not vary inversely or directly.

Example 4

It takes one worker 12 hours to complete a specific job. If two workers do the same job, it takes them 6 hours to
finish the job. What type of relationship is this? How long would it take 6 workers to do the same job?

This is an inverse relationship because as the number of workers goes up, the number of hours it takes to complete
the job goes down. k = 12 ·1 = 2 ·6 = 12 and the inverse variation equation is y = 12

x . For 6 workers to complete the
job, it would take y = 12

6 = 2 hours.

Review

For problems 1-4, the variable x and y vary inversely. Use the given x and y values to write an inverse variation
equation and find y given that x = 15.

1. x = 4,y = 3
2. x = 1

5 ,y = 10
3. x = 8,y = 3

4
4. x = 2

3 ,y =
15
8

For problems 5-8, the variable x and y vary inversely. Use the given x and y values to write an inverse variation
equation and find x given that y = 2.

5. x = 6,y = 2
3

6. x = 16,y = 3
8

7. x = 4
5 ,y = 9

8. x = 5
6 ,y =

18
5

Determine if the following data sets vary inversely.
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9. .

TABLE 5.8:

x 12 6 9 2
y 3 6 4 18

10. .

TABLE 5.9:

x 4 7 2 8
y 10 6 20 5

11. .

TABLE 5.10:

x 9 6 12 21
y 28 42 21 12

Solve the following word problems using an inverse variation equation.

12. At a party there are 3 pizzas to share. If each pizza has 8 slices, determine how many pieces each child will
receive if 12 kids attend the party. What if 8 children attend? Write an inverse variation equation to determine
how many slices each child receives if there are x kids at the party.

13. When Lionel drives from Barcelona to Madrid, 390 miles, it takes him about 6.5 hours. How fast will he have
to drive in order to make the trip in 5 hours?

14. Alena and Estella can complete a job in 18 hours when they work together. If they invite Tommy to help, how
long will the job take? How many friends need to work together on the job to complete it in 4 hours?

15. The temperature of the Pacific Ocean varies inversely with the depth. If the temperature at 2000 m is 2.2
degrees Celsius, what is the temperature at a depth of 4000 m?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.2.
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5.3 Joint Variation

Learning Objectives

Here you’ll define and use joint variation.

The volume of a cylinder varies jointly with the square of the radius and the height. If the volume of the cylinder is
64 units3 and radius is 4 units, what is the height of the cylinder?

Joint Variation

The last type of variation is called joint variation. This type of variation involves three variables, usually x,y and
z. For example, in geometry, the volume of a cylinder varies jointly with the square of the radius and the height. In
this equation the constant of variation is π, so we have V = πr2h. In general, the joint variation equation is z = kxy.
Solving for k, we also have k = z

xy .

Let’s write an equation for the following relationships.

1. y varies inversely with the square of x.

y = k
x2

2. z varies jointly with x and the square root of y.

z = kx
√

y

3. z varies directly with x and inversely with y.

z = kx
y

Now, let’s solve the following problems.

1. z varies jointly with x and y. If x = 3,y = 8, and z = 6, find the variation equation. Then, find z when x =−2
and y = 10.

Using the equation when it is solved for k, we have:

k = z
xy =

6
3·8 = 1

4 , so the equation is z = 1
4 xy.

When x =−2 and y = 10, then z = 1
4 ·−2 ·10 =−5.

2. Geometry Connection The volume of a pyramid varies jointly with the area of the base and the height with a
constant of variation of 1

3 . If the volume is 162 units3 and the area of the base is 81 units2, find the height.

Find the joint variation equation first.

V = 1
3 Bh

Now, substitute in what you know to solve for the height.
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162 =
1
3
·81 ·h

162 = 27 h

6 = h

Examples

Example 1

Earlier, you were asked to find the height of the cylinder.

The formula for the volume of a cylinder, V = πr2h, is a joint variation equation in which the constant k = π.

We can therefore plug in the given values and solve for h, the height.

V = πr2h

64π = π42(h)

64π = 16π(h)

4 = h

Therefore, the cylinder has a height of 4 units.

Example 2

Write the equation for z, that varies jointly with x and the cube of y and inversely with the square root of w.

z = kxy3√
w

Example 3

z varies jointly with y and x. If x = 25,z = 10, and k = 1
5 , find y.

The equation would be z = 1
5 xy. Solving for y, we have:

10 =
1
5
·25 · y

10 = 5y

2 = y

Example 4

Kinetic energy P (the energy something possesses due to being in motion) varies jointly with the mass m (in
kilograms) of that object and the square of the velocity v (in meters per seconds). The constant of variation is
1
2 .

Write the equation for kinetic energy.

P = 1
2 mv2
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If a car is travelling 104 km/hr and weighs 8800 kg, what is its kinetic energy?

The second portion of this problem isn’t so easy because we have to convert the km/hr into meters per second.

104��km
��hr · ��hr

3600 s ·
1000 m
��km = 0.44 m

s

Now, plug this into the equation from part a.

P =
1
2
·8800 kg ·

(
0.44

m
s

)2

= 1955.56
kg ·m2

s2

Typically, the unit of measurement of kinetic energy is called a joule. A joule is kg·m2

s2 .

Review

For questions 1-5, write an equation that represents relationship between the variables.

1. w varies inversely with respect to x and y.
2. r varies inversely with the square of q.
3. z varies jointly with x and y and inversely with w.
4. a varies directly with b and inversely with c and the square root of d.
5. l varies directly with m, and inversely with p.

Write the variation equation and answer the given question in each problem.

6. z varies jointly with x and y. If x = 2,y = 3 and z = 4, write the variation equation and find z when x =−6 and
y = 2.

7. z varies jointly with x and y. If x = 5,y =−1 and z = 10, write the variation equation and find z when x =−1
2

and y = 7.
8. z varies jointly with x and y. If x = 7,y = 3 and z =−14, write the variation equation and find y when z =−8

and x = 3.
9. z varies jointly with x and y. If x = 8,y =−3 and z =−6, write the variation equation and find x when z = 12

and y =−16.
10. z varies inversely with x and directly y. If x = 4,y = 48 and z = −2, write the variation equation and find x

when z = 8 and y = 96.
11. z varies inversely with x and directly y. If x = 1

2 ,y = 5 and z = 20, write the variation equation and find x when
z =−4 and y = 8.

Solve the following word problems using a variation equation.

12. If 20 volunteers can wash 100 cars in 2.5 hours, find the constant of variation and find out how many cars 30
volunteers can wash in 3 hours.

13. If 10 students from the environmental club can clean up trash on a 2 mile stretch of road in 1 hour, find the
constant of variation and determine how low it will take to clean the same stretch of road if only 8 students
show up to help.

14. The work W (in joules) done when lifting an object varies jointly with the mass m (in kilograms) of the object
and the height h (in meters) that the object is lifted. The work done when a 100 kilogram object is lifted 1.5
meters is 1470 joules. Write an equation that relates W,m, and h. How much work is done when lifting a 150
kilogram object 2 meters?
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15. The intensity I of a sound (in watts per square meter) varies inversely with the square of the distance d (in
meters) from the sound’s source. At a distance of 1.5 meters from the stage, the intensity of the sound at a
rock concert is about 9 watts per square meter. Write an equation relating I and d. If you are sitting 10 meters
back from the stage, what is the intensity of the sound you hear?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.3.
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5.4 Graphing Rational Functions in Standard
Form

Learning Objectives

Here you’ll learn how to graph basic rational functions.

The standard form of a rational function is given by the equation f (x) = a
x−h + k. What are the asymptotes of this

equation?

Rational Function

A rational function is in the form p(x)
q(x) where p(x) and q(x) are polynomials and q(x) 6= 0. The parent graph for

rational functions is y = 1
x , and the shape is called a hyperbola.

TABLE 5.11:

x y
−4 −1

4
−2 −1

2
−1 −1
−1

2 −2
1
2 2
1 1
2 1

2
4 1

4
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Notice the following properties of this hyperbola: the x-axis is a horizontal asymptote, the y-axis is a vertical
asymptote, and the domain and range are all real numbers except where the asymptotes are. Recall that the vertical
asymptote is the value that makes the denominator zero because we cannot divide by zero. For the horizontal
asymptote, it is the value where the range is not defined.

The two parts of the graph are called branches. In the case with a hyperbola, the branches are always symmetrical
about the point where the asymptotes intersect. In this example, they are symmetrical about the origin.

In this lesson, all the rational functions will have the form f (x) = a
x−h + k.

Let’s graph f (x) = −2
x and find any asymptotes, the domain, range, and any zeros.

Let’s make a table of values.

TABLE 5.12:

x y
1 −2
2 −1
4 −1

2

Notice that these branches are in the second and fourth quadrants. This is because of the negative sign in front of the
2, or a. The horizontal and vertical asymptotes are still the x and y-axes. There are no zeros, or x-intercepts, because
the x-axis is an asymptote. The domain and range are all non-zero real numbers (all real numbers except zero).

Now, let’s graph y = 1
x−5 +2 and find all asymptotes, zeros, the domain and range.

For y = 1
x−5 +2, the vertical asymptote is x = 5 because that would make the denominator zero and we cannot divide

by zero. When x = 5, the value of the function would be y = 1
0 +2, making the range undefined at y = 2. The shape

and location of the branches are the same as the parent graph, just shifted to the right 5 units and up 2 units.
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Therefore, for the general form of a rational function, y = a
x−h + k,x = h is the vertical asymptote and y = k is the

horizontal asymptote.

The domain is all real numbers; x 6= 5 and the range is all real numbers; y 6= 2. To find the zero, set the function
equal to zero and solve for x.

0 =
1

x−5
+2

−2 =
1

x−5
−2x+10 = 1

−2x =−9

x =
9
2
= 4.5

To find the y-intercept, set x = 0, and solve for y. y = 1
0−5 +2 =−1

5 +2 = 1 4
5 .

Finally, let’s find the equation of the hyperbola below.

We know that the numerator will be negative because the branches of this hyperbola are in the second and fourth
quadrants. The asymptotes are x = −3 and y = −4. So far, we know y = a

x+3 −4. In order to determine a, we can
use the given x-intercept.
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0 =
a

−3.75+3
−4

4 =
a

−0.75
The equation is y =

−3
x+3

−4

−3 = a

Examples

Example 1

Earlier, you were asked to find the asymptotes of the equation f (x) = a
x−h + k.

From the previous problems, we’ve seen that the vertical asymptote occurs when the denominator of the equation
equals zero and the horizontal asymptote occurs when the range is undefined.

When x = h, the denominator of f (x) = a
x−h + k is zero, so x = h is the vertical asymptote.

The value of the function at x = h would be y = a
0 + k, making the range undefined at y = k. Therefore, y = k is the

horizontal asymptote.

Example 2

What are the asymptotes for f (x) = −1
x+6 +9? Is (−5,−8) on the graph?

The asymptotes are x =−6 and y = 9. To see if the point (−5,−8) is on the graph, substitute it in for x and y.

−8 =
−1
−5+6

+9 −8 6= 8, therefore, the point (−5,−8) is not on the graph.

−8 =−1+9

For Examples 3 & 4, graph the rational functions. Find the zero, y-intercept, asymptotes, domain and range.
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Example 3

y = 4
x −2

There is no y-intercept because the y-axis is an asymptote. The other asymptote is y = −2. The domain is all real
numbers; x 6= 0. The range is all real numbers; y 6=−2. The zero is:

0 =
4
x
−2

2 =
4
x

2x = 4

x = 2

Example 4

y = 2
x−1 +3

The asymptotes are x = 1 and y = 3. Therefore, the domain is all real numbers except 1 and the range is all real
numbers except 3. The y-intercept is y = 2

0−1 +3 =−2+3 = 1 and the zero is:
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0 =
2

x−1
+3

−3 =
2

x−1
−3x+3 = 2

−3x =−1→ x =
1
3

Example 5

Determine the equation of the hyperbola.
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The asymptotes are x =−1,y = 3, making the equation y = a
x+1 +3. Taking the y-intercept, we can solve for a.

4 =
a

0+1
+3 The equation is y =

1
x+1

+3.

1 = a

Review

1. What are the asymptotes for y = 2
x+8 −3?

2. Is (−6,−2) a point on the graph from #1?
3. What are the asymptotes for y = 6− 1

x−4 ?
4. Is (5,4) a point on the graph from #3?

For problems 5-13, graph each rational function, state the equations of the asymptotes, the domain and range and
the intercepts.

5. y = 3
x

6. y = 1
x +6

7. y =−1
x

8. y =− 1
x+3

9. y = 1
x+5

10. y = 1
x−3 −4

11. y = 2
x+4 −3

12. y = 5
x +2

13. y = 3− 1
x+2

Write the equations of the hyperbolas. You may assume that a = 1.

14.
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15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.4.
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5.5 Graphing when the Degrees of the Numera-
tor and Denominator are the Same

Learning Objectives

Here you’ll learn how to graph rational functions when the numerator and denominator have the same degree.

Darnell says that the function y = 2x4+5
x4−16 has two vertical asymptotes, Barb says it has only one, and Aruna says it

has four. Which one of them is correct?

Graphing Rational Functions

We have already graphed functions in the form y = 1
x−h + k, where x = h and y = k are the asymptotes. In this

concept, we will extend graphing rational functions when both the denominator and numerator are linear or both
quadratic. So, there will be no “k” term in this concept. Let’s go through some practice problems to determine any
patterns in graphing this type of rational function.

Let’s graph f (x) = 2x−1
x+4 and find asymptotes, x and y intercepts, domain and range.

To find the vertical asymptote, it is the same as before, the value that makes the denominator zero. In this case,
x =−4. Also the same is how to find the x and y intercepts.

y-intercept (when x = 0): y = 2·0−1
0+4 =−1

4

x-intercept (when y = 0):

0 =
2x−1
x+4

0 = 2x−1

1 = 2x
1
2
= x

When solving for the x-intercept, to get the denominator out, we multiplied both sides by x+ 4. But, when we
multiply anything by 0, it remains 0. Therefore, to find the x-intercept, we only need to set the numerator equal to
zero and solve for x.

The last thing to find is the horizontal asymptote. We know that the function is positive, so the branches will be in
the first and third quadrants. Let’s make a table.

TABLE 5.13:

x y
−13 3
−7 5
−5 11
−3 −7
−1 −1
0 −0.25
2 0.5
5 1
14 1.5
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It looks like the horizontal asymptote is y = 2 because both branches seem to approach 2 as x gets larger, both
positive and negative. If we plug in x = 86,y = 1.9 and when x =−94,y = 2.1. As you can see, even when x is very
large, the function is still approaching 2.

Looking back at the original equation, f (x) = 2x−1
x+4 , extract the leading coefficients and leave them numerator over

denominator, 2
1 . This is the horizontal asymptote. We can generalize this pattern for all rational functions. When

the degree of the numerator is equal to the degree of the denominator, the horizontal asymptote is the ratio of the
leading coefficients.

Finally, the domain is all real numbers; x 6=−4 and the range is all real numbers; y 6= 2.

Now, let’s graph y = 3x2+10
x2−1 and find the asymptotes, intercepts, domain, and range.

From the previous problem above, we can conclude that the horizontal asymptote is at y = 3. Because the denomina-
tor is squared, there will be two vertical asymptotes because x2−1 factors to (x−1)(x+1). Therefore, the vertical
asymptotes are x = 1 and x =−1. As for the intercepts, there are no x-intercepts because there is no real solution for
3x2 +10 = 0. Solving for the y-intercept, we have y = 10

−1 =−10.

At this point, put the equation in your calculator to see the general shape. To graph this function using a TI-83 or 84,
enter the function into Y = like this: (3x∧2+10)

(x∧2−1) and press GRAPH. You will need to expand the window to include
the bottom portion of the graph. The final graph is below.
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The domain is still all real numbers except the vertical asymptotes. For this function, that would be all real numbers;
x 6=−1,x 6= 1.

The range is a bit harder to find. Notice the gap in the range from the horizontal asymptote and the y-intercept.
Therefore, the range is (−∞,−10]∪ (3,∞).

The notation above is one way to write a range of numbers called interval notation and was already introduced. The
∪ symbol means “union.” Notice that −∞ and ∞ are not included in the range.

In general, rational functions with quadratics in the denominator are split into six regions and have branches in three
of them, like the problem above. However, there are cases when there are no zeros or vertical asymptotes and those
look very different. You should always graph the function in a graphing calculator after you find the critical values
and make as accurate a sketch as you can.

Finally, let’s graph f (x) = x2−8x+12
x2−x−6 and find the intercepts, asymptotes, domain and range.

Let’s factor the numerator and denominator to find the intercepts and vertical asymptotes.

f (x) = x2−8x+12
x2+x−6 = (x−6)(x−2)

(x+3)(x−2)

Notice that the numerator and denominator both have a factor of (x− 2). When this happens, a hole is created
because x = 2 is both a zero and an asymptote. Therefore, x = 2 is a hole and neither a zero nor an asymptote.
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There is a vertical asymptote at x = −3 and a zero at x = 6. The horizontal asymptote is at y = 1. The graph of
f (x) = x2−8x+12

x2−x−6 will look like the graph of f (x) = x−6
x+3 , but with a hole at x = 2. A hole is not part of the domain.

And, the output value that corresponds with the hole is not part of the range. In this problem, f (2) = 2−6
2+3 =

−4
6 =−2

3
is not part of the range. If you were to graph this function on your graphing calculator, the calculator would not show
there is a hole.

The domain is x ∈ R;x 6= 2,−3 and the range is y ∈ R;y 6= 1,−2
3 .

Examples

Example 1

Earlier, you were asked to determine which student is correct.

The vertical asymptote(s) occur(s) when the denominator of the function equals zero. For the function y = 2x4+5
x4−16 ,

the denominator equals zero when x4−16 = 0.

x4−16 = 0

x4 = 16

x = 2 or x =−2

Therefore, there are two vertical asymptotes and Darnell is correct.

Graph the following functions. Find all intercepts, asymptotes, the domain and range. Double-check your
answers with a graphing calculator.

Example 2

y = 4x−5
2x+7
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y-intercept: y = −5
7 = −5

7 , x-intercept: 0 = 4x− 5→ x = 5
4 , horizontal asymptote: y = 4

2 = 2, vertical asymptote:
2x+7 = 0→ x =−7

2 , domain: R;x 6=−7
2 , range: R;y 6= 2

Example 3

f (x) = x2−9
x2+1

y-intercept: y = −9
1 =−9, x-intercepts: 0 = x2−9→ x =±3, horizontal asymptote: y = 1, vertical asymptote: none,

domain: R, range: R;y 6= 1

Special Note: When there are no vertical asymptotes and the numerator and denominator are both quadratics, this
is the general shape. It could also be reflected over the horizontal asymptote.

290

http://www.ck12.org


www.ck12.org Chapter 5. Rational Functions

Example 4

y = 2x2+7x+3
x2+3x+2

y-intercept:
(
0, 3

2

)
, x-intercepts: (−3,0) and

(
−1

2 ,0
)
, horizontal asymptote: y = 2, vertical asymptotes: x =−2,x =

−1.

domain: R;x 6=−1,−2

range: y ∈ (−∞,2.1]∪ [12,∞)

Example 5

y = x2−4
2x2−5x+2

horizontal asymptote: y = 1
2 , y-intercept: (0,−2)

vertical asymptotes: x = 1
2 , x-intercept: (−2,0)

hole: x = 2, f (2) = 4
3

domain: R;x 6= 1
2 ,2

range: R;y 6= 1
2 ,

4
3
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Review

1. What are the vertical and horizontal asymptotes for y = x−2
x+7 ?

2. What is the domain of this function?
3. What is the range of this function?
4. Are there any x-intercepts? If so, what are they?
5. Is there a y-intercept? If so, what is it?

Graph the following rational functions. Write down the equations of the asymptotes, the domain and range, x and y
intercepts and identify any holes.

6. y = x+3
x−5

7. y = 5x+2
x−4

8. y = 3−x
2x+10

9. y = x2+5x+6
x2−8x+12

10. y = x2+4
2x2+x−3

11. y = 2x2−x−10
3x2+10x+8

12. y = x2−4
x2+3x−10

13. y = 6x2−7x−3
4x2−1

14. y = x3−8
x3+x2−4x−4

15. Graph y = 1
x−2 +3 and y = 3x−5

x−2 on the same set of axes. Compare the two. What do you notice? Explain your
results.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.5.
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5.6 Graphing when the Degrees of the Numera-
tor and Denominator are Different

Learning Objectives

Here you’ll learn how to graph rational functions where the degrees of the numerator and denominator are not the
same.

Xerxes says that the function y = x−2
4x2+7 , has a horizontal asymptote of y = 1

4 , Yolanda says the function has no
horizontal asymptote, Zeb says that it does have a horizontal asymptote but it’s at y = 0. Which one of them is
correct?

Graphing Rational Functions

In this concept we will touch on the different possibilities for the remaining types of rational functions. You will
need to use your graphing calculator throughout this concept to ensure your sketches are correct.

Let’s graph y = x+3
2x2+11x−6 and find all asymptotes, intercepts, and the domain and range.

In this problem the degree of the numerator is less than the degree of the denominator. Whenever this happens the
horizontal asymptote will be y = 0, or the x-axis. Now, even though the x-axis is the horizontal asymptote, there will
still be a zero at x = −3 (solving the numerator for x and setting it equal to zero). The vertical asymptotes will be
the solutions to 2x2 +11x−6 = 0. Factoring this quadratic, we have (2x−1)(x+6) = 0 and the solutions are x = 1

2
and −6. The y-intercept is

(
0,−1

2

)
. At this point, we can plug our function into the graphing calculator to get the

general shape.

Because the middle portion crosses over the horizontal asymptote, the range will be all real numbers. The domain is
x ∈ R;x =−6;x 6= 1

2 .
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Be careful when graphing any rational function. This function does not look like the graph to the left in a TI-83/84.
This is because the calculator does not have the ability to draw the asymptotes separately and wants to make the
function continuous. Make sure to double-check the table (2nd→ GRAPH) to find where the function is undefined.

Now, let’s graph f (x) = x2+7x−30
x+5 and find all asymptotes, intercepts, and the domain and range.

In this problem the degree of the numerator is greater than the degree of the denominator. When this happens,
there is no horizontal asymptote. Instead there is a slant asymptote. Recall that this function represents division.
If we were to divide x2 + 7x− 30 by x+ 5, the answer would be x+ 2− 20

x+5 . The slant asymptote would be the
answer, minus the remainder. Therefore,for this problem the slant asymptote is y = x+ 2. Everything else is the
same. The y-intercept is −30

5 → (0,−6) and the x-intercepts are the solutions to the numerator, x2 +7x−30 = 0→
(x+10)(x−3)→ x =−10,3. There is a vertical asymptote at x =−5. At this point, you can either test a few points
to see where the branches are or use your graphing calculator.

The domain would be all real numbers; x 6= −5. Because of the slant asymptote, there are no restrictions on the
range. It is all real numbers.

Finally, let’s graph y = x−6
3x2−16x−12 and find the asymptotes and intercepts.

Because the degree of the numerator is less than the degree of the denominator, there will be a horizontal asymptote
along the x-axis. Next, let’s find the vertical asymptotes by factoring the denominator; (x−6)(3x+2). Notice that
the denominator has a factor of (x− 6), which is the entirety of the numerator. That means there will be a hole at
x = 6.
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Therefore, the graph of y = x−6
3x2−16x−12 will be the same as y = 1

3x+2 except with a hole at x = 6. There is no
x-intercept, the vertical asymptote is at x =−2

3 and the y-intercept is
(
0, 1

2

)
.

Recap

For a rational function; f (x) = p(x)
q(x) =

amxm+...+a0
bnxn+...+b0

1. If m, then there is a horizontal asymptote at y = 0.
2. If m = n, then there is a horizontal asymptote at y = am

bn
(ratio of the leading coefficients).

3. If m > n, then there is a slant asymptote at y = (amxm + . . .+a0)÷ (bnxn + . . .+b0) without the remainder. In
this concept, we will only have functions where m is one greater than n.

Examples

Example 1

Earlier, you were asked to determine which student is correct.

The degree of the numerator x−2 is less than the degree of the denominator 4x2 +7. We know that whenever this
happens the horizontal asymptote will be y = 0, or the x-axis.

Therefore, Zeb is correct.

Graph the following functions. Find any intercepts and asymptotes.

Example 2

y = 3x+5
2x2+9x+20

x-intercept:
(
−5

3 ,0
)
, y-intercept:

(
0, 1

4

)
horizontal asymptote: y = 0
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vertical asymptotes: none

Example 3

f (x) = x2+4x+4
x2−3x−4

x-intercept: (−2,0), y-intercept: (0,−1)

horizontal asymptote: y = 1

vertical asymptotes: x = 4 and x =−1
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Example 4

g(x) = x2−16
x+3

x-intercepts: (−4,0) and (4,0)

y-intercept:
(
0,−16

3

)
slant asymptote: y = x−3

vertical asymptotes: x =−3

Example 5

y = 2x+3
6x2−x−15

x-intercepts: none, hole at x =−3
2

y-intercept:
(
0,−1

5

)
horizontal asymptote: y = 0

vertical asymptote: x = 5
3
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Review

Find all asymptotes of the following functions.

1. y = x−2
x2+6x+8

2. y = x2−4
x+5

3. y = x2

x−3
4. Find the x-intercepts of the function in #2.
5. Find the x-intercepts of the function in #3.

Graph the following functions. Find any intercepts, asymptote and holes.

6. y = x+1
x2−x−12

7. f (x) = x2+3x−10
x−3

8. y = x−7
2x2−11x−21

9. g(x) = 2x2−2
3x+5

10. y = x2+x−30
x+6

11. f (x) = x2+x−30
2x3−5x2−4x+3

12. y = x3−2x2−3x
x2−5x+6

13. f (x) = 2x+5
x2+5x−6

14. g(x) = −x2+3x+4
2x−6

15. Determine the slant asymptote of y = 3x2−x−10
3x+5 . Now, graph this function. Is there really a slant asymptote?

Can you explain your results?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.6.
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5.7 Simplifying Rational Expressions

Learning Objectives

Here you’ll learn how to simplify rational expressions involving factorable polynomials.

The area of a rectangle is 2x4−2. The width of the rectangle is x2 +1. What is the length of the rectangle?

Rational Expressions

Recall that a rational function is a function, f (x), such that f (x) = p(x)
q(x) , where p(x) and q(x) are both polynomials.

A rational expression, is just p(x)
q(x) . Like any fraction, a rational expression can be simplified. To simplify a rational

expression, you will need to factor the polynomials, determine if any factors are the same, and then cancel out any
like factors.

Fraction: 9
15 = �3·3

�3·5
= 3

5

Rational Expression: x2+6x+9
x2+8x+15 =�

���(x+3)(x+3)

��
��(x+3)(x+5) =

x+3
x+5

With both fractions, we broke apart the numerator and denominator into the prime factorization. Then, we canceled
the common factors.

Important Note: x+3
x+5 is completely factored. Do not cancel out the x’s! 3x

5x reduces to 3
5 , but x+3

x+5 does not because
of the addition sign. To prove this, we will plug in a number for x to and show that the fraction does not reduce to 3

5 .
If x = 2, then 2+3

2+5 = 5
7 6=

3
5 .

Let’s simplify the following expressions.

1. 2x3

4x2−6x

The numerator factors to be 2x3 = 2 · x · x · x and the denominator is 4x2−6x = 2x(2x−3).

2x3

4x2−6x =
�2·�x·x·x
�2·�x·(2x−3)

= x2

2x−3

2. 6x2−7x−3
2x3−3x2

Factor the numerator and find the GCF of the denominator and cancel out the like terms.
6x2−7x−3
2x3−3x2 =�

���(2x−3)(3x+1)
x2���

�(2x−3) = 3x+1
x2

3. x2−6x+27
2x2−19x+9

Factor both the top and bottom and see if there are any common factors.

x2−6x+27
2x2−19x+9 = �

���(x−9)(x+3)

���
�(x−9)(2x−1) =

x+3
2x−1

Special Note: Not every polynomial in a rational function will be factorable. Sometimes there are no common
factors. When this happens, write “not factorable.”
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Examples

Example 1

Earlier, you were asked to find the length of the rectangle.

Recall that the the area of a rectangle is the length times the width. To find the length, we can therefore divide the
area by the width. So we’re looking for 2x4−2

x2+1 .

If we factor the numerator and the denominator, we get:

2x4−2
x2 +1

2(x4−1)
x2 +2

2(x2 +1)(x2−1)
x2 +1

2(x2−1) = 2x2−2

Therefore, the length of the rectangle is 2(x2−1) = 2x2−2.

If possible, simplify the following rational functions.

Example 2

3x2−x
3x2

3x2−x
3x2 = �x(3x−1)

3·�x·x
= 3x−1

3x

Example 3

x2+6x+8
x2+6x+9

x2+6x+8
x2+6x+9 = (x+4)(x+2)

(x+3)(x+3) There are no common factors, so this is reduced.

Example 4

2x2+x−10
6x2+17x+5

2x2+x−10
6x2+17x+5 = �

���(2x+5)(x−2)

���
�(2x+5)(3x+1)

= x−2
3x+1

Example 5

x3−4x
x5+4x3−32x

In this problem, the denominator will factor like a quadratic once an x is pulled out of each term.

x3−4x
x5+4x3−32x =

x(x2−4)
x(x4+4x2−32) =

x(x−2)(x+2)
x(x2−4)(x2+8) =

((((
(((x(x−2)(x+2)

((((
(((x(x−2)(x+2)(x2+8)

= 1
x2+8
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Review

1. Does x−2
x−6 simplify to 1

3 ? Explain why or why not.
2. Does 5x

10x simplify to 1
2 ? Explain why or why not.

3. In your own words, explain the difference between the previous two expressions and why one simplifies and
one does not.

Simplify the following rational expressions.

4. 4x3

2x2+3x

5. x3+x2−2x
x4+4x3−5x2

6. 2x2−5x−3
2x2−7x−4

7. 5x2+37x+14
5x3−33x2−14x

8. 8x2−60x−32
−4x2+26x+48

9. 6x3−24x2+30x−120
9x4+36x2−45

10. 6x2+5x−4
6x2−x−1

11. x4+8x
x4−2x3+4x2

12. 6x4−3x3−63x2

12x2−84x

13. x5−3x3−4x
x4+2x3+x2+2x

14. −3x2+25x−8
x3−8x2+x−8

15. −x3+3x2+13x−15
−2x3+7x2+20x−25

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.7.
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5.8 Multiplying Rational Expressions

Learning Objectives

Here you’ll learn how to multiply together two or more rational expressions and simplify.

The length of a rectangle is 2xy3z
5xyz2 . The width of the rectangle is 3x2yz3

4x3y2z2 . What is the area of the rectangle?

Multiplying Rational Expressions

We take what you have learned previously a step further in this concept and multiply two rational expressions
together. When multiplying rational expressions, it is just like multiplying fractions. However, it is much easier to
factor the rational expressions before multiplying because factors could cancel out.

Let’s multiply the following rational expressions.

1. x2−4x
x3−9x ·

x2+8x+15
x2−2x−8

Rather than multiply together each numerator and denominator to get very complicated polynomials, it is much
easier to first factor and then cancel out any common factors.
x2−4x
x3−9x ·

x2+8x+15
x2−2x−8 = x(x−4)

x(x−3)(x+3) ·
(x+3)(x+5)
(x+2)(x−4)

At this point, we see there are common factors between the fractions.

�x���
�(x−4)

�x(x−3)��
��(x+3) ·
���

�(x+3)(x+5)
(x+2)��

��(x−4) =
x+5

(x−3)(x+2)

At this point, the answer is in factored form and simplified. You do not need to multiply out the base.

2. 4x2y5z
6xyz6 · 15y4

35x4

These rational expressions are monomials with more than one variable. Here, we need to remember the laws of
exponents. Remember to add the exponents when multiplying and subtract the exponents when dividing. The
easiest way to solve this type of problem is to multiply the two fractions together first and then subtract common
exponents.
4x2y5z
6xyz6 · 15y4

35x4 =
60x2y9z

210x5yz6 =
2y8

7x3z5

You can reverse the order and cancel any common exponents first and then multiply, but sometimes that can get
confusing.

3. 4x2+4x+1
2x2−9x−5 · (3x−2) · x2−25

6x2−x−2

Because the middle term is a linear expression, rewrite it over 1 to make it a fraction.

4x2+4x+1
2x2−9x−5 · (3x−2) · x2−25

6x2−x−2 =�
���(2x+1)���

�(2x+1)
���

�(2x+1)����(x−5) ·
���3x−2

1 · ���
�(x−5)(x+5)

���
�(3x−2)���

�(2x+1) = x+5
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Examples

Example 1

Earlier, you were asked to find the area of the rectangle.

The area of the rectangle is length times width. So to find the area, multiply the two terms and simplify.

2xy3z
5xyz2 ·

3x2yz3

4x3y2z2

6x3y4z4

20x4y3z4

3y
10x

Therefore, the area of the rectangle is 3y
10x .

Multiply the following expressions.

Example 2

4x2−8x
10x3 · 15x2−5x

x−2

4x2−8x
10x3 · 15x2−5x

x−2 = �
2·2�x���

�(x−2)
�2·��5x·�x·x

·��5x(3x−1)
���x−2 = 2(3x−1)

x

Example 3

x2+6x−7
x2−36 ·

x2−2x−24
2x2+8x−42

x2+6x−7
x2−36 ·

x2−2x−24
2x2+8x−42 =�

���(x+7)(x−1)

���
�(x−6)(x+6) ·

���
�(x−6)(x+4)

2���
�(x+7)(x−3) =

(x−1)(x+4)
2(x−3)(x+6)

Example 4

4x2y7

32x4y3 · 16x2

8y6

4x2y7

32x4y3 · 16x2

8y6 = 64x4y7

256x4y9 =
1

4y2

Review

Determine if the following statements are true or false. If false, explain why.

1. When multiplying two variables with the same base, you multiply the exponents.
2. When dividing two variables with the same base, you subtract the exponents.
3. When a power is raised to a power, you multiply the exponents.
4. (x+2)2 = x2 +4

Multiply the following expressions. Simplify your answers.

5. 8x2y3

5x3y ·
15xy8

2x3y5
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6. 11x3y9

2x4 · 6x7y2

33xy3

7. 18x3y6

13x8y2 · 39x12y5

9x2y9

8. 3x+3
y−3 ·

y2−y−6
2x+2

9. 6
2x+3 ·

4x2+4x−3
3x+3

10. 6+x
2x−1 ·

x2+5x−3
x2+5x−6

11. 3x−21
x−3 ·

−x2+x+6
x2−5x−14

12. 6x2+5x+1
8x2−2x−3 ·

4x2+28x−30
6x2−7x−3

13. x2+9x−36
x2−9 · x2+8x+15

−x2+11x+12

14. 2x2+x−21
x2+2x−48 · (4− x) · 2x2−9x−18

2x2−x−28

15. 8x2−10x−3
4x3+x2−36x−9 ·

5x+3
x−1 ·

x3+3x2−x−3
5x2+8x+3

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.8.
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5.9 Dividing Rational Expressions

Learning Objectives

Here you’ll learn to divide two or more rational expressions.

The area of a rectangle is 12x2yz3

5xy2z . The length of the rectangle is 2xy
z2 . What is the width of the rectangle?

Dividing Rational Expressions

Dividing rational expressions requires one more step than multiplying them does. Recall that when you divide
fractions, you need to flip the second fraction and change the problem to multiplication. The same rule applies to
dividing rational expressions.

Divide the following rational expressions.

1. 5a3b4

12ab8 ÷ 15b6

8a6

Flip the second fraction, change the ÷ sign to multiplication, and simplify.
5a3b4

12ab8 ÷ 15b6

8a6 = 5a3b4

12ab8 · 8a6

15b6 =
40a9b4

180ab14 =
2a8

9b10

2. x4−3x2−4
2x2+x−10 ÷

x3−3x2+x−3
x−2

Flip the second fraction, change the ÷ sign to multiplication and simplify.

x4−3x2−4
2x2 + x−10

÷ x3−3x2 + x−3
x−2

=
x4−3x2−4
2x2 + x−10

· x−2
x3−3x2 + x−3

=
(x2−4)(x2 +1)
(2x−5)(x+2)

· x−2
(x2 +1)(x−3)

=
(x−2)����(x+2)���

�(x2 +1)
(2x−5)����(x+2)

· x−2
���

�(x2 +1)(x−3)

=
(x−2)2

(2x−5)(x−3)

Now perform the indicated operations: x3−8
x2−6x+9 ÷ (x2 +3x−10) · x2+x−12

x2+11x+30 .

Flip the second term, factor, and cancel (remember x3−8 is a difference of cubes).

x3−8
x2−6x+9

÷ (x2 +3x−10) · x2 + x−12
x2 +11x+30

=
x3−8

x2−6x+9
· 1

x2 +3x−10
· x2 +2x−15

x2 +11x+30

=
���

�(x−2)(x2 +2x+4)
���

�(x−3)(x−3)
· 1
���

�(x−2)����(x+5)
·�
���(x+5)����(x−3)

(x+5)(x+6)

=
x2 +2x+4

(x−3)(x+5)(x+6)
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Examples

Example 1

Earlier, you were asked to find the width of a rectangle.

To find the width, divide the area by the length and simplify.

12x2yz3

5xy2z
÷ 2xy

z2

12x2yz3

5xy2z
· z2

2xy
12x2yz5

10x2y3z
6z4

5y2

Therefore, the width of the rectangle is 6z4

5y2 .

Perform the indicated operations.

Example 2

a5b3c
6a2c9 ÷ 2a7b11

24c2

Invert the second fraction and simplify:
a5b3c
6a2c9 ÷ 2a7b11

24c2 = a5b3c
6a2c9 · 24c2

2a7b11 =
24a5b3c3

12a9b11c9 =
2

a4b8c6

Example 3

x2+12x−45
x2−5x+6 ÷

x2+17x+30
x4−16

Invert the second fraction and simplify:

x2 +12x−45
x2−5x+6

÷ x2 +17x+30
x4−16

=
x2 +12x−45
x2−5x+6

· x4−16
x2 +17x+30

=�
���(x+15)����(x−3)
��

��(x−3)����(x−2)
· (x

2 +4)����(x−2)����(x+2)

���
�(x+15)����(x+2)

= x2 +4

Example 4

(x3 +2x2−9x−18)÷ x2+11x+24
x2−11x−24 ÷

x2−6x−16
x2+5x−24

Write the first term over one, invert the second and third fractions, and simplify:
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(x3 +2x2−9x−18)÷ x2 +11x+24
x2−11x+24

÷ x2−6x−16
x2 +5x−24

=
x3 +2x2−9x−18

1
· x

2−11x+24
x2 +11x+24

· x
2 +5x−24

x2−6x−16

=
(x−3)����(x+3)����(x+2)

1
·�
���(x−8)(x−3)
��

��(x+8)����(x+3)
·�
���(x+8)(x−3)

��
��(x−8)����(x+2)

= (x−3)2

Review

Divide the following expressions. Simplify your answer.

1. 6a4b3

8a3b6 ÷ 3a5

4a3b4

2. 12x5y
xy4 ÷ 18x3y6

3x2y3

3. 16x3y9z3

15x5y2z ÷
42xy7z2

45x2yz5

4. x2+2x−3
x2−3x+2 ÷

x2+3x
4x−8

5. x2−2x−3
x2+6x+5 ÷

4x−12
x2+8x+15

6. x2+6x+2
12−3x ÷

6x2−13x−5
x2−4x

7. x2−5x
x2+x−6 ÷

x2−2x−15
x3+3x2−4x−12

8. 3x3−3x2−6x
2x2+15x−8 ÷

6x2+18x−60
2x2+9x−5

9. x3+27
x2+5x−14 ÷

x2−x−12
2x2+2x−40 ÷

1
x−2

10. x2+2x−15
2x3+7x2−4x ÷ (5x+3)÷ 21−10x+x2

5x3+23x2+12x

We all know that when you divide fractions, you take the second fraction, flip it, and change it to a multiplication
problem. But, do you know why? Let’s investigate the why here.

11. What is 6÷2?
12. What about 1÷1

6÷2 ?
13. Is the problem above the same as 1

6 ÷
1
2 ? Why or why not?

Let’s take a different approach. Let’s write a division problem as a huge fraction:
30
52
15
13

14. We know we cannot have fractions in the denominator of another fraction. What would we have to multiply
the denominator by to cancel it out?

15. Multiply the top and bottom from your answer in #14. What did you multiply by?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.9.
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5.10 Adding and Subtracting Rational Expres-
sions with Like Denominators

Learning Objectives

Here you’ll add and subtract rational expressions with like denominators.

In triangle ABC, side AB is x2+5
x2+3x+2 units long. Side AC is 3x2−3x

x2+3x+2 units long. How much longer is side AC than
side AB?

Adding and Subtracting Rational Expressions

Recall, that when you add or subtract fractions, the denominators must be the same. The same is true of adding and
subtracting rational expressions. The denominators must be the same expression and then you can add or subtract
the numerators.

Let’s add or subtract the following rational expressions.

1. Add x
x−6 +

7
x−6 .

In this concept, the denominators will always be the same. Therefore, all you will need to do is add the numerators
and simplify if needed.

x
x−6 +

7
x−6 = x+7

x−6

2. Subtract x2−4
x−3 −

2x−1
x−3 .

You need to be a little more careful with subtraction. The entire expression in the second numerator is being
subtracted. Think of the minus sign like distributing -1 to that numerator.

x2−4
x−3

− 2x−1
x−3

=
x2−4− (2x+1)

x−3

=
x2−4−2x−1

x−3

=
x2−2x−3

x−3

At this point, factor the numerator if possible.

x2−2x−3
x−3 =�

���(x−3)(x+1)
���x−3 = x+1

3. Add x+7
2x2+14x+20 +

x+1
2x2+14x+20 .

Add the numerators and simplify the denominator.
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x+7
2x2 +14x+20

+
x+1

2x2 +14x+20
=

2x+8
2x2 +14x+20

=
�2(x+4)

�2(x+5)(x+2)

=
(x+4)

(x+5)(x+2)

Examples

Example 1

Earlier, you were asked to find how much longer side AC is compared to side AB.

We need to subtract the length of side AB from the length of side AC.

3x2−3x
x2 +3x+2

− x2 +5
x2 +3x+2

3x2−3x− (x2 +5)
x2 +3x+2

3x2−3x− x2−5
x2 +3x+2

2x2−3x−5
x2 +3x+2

Now we need to factor the numerator and the denominator.
2x2−3x−5
x2+3x+2 = (2x−5)(x+1)

(x+2)(x+1)

The (x+1) in the numerator and the denominator cancel out and we are left with 2x−5
x+2 . Therefore, side AC is 2x−5

x+2
units longer than side AB.

Example 2

Subtract 3
x2−9 −

x+7
x2−9 .

3
x2−9 −

x+7
x2−9 = 3−(x+7)

x2−9 = 3−x−7
x2−9 = −x−4

x2−9

We did not bother to factor the denominator because we know that the factors of -9 are 3 and -3 and will not cancel
with −x−4.

Example 3

Add 5x−6
2x+3 +

x−12
2x+3 .

5x−6
2x+3 +

x−12
2x+3 = 6x−18

2x+3 = 6(x−3)
2x+3

Example 4

Subtract x2+2
4x2−4x−3 −

x2−2x+1
4x2−4x−3 .
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x2 +2
4x2−4x−3

− x2−2x+1
4x2−4x−3

=
x2 +2− (x2−2x+1)

4x2−4x−3

=
x2 +2− x2 +2x−1

4x2−4x−3

=
2x+1

4x2−4x−3

At this point, we will factor the denominator to see if any factors cancel with the numerator.
2x+1

4x2−4x−3 = ���2x+1
���

�(2x+1)(2x−3)
= 1

2x−3

Review

1. Explain how you add fractions. Assume your audience knows nothing about math.
2. Explain why 2

3 +
4
5 6=

3
4 .

Add or subtract the following rational expressions.

3. 2
x +

5
x

4. 5
2x +

7
2x

5. 6
5x +

3−2x
5x

6. 3
x +

x+1
x

7. 5
x+1 +

x−4
x+1

8. x+15
x−2 −

10
x−2

9. 4x−3
x+3 + 15

x+3
10. 3x+8

x2−4x−5 +
2x+3

x2−4x−5
11. 5x+3

x2−4 −
2x+9
x2−4

12. 3x2+x
x3−8 + 4

x3−8 −
2x2−x
x3−8

13. 4x+3
x2+1 −

x+2
x2+1 +

1−x
x2+1

14. 18x2−7x+2
8x3+4x2−18x−9 −

3x2+13x−4
8x3+4x2−18x−9 +

5x2−13
8x3+4x2−18x−9

15. 2x2+3x
x3+2x2−16x−32 +

5x2−13
x3+2x2−16x−32 −

4x2+9x+11
x3+2x2−16x−32

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.10.
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5.11 Adding and Subtracting Rational Expres-
sions where One Denominator is the LCD

Learning Objectives

Here you’ll add and subtract rational expressions where one denominator is the Lowest Common Denominator
(LCD).

The length of a garden plot is 6x2−5
2x2+4x−6 . The width of the plot is 2x−7

x+3 . How much longer is the garden plot than it is
wide?

Adding and Subtracting Rational Expressions

Recall when two fractions do not have the same denominator. You have to multiply one or both fractions by a
number to create equivalent fractions in order to combine them.
1
2 +

3
4

Here, 2 goes into 4 twice. So, we will multiply the first fraction by 2
2 to get a denominator of 4. Then, the two

fractions can be added.
2
2 ·

1
2 +

3
4 = 2

4 +
3
4 = 5

4

Once the denominators are the same, the fractions can be combined. We will apply this idea to rational expressions
in order to add or subtract ones without like denominators.

Let’s add or subtract the following rational expressions.

1. Subtract 3x−5
2x+8 −

x2−6
x+4 .

Factoring the denominator of the first fraction, we have 2(x+4). The second fraction needs to be multiplied by 2
2 in

order to make the denominators the same.

3x−5
2x+8

− x2−6
x+4

=
3x−5

2(x+4)
− x2−6

x+4
· 2

2

=
3x−5

2(x+4)
− 2x2−12

2(x+4)

Now that the denominators are the same, subtract the second rational expression just like you’ve done before.

=
3x−5− (2x2−12)

2(x+4)

=
3x−5−2x2 +12

2(x+4)

=
−2x2 +3x+7

2(x+4)

The numerator is not factorable, so we are done.
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2. Add 2x−3
x+5 + x2+1

x2−2x−35 .

Factoring the second denominator, we have x2−2x−35 = (x+5)(x−7). So, we need to multiply the first fraction
by x−7

x−7 .

FOIL︷                  ︸︸                  ︷
(x−7)
(x−7)

· (2x−3)
(x+5)

+
x2 +1

(x−7)(x+5)
=

2x2−17x+21
(x−7)(x+5)

+
x2 +1

(x−7)(x+5)

=
3x2−17x+22
(x−7)(x+5)

3. Subtract 7x+2
2x2+18x+40 −

6
x+5 .

Factoring the first denominator, we have 2x2 + 18x+ 40 = 2(x2 + 9x+ 20) = 2(x+ 4)(x+ 5). This is the Lowest
Common Denominator, or LCD. The second fraction needs the 2 and the (x+4).

7x+2
2x2 +18x+40

− 6− x
x+5

=
7x+2

2(x+5)(x+4)
− 6− x

x+5
·2(x+4)
2(x+4)

=
7x+2

2(x+5)(x+4)
− 2(6− x)(x+4)

2(x+5)(x+4)

=
7x+2

2(x+5)(x+4)
− 48+4x−2x2

2(x+5)(x+4)

=
7x+2− (48+4x−2x2)

2(x+5)(x+4)

=
7x+2−48−4x+2x2

2(x+5)(x+4)

=
2x2 +3x−46

2(x+5)(x+4)

Examples

Example 1

Earlier, you were asked to find how much longer the garden plot is than it is wide.

We need to subtract the width from the length.
6x2−5

2x2+4x−6 −
2x−7
x+3

Factoring the first denominator, we have 2x2 +4x−6 = (2x−2)(x+3). So, we need to multiply the second fraction
by 2x−2

2x−2 .
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6x2−5
2x2 +4x−6

−

FOIL︷                    ︸︸                    ︷
(2x−2)
(2x−2)

· (2x−7)
(x+3)

=
4x2−18x+14

2x2 +4x−6
6x2−5

2x2 +4x−6
− 4x2−18x+14

2x2 +4x−6
6x2−5− (4x2−18x+14)

2x2 +4x−6
6x2−5−4x2 +18x−14

2x2 +4x−6
2x2 +18x−19
2x2 +4x−6

Therefore, the garden plot is 2x2+18x−19
2x2+4x−6 longer than it is wide

Perform the indicated operation.

Example 2

2
x+1 −

x
3x+3

The LCD is 3x+3 or 3(x+1). Multiply the first fraction by 3
3 .

2
x+1

− x
3x+3

=
3
3
· 2

x+1
− x

3(x+1)

=
6

3(x+1)
− x

3(x+1)

=
6− x

3(x+1)

Example 3

x−10
x2+4x−24 +

x+3
x+6

Here, the LCD x2 +4x−24 or (x+6)(x−4). Multiply the second fraction by x−4
x−4 .

x−10
x2 +4x−24

+
x+3
x+6

=
x−10

(x+6)(x−4)
+

x+3
x+6

· x−4
x−4

=
x−10

(x+6)(x−4)
+

x2− x−12
(x+6)(x−4)

=
x−10+ x2− x−12

(x+6)(x−4)

=
x2−22

(x+6)(x−4)

Example 4

3x2−5
3x2−12 +

x+8
3x+6
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The LCD is 3x2− 12 = 3(x− 2)(x+ 2). The second fraction’s denominator factors to be 3x+ 6 = 3(x+ 2), so it
needs to be multiplied by x−2

x−2 .

3x2−5
3x2−12

+
x+8
3x+6

=
3x2−5

3(x−2)(x+2)
+

x+8
3(x+2)

· x−2
x−2

=
3x2−5

3(x−2)(x+2)
+

x2 +6x−16
3(x−2)(x+2)

=
3x2−5+ x2 +6x−16

3(x−2)(x+2)

=
4x2 +6x−21

3(x−2)(x+2)

Review

Find the LCD.

1. x, 6x
2. x, x+1
3. x+2, x−4
4. x, x−1, x2−1

Perform the indicated operations.

5. 3
x −

5
4x

6. x+2
x+3 +

x−1
x2+3x

7. x
x−7 −

2x+7
3x−21

8. x2+3x−10
x2−4 − x

x+2
9. 5x+14

2x2−7x−15 −
3

x−5
10. x−3

3x2+x−10 +
3

x+2

11. x+1
6x+2 +

x2−7x
12x2−14x−6

12. −3x2−10x+15
10x2−x−3 + x+4

2x+1
13. 8

2x−5 −
x+5

2x2+x−15
14. 2

x+2 +
3x+16

x2−x−6 −
2

x−3

15. 6x2+4x+8
x3+3x2−x−3 +

x−4
x2−1 −

3x
x2+2x−3

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.11.
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5.12 Adding and Subtracting Rational Expres-
sions with Unlike Denominators

Learning Objectives

Here you’ll add and subtract rational expressions with unlike denominators.

One part of a line segment measures 3
x−2 . The other part of the segment measures 2

x+1 . What is the total length of
the line segment?

Adding and Subtracting Rational Expressions

Now, we will add two rational expressions where were you will have to multiply both fractions by a constant in order
to get the Lowest Common Denominator or LCD. Recall how to add fractions where the denominators are not the
same.
4
15 +

5
18

Find the LCD. 15 = 3 · 5 and 18 = 3 · 6. So, they have a common factor of 3. Anytime two denominators have a
common factor, it only needs to be listed once in the LCD. The LCD is therefore 3 ·5 ·6 = 90.

4
15

+
5
18

=
4

3 ·5
+

5
3 ·6

=
6
6
· 4

3 ·5
+

5
3 ·6
· 5

5

=
24
90

+
25
90

=
49
90

We multiplied the first fraction by 6
6 to obtain 90 in the denominator. Recall that a number over itself is 6÷6 = 1.

Therefore, we haven’t changed the value of the fraction. We multiplied the second fraction by 5
5 . We will now apply

this idea to rational expressions.

Let’s add or subtract the following rational expressions.

1. Add x+5
x2−3x +

3
x2+2x .

First factor each denominator to find the LCD. The first denominator, factored, is x2− 3x = x(x− 3). The second
denominator is x2 + 2x = x(x+ 2). Both denominators have and x, so we only need to list it once. The LCD is
x(x−3)(x+2).

x+5
x2−3x +

3
x2+2x =

x+5
x(x−3) +

3
x(x+2)

Looking at the two denominators factored, we see that the first fraction needs to be multiplied by x+2
x+2 and the second

fraction needs to be multiplied by x+3
x+3 .
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=
x+2
x+2

· x+5
x(x−3)

+
3

x(x+2)
· x−3

x−3

=
(x+2)(x+5)+3(x−3)

x(x+2)(x−3)

At this point, we need to FOIL the first expression and distribute the 3 to the second. Lastly we need to combine like
terms.

=
x2 +7x+10+3x−9

x(x+2)(x−3)

=
x2 +10x+1

x(x+2)(x−3)

The quadratic in the numerator is not factorable, so we are done.

2. Add 4
x+6 +

x−2
3x+1 .

The denominators have no common factors, so the LCD will be (x+6)(3x+1).

4
x+6

+
x−2
3x+1

=
3x+1
3x+1

· 4
x+6

+
x−2

3x+1
· x+6

x+6

=
4(3x+1)

(3x+1)(x+6)
+

(x−2)(x+6)
(3x+1)(x+6)

=
12x+4+ x2 +4x−12

(3x+1)(x+6)

=
x2 +16x−8

(3x+1)(x+6)

3. Subtract x−1
x2+5x+4 −

x+2
2x2+13x+20 .

To find the LCD, we need to factor the denominators.

x2 +5x+4 = (x+1)(x+4)

2x2 +13x+20 = (2x+5)(x+4)

LCD = (x+1)(2x+5)(x+4)
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x−1
x2 +5x+4

− x+2
2x2 +13x+20

=
x−1

(x+1)(x+4)
− x+2

(2x+5)(x+4)

=
2x+5
2x+5

· x−1
(x+1)(x+4)

− x+2
(2x+5)(x+4)

· x+1
x+1

=
(2x+5)(x−1)− (x+2)(x+1)

(x+1)(2x+5)(x+4)

=
2x2 +3x−5− (x2 +3x+2)

(x+1)(2x+5)(x+4)

=
2x2 +3x−5− x2−3x−2
(x+1)(2x+5)(x+4)

=
x2−7

(x+1)(2x+5)(x+4)

Examples

Example 1

Earlier, you were asked to find the total length of the line segment.

We need to add the two parts of the segment to get the whole.
3

x−2 +
2

x+1

The denominators have no common factors, so the LCD will be (x−2)(x+1).

3
x−2

+
2

x+1
=

x+1
x+1

· 3
x−2

+
2

x+1
· x−2

x−2

=
3(x+1)

(x+1)(x−2)
+

(2)(x−2)
(x+1)(x−2)

=
3x+3+2x−4
(x+1)(x−2)

=
5x−1

(x+1)(x−2)

Therefore, the total length of the line segment is 5x−1
(x+1)(x−2) .

Perform the indicated operation.

Example 2

3
x2−6x +

5−x
2x−12

The LCD is 3x(x−6).
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3
x2−6x

+
5− x

2x−12
=

2
2
· 3

x(x−6)
+

5− x
2(x−6)

· x
x

=
6+ x(5− x)

2x(x−6)

=
6+5x− x2

2x(x−6)

=
−1(x2−5x−6)

2x(x−6)

We pulled a -1 out of the numerator so we can factor it.

=
−1XXXX(x−6)(x+1)

2xXXXX(x−6)

=
−x−1

2x

Example 3

x
x2+4x+4 −

x−5
x2+5x+6

The LCD is (x+2)(x+2)(x+3).

x
x2 +4x+4

− x−5
x2 +5x+6

=
x+3
x+3

· x
(x+2)(x+2)

− x−5
(x+2)(x+3)

· x+2
x+2

=
x(x+3)− (x−5)(x+2)
(x+2)(x+2)(x+3)

=
x2 +3x− (x2−3x−10)

(x+2)2(x+3)

=
x2 +3x− x2 +3x+10

(x+2)2(x+3)

=
6x+10

(x+2)2(x+3)

=
2(3x+5)

(x+2)2(x+3)

Example 4

2x
x2−x−20 +

x2−9
x2−1

The LCD is (x−5)(x+4)(x+1)(x−1).
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2x
x2− x−20

+
x2−9
x2−1

=
(x+1)(x−1)
(x+1)(x−1)

· 2x
(x−5)(x+4)

+
x2−9

(x+1)(x−1)
· (x−5)(x+4)
(x−5)(x+4)

=
2x(x+1)(x−1)+(x2−9)(x−5)(x+4)

(x−5)(x+4)(x+1)(x−1)

=
2x3−2x+ x4− x3−29x2 +9x+180

(x−5)(x+4)(x+1)(x−1)

=
x4 + x3−29x2 +7x+180
(x−5)(x+4)(x+1)(x−1)

Review

Find the LCD.

1. 3x, 7x
2. x−2, 2x−1
3. x2−9, x2− x−6
4. 4x, x2−6x
5. x2−4, x2 +4x+4, x2 +3x−10

Perform the indicated operation.

6. 5
3x +

x
2

7. x+1
x2 − 5

7x
8. x−5

4x + 3
x+2

9. 5
2x+6 +

x−2
x2+2x−3

10. 4x+3
2x2+11x−6 −

3x−1
2x2−x

11. x
3x2+x−2 −

2
15x−10

12. 3x
x2−3x−10 +

x+1
x2−2x−15 −

2
x2+5x+6

13. 7+x
x2−2x −

x−6
3x2+5x −

x+4
3x2−x−10

14. 3x+2
x2−1 −

10x−7
5x2+5x +

3
x−1

15. x+6
2x−1 +

2x
3x+2 −

5
x

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.12.
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5.13 Complex Fractions

Learning Objectives

Here you’ll simplify complex fractions. Gupta knows the area and width of a rectangle. He comes up with this

equation for the length of the rectangle
2

x2−1
2x

x+1
. What is the length of the rectangle in simplified form?

Complex Fractions

A complex fraction is a fraction that has fractions in the numerator and/or denominator. To simplify a complex
fraction, you will need to combine all that you have learned about simplifying fractions in general.

Let’s simplify the following complex fractions.

1.
9x

x+2
3

x2−4

Rewrite the complex fraction as a division problem.

9x
x+2

3
x2−4

=
9x

x+2
÷ 3

x2−4

Flip the second fraction, change the problem to multiplication and simplify.

9x
x+2

÷ 3
x2−4

=
9x

x+2
· x

2−4
3

=

3

A9x
���x+2

·�
���(x+2)(x−2)
A3

= 3x(x−2)

2.
1
x +

1
x+1

4− 1
x

To simplify this complex fraction, we first need to add the fractions in the numerator and subtract the two in the
denominator. The LCD of the numerator is x(x+1) and the denominator is just x.

1
x +

1
x+1

4− 1
x

=
x+1
x+1 ·

1
x +

1
x+1 ·

x
x

x
x ·4−

1
x

=

x+1
x(x+1) +

x
x(x+1)

4x
x −

1
x

=

2x+1
x(x+1)
4x−1

x

Divide and simplify if possible.

2x+1
x(x+1)
4x−1

x

=
2x+1

x(x+1)
÷ 4x−1

x
=

2x+1

�x(x+1)
· �x

4x−1
=

2x+1
(x+1)(4x−1)
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3.
5−x

x2+6x+8
+ x

x+4
6

x+2−
2x+3

x2−3x−10

First, add the fractions in the numerator and subtract the ones in the denominator.

5−x
x2+6x+8 +

x
x+4

6
x+2 −

2x+3
x2−3x−10

=

5−x
(x+4)(x+2) +

x
x+4 ·

x+2
x+2

x−5
x−5 ·

6
x+2 −

2x+3
(x+2)(x−5)

=

5−x+x(x+2)
(x+4)(x+2)

6(x−5)−(2x+3)
(x+2)(x−5)

=

x2+x+5
(x+4)(x+2)

4x−36
(x+2)(x−5)

Now, rewrite as a division problem, flip, multiply, and simplify.

x2+x+5
(x+4)(x+2)

4x−36
(x+2)(x−5)

=
x2 + x+5

(x+4)(x+2)
÷ 4x−36

(x+2)(x−5)
=

x2 + x+5
(x+4)����(x+2)

·�
���(x+2)(x−5)
4(x−9)

=
(x2 + x+5)(x−5)

4(x+4)(x−9)

Examples

Example 1

Earlier, you were asked to determine the length of a given rectangle in simplified form.

Rewrite the complex fraction as a division problem.

2
x2−1

2x
x+1

=
2

x2−1
÷ 2x

x+1

Flip the second fraction, change the problem to multiplication and simplify.

2
x2−1

÷ 2x
x+1

=
2

x2−1
· x+1

2x
=

A2
XXXX(x+1)(x−1)

·
XXXX(x+1)
A2x

=
1

x2− x

Therefore, the length of the rectangle in simplified form is 1
x2−x .

Simplify the complex fractions.

Example 2

5x−20
x2

x−4
x

Rewrite the fraction as a division problem and simplify.
5x−20

x2
x−4

x
= 5x−20

x2 ÷ x−4
x =

5��
��(x−4)

x�2
· �x���x−4 = 5

x
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Example 3

1−x
x −

2
x−1

1+ 1
x

Add the fractions in the numerator and denominator together.
1−x

x −
2

x−1
1+ 1

x
=

x−1
x−1 ·

1−x
x −

2
x−1 ·

x
x

x
x ·1+

1
x

=
(x−1)(1−x)−2x

x(x−1)
x+1

x
=

−x2+1
x(x−1)

x+1
x

Now, rewrite the fraction as a division problem and simplify.

−x2 +1
x(x−1)

÷ x+1
x

=
−(x2−1)
x(x−1)

· x
x+1

=
−����(x−1)����(x+1)

�x���
�(x−1)

· �x
���x+1

=−1

Example 4

-3
-4x2−5x+6

+ -4
-4x+3

- 1
-4x2−5x+6

+ 2
-4x+3

Add the numerator and the denominator of this complex fraction.

-3
-4x2−5x+6 +

-4
-4x+3

- 1
-4x2−5x+6 +

2
-4x+3

=

-3
(-4x+3)(x+2) +

(-4)
(-4x+3) ·

(x+2)
(x+2)

-1
(-4x+3)(x+2) +

2
-4x+3 ·

(x+2)
(x+2)

=
-4x−11

-4x2−5x+6
2x+3

-4x2−5x+6

=
-4x−11

-4x2−5x+6
· -4x2−5x+6

2x+3

=
-4x−11
2x+3

Review

Simplify the complex fractions.

1.
2x
5
8
7

2.
4

x2−9
6x

x+3

3.
7x3

x2+5x+6
35x2
x+2

4.
24x+3
3x+1
16x+2

6x2−13x−5
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5.
4

x−1+
1
x

1
x−5

6.
3x

x+4−
1
x

3x−4
x2+6x+8

7.
8− 3x

x+5
10

x+5+
5

x+1

8.
x

x+3−
4

2x+1
3

2x+1+
6

x2−9

9.
x+3

x + 2x
5−x

3
2x−

4x
x−5

10.
2x

5x2−13x−6
+ 1

x−3
4

5x+2−
5x

5x2−3x−2

11.
3x

x2−4
+ x+4

x2+3x+2
x+1

x2−x−2
− 2x

x2+2x+1

Use the following pattern to answer the next four questions.

2+ 1
1+ 1

2
, 2+ 1

1+ 1
2+ 2

3

, 2+ 1
1+ 1

2+ 2
3+ 3

4

12. Find the next two terms in the pattern.
13. Using your graphing calculator, simplify each term in the pattern to a decimal.
14. Make a conjecture about this pattern and the number the terms appear to be approaching.
15. Find the sixth term in the pattern. Does it support your conjecture?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.13.
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5.14 Solving Rational Equations using Cross-
Multiplication

Learning Objectives

Here you’ll use cross-multiplication to solve rational equations.

A scale model of a racecar is in the ratio of 1:x to the real racecar. The length of the model is 2x−21 units, and the
length of the real racecar is x2 units. What is the value of x?

Solving Rational Equations Using Cross Multiplication

A rational equation is an equation where there are rational expressions on both sides of the equal sign. One way
to solve rational equations is to use cross-multiplication. Here is an example of a proportion that we can solve using
cross-multiplication.

Let’s use cross multiplication to solve the following equations.

1. x
2x−3 = 3x

x+11

Cross-multiply and solve.

Check your answers. It is possible to get extraneous solutions with rational expressions.
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0
2 ·0−3

=
3 ·0

0+11
4

2 ·4−3
=

3 ·4
4+11

0
−3

=
0

11
4
5
=

12
15

0 = 0
4
5
=

4
5

2. x+1
4 = 3

x−3

Cross-multiply and solve.

x+1
4

=
3

x−3
12 = x2−2x−3

0 = x2−2x−15

0 = (x−5)(x+3)

x = 5 and −3

Check your answers.
5+1

4 = 3
5−3 →

6
4 = 3

2 and
−3+1

4 = 3
−3−3 →

−2
4 = 3

−6

3. x2

2x−5 = x+8
2

Cross-multiply and solve.

x2

2x−5
=

x+8
2

2x2 +11x−40 = 2x2

11x−40 = 0

11x = 40

x =
40
11

Check the answer: ( 40
11)

2

80
11−5

=
40
11+8

2 → 1600
121 ÷

25
11 = 128

11 ÷2→ 64
11 = 128

22

Examples

Example 1

Earlier, you were asked to find the value of x.

We need to set up a rational equation and solve for x.
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1
x = 2x−21

x2

Now cross-multiply.

x2 = x(2x−21)

x2 = 2x2−21x

0 = x2−21x

0 = x(x−21)

x = 0,21

However, x is a ratio so it must be greater than 0. Therefore x equals 21 and the model is in the ratio 1:21 to the real
racecar.

Solve the following rational equations.

Example 2

−x
x−1 = x−8

3

−x
x−1

=
x−8

3
x2−9x+8 =−3x

x2−6x+8 = 0

(x−4)(x−2) = 0

x = 4 and 2

Check : x = 4→ −4
4−1

=
4−8

3
x = 2→ −2

2−1
=

2−8
3

−4
3

=
−4
3

−2
1

=
−6
3

Example 3

x2−1
x+2 = 2x−1

2

x2−1
x+2

=
2x−1

2
2x2 +3x−2 = 2x2−2

3x = 0

x = 0

Check :
02−1
0+2

=
2(0)−1

2
−1
2

=
−1
2
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Example 4

9−x
x2 = 4

3x

9− x
x2 =

4
−3x

4x2 =−27x+3x2

x2 +27x = 0

x(x+27) = 0

x = 0 and −27

Check : x = 0→ 9−0
02 =

4
−3(0)

x =−27→ 9+27

(−27)2 =
4

−3(−27)

und = und
36
729

=
4

81
4
81

=
4
81

x = 0 is not actually a solution because it is a vertical asymptote for each rational expression, if graphed. Because
zero is not part of the domain, it cannot be a solution, and is extraneous.

Review

1. Is x =−2 a solution to x−1
x−4 = x2−1

x+4 ?

Solve the following rational equations.

2. 2x
x+3 = 8

x
3. 4

x+1 = x+2
3

4. x2

x+2 = x+3
2

5. 3x
2x−1 = 2x+1

x
6. x+2

x−3 = x
3x−2

7. x+3
−3 = 2x+6

x−3
8. 2x+5

x−1 = 2
x−4

9. 6x−1
4x2 = 3

2x+5

10. 5x2+1
10 = x3−8

2x

11. x2−4
x+4 = 2x−1

3

Determine the values of a that make each statement true. If there no values, write none.

12. 1
x−a = x

x+a , such that there is no solution.
13. 1

x−a = x
x−a , such that there is no solution.

14. x−a
x = 1

x+a , such that there is one solution.
15. 1

x+a = x
x−a , such that there are two integer solutions.
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.14.
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5.15 Solving Rational Equations using the LCD

Learning Objectives

Here you’ll use the LCD of the expressions in a rational equation in order to solve for x.

A right triangle has leg lengths of 1
2 and 1

x units. Its hypotenuse is 2 units. What is the value of x?

Solving Rational Equations

In addition to using cross-multiplication to solve a rational equation, we can also use the LCD of all the rational
expressions within the equation and eliminate the fraction. To demonstrate, we will walk through a few problems.

Let’s solve the following rational equations.

1. 5
2 +

1
x = 3

The LCD for 2 and x is 2x. Multiply each term by 2x, so that the denominators are eliminated. We will put the 2x
over 1, when multiplying it by the fractions, so that it is easier to line up and cross-cancel.

5
2
+

1
x
= 3

�2x
1
· 5
�2
+

2�x
1
· 1
�x
= 2x ·3

5x+2 = 6x

2 = x

Checking the answer, we have 5
2 +

1
2 = 3→ 6

2 = 3

2. 5x
x−2 = 7+ 10

x−2

Because the denominators are the same, we need to multiply all three terms by x−2.

5x
x−2

= 7+
10

x−2

���
�(x−2) · 5x
���x−2

= (x−2) ·7+����(x−2) · 10
���x−2

5x = 7x−14+10

−2x =−4

x = 2

Checking our answer, we have: 5·2
2−2 = 7+ 10

2−2 →
10
0 = 7+ 10

0 . Because the solution is the vertical asymptote of two
of the expressions, x = 2 is an extraneous solution. Therefore, there is no solution to this problem.

3. 3
x +

4
5 = 6

x−2
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Determine the LCD for 5, x, and x−2. It would be the three numbers multiplied together: 5x(x−2). Multiply each
term by the LCD.

3
x
+

4
5
=

6
x−2

5�x(x−2)
1

· 3
�x
+
�5x(x−2)

1
· 4
�5
=

5x����(x−2)
1

· 6
���x−2

15(x−2)+4x(x−2) = 30x

Multiplying each term by the entire LCD cancels out each denominator, so that we have an equation that we have
learned how to solve in previous concepts. Distribute the 15 and 4x, combine like terms and solve.

15x−30+4x2−8x = 30x

4x2−23x−30 = 0

This polynomial is not factorable. Let’s use the Quadratic Formula to find the solutions.

x =
23±

√
(−23)2−4 ·4 · (−30)

2·4 = 23±
√

1009
8

Approximately, the solutions are 23+
√

1009
8 ≈ 6.85 and 23−

√
1009

8 ≈−1.096. It is harder to check these solutions.
The easiest thing to do is to graph 3

x +
4
5 in Y 1 and 6

x−2 in Y 2 (using your graphing calculator).

The x-values of the points of intersection (purple points in the graph) are approximately the same as the solutions
we found.
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Examples

Example 1

Earlier, you were asked to find the value of x.

We need to use the Pythagorean Theorem to solve for x.

(
1
2
)2 +(

1
x
)2 = 22

1
4
+

1
x2 = 4

�4x2

1
· 1
�4
+

4��x2

1
· 1

��x2
= 4 ·4x2

x2 +4 = 16x2

4 = 15x2

4
15

= x2

x =
2
√

15
15

Solve the following equations.

Example 2

2x
x−3 = 2+ 3x

x2−9

The LCD is x2−9. Multiply each term by its factored form to cross-cancel.

2x
x−3

= 2+
3x

x2−9
���

�(x−3)(x+3)
1

· 2x
���x−3

= (x−3)(x+3)·2+((
((((

(
(x−3)(x+3)

1
· 3x
���x2−9

2x(x+3) = 2(x2−9)+3x

2x2 +6x = 2x2−18+3x

3x =−18

x =−6

Checking our answer, we have: 2(−6)
−6−3 = 2+ 3(−6)

(−6)2−9
→ −12

−9 = 2+ −18
27 →

4
3 = 2− 2

3

Example 3

4
x−3 +5 = 9

x+2

The LCD is (x−3)(x+2). Multiply each term by the LCD.
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4
x−3

+5 =
9

x+2

��
��(x−3)(x+2) · 4

���x−3
+(x−3)(x+2) ·5 = (x−3)����(x+2) · 9

���x+2
4(x+2)+5(x−3)(x+2) = 9(x−3)

4x+8+5x2−5x−30 = 9x−27

5x2−10x+5 = 0

5(x2−2x+1) = 0

This polynomial factors to be 5(x− 1)(x− 1) = 0, so x = 1 is a repeated solution. Checking our answer, we have
4

1−3 +5 = 9
1+2 →−2+5 = 3

Example 4

3
x2+4x+4 +

1
x+2 = 2

x2−4

The LCD is (x+2)(x+2)(x−2).

3
x2 +4x+4

+
1

x+2
=

2
x2−4

((((
((((x+2)(x+2)(x−2) · 3

((((
((((x+2)(x+2)

+���
�(x+2)(x+2)(x−2) · 1

���x+2
= (x+2)((((

((((x+2)(x−2) · 2

((((
((((x−2)(x+2)

3(x−2)+(x−2)(x+2) = 2(x+2)

3x−6+ x2−4 = 2x+4

x2 + x−14 = 0

This quadratic is not factorable, so we need to use the Quadratic Formula to solve for x.

x =
−1±

√
1−4(−14)

2 = −1±
√

57
2 ≈ 3.27 and −4.27

Using your graphing calculator, you can check the answer. The x-values of points of intersection of y= 3
x2+4x+4 +

1
x+2

and y = 2
x2−4 are the same as the values above.

Review

Determine if the following values for x are solutions for the given equations.

1. 4
x−3 +2 = 3

x+4 , x =−1
2. 2x−1

x−5 −3 = x+6
2x , x = 6

What is the LCD for each set of numbers?

3. 4− x, x2−16
4. 2x, 6x−12, x2−9
5. x−3, x2− x−6, x2−4

332

http://www.ck12.org


www.ck12.org Chapter 5. Rational Functions

Solve the following equations.

6. 6
x+2 +1 = 5

x
7. 5

3x −
2

x+1 = 4
x

8. 12
x2−9 = 8x

x−3 −
2

x+3
9. 6x

x2−1 +
2

x+1 = 3x
x−1

10. 5x−3
4x −

x+1
x+2 = 1

x2+2x
11. 4x

x2+6x+9 −
2

x+3 = 3
x2−9

12. x2

x2−8x+16 = x
x−4 +

3x
x2−16

13. 5x
2x−3 +

x+1
x = 6x2+x+12

2x2−3x
14. 3x

x2+2x−8 = x+1
x2+4x +

2x+1
x2−2x

15. x+1
x2+7x +

x+2
x2−3x =

x
x2+4x−21

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 9.15.

Summary

This chapter covers variation, graphing rational functions, simplifying, multiplying, dividing, adding and subtracting
rational expressions, and solving rational equations.
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CHAPTER 6 Trigonometric Ratios
Chapter Outline

6.1 PYTHAGOREAN THEOREM AND ITS CONVERSE

6.2 SINE, COSINE, TANGENT

6.3 INVERSE TRIG FUNCTIONS AND SOLVING RIGHT TRIANGLES

6.4 APPLICATION PROBLEMS

6.5 INTRODUCTION TO ANGLES OF ROTATION, COTERMINAL ANGLES, AND REF-
ERENCE ANGLES

6.6 INTRODUCTION TO THE UNIT CIRCLE AND RADIAN MEASURE

6.7 TRIGONOMETRIC RATIOS ON THE UNIT CIRCLE

6.8 RECIPROCAL TRIGONOMETRIC FUNCTIONS

6.9 INVERSE TRIGONOMETRIC FUNCTIONS

6.10 TRIGONOMETRIC RATIOS OF POINTS ON THE TERMINAL SIDE OF AN ANGLE

6.11 USING R AND THETA TO FIND A POINT IN THE COORDINATE PLANE

6.12 LAW OF SINES WITH AAS AND ASA

6.13 THE AMBIGUOUS CASE-SSA

6.14 AREA OF A TRIANGLE

6.15 USING THE LAW OF COSINES WITH SAS (TO FIND THE THIRD SIDE)

6.16 USING THE LAW OF COSINES WITH SSS (TO FIND AN ANGLE)

6.17 HERON’S FORMULA FOR THE AREA OF A TRIANGLE AND PROBLEM SOLVING

WITH TRIGONOMETRY

Introduction

This chapter explores trigonometric ratios in the context of problem solving in right triangles, non-right triangles
and the unit circle. Radian measure and connections to area of triangles are also explored.
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6.1 Pythagorean Theorem and its Converse

Learning Objectives

Here you’ll discover, prove and apply the Pythagorean Theorem to solve for unknown sides in right triangles and
prove triangles are right triangles.

Mr. Aubel wants to rope off half of his rectangular garden plot to keep the deer out. He will run the rope around
the outside of the garden and diagonally down the center to form a right triangle. The garden measures 5 yards by 8
yards. How many full yards of rope does Mr. Aubel need?

Pythagorean Theorem and Its Inverse

The Pythagorean Theorem refers to the relationship between the lengths of the three sides in a right triangle. It states
that if a and b are the legs of the right triangle and c is the hypotenuse, then a2 +b2 = c2. For example, the lengths
3, 4, and 5 are the sides of a right triangle because 32 + 42 = 52(9+ 16 = 25). Keep in mind that c is always the
longest side.

The converse of this statement is also true. If, in a triangle, c is the length of the longest side and the shorter sides
have lengths a and b, and a2 +b2 = c2, then the triangle is a right triangle.

Proof of Pythagorean Theorem

There are many proofs of the Pythagorean Theorem and here is one of them. We will be using the concept that the
area of a figure is equal to the sum of the areas of the smaller figures contained within it and algebra to derive the
Pythagorean Theorem.

Using the figure below (a square with a smaller square inside), first write two equations for its area, one using the
lengths of the sides of the outer square and one using the sum of the areas of the smaller square and the four triangles.
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Area 1: (a+b)2 = a2 +2ab+b2

Area 2: c2 +4
(1

2 ab
)
= c2 +2ab

Now, equate the two areas and simplify:

a2 +2ab+b2 = c2 +2ab

a2 +b2 = c2

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/182857

In a right triangle a = 7 and c = 25, let’s find the length of the third side.

We can start by substituting what we know into the Pythagorean Theorem and then solve for the unknown side, b:

72 +b2 = 252

49+b2 = 625

b2 = 576

b = 24

Now, let’s find the length of the third side of the triangle below and leave our answer in reduced radical form.
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Since we are given the lengths of the two legs, we can plug them into the Pythagorean Theorem and find the length
of the hypotenuse.

82 +122 = c2

64+144 = c2

c2 = 208

c =
√

208 =
√

16 ·13 = 4
√

13

Finally, let’s determine whether a triangle with lengths 21, 28, 35 is a right triangle.

We need to see if these values will satisfy a2 +b2 = c2. If they do, then a right triangle is formed. So,

212 +282 = 441+784 = 1225

352 = 1225

Yes, the Pythagorean Theorem is satisfied by these lengths and a right triangle is formed by the lengths 21, 28 and
35.

Examples

Example 1

Earlier, you were asked to find how many yards of rope Mr. Aubel needs.

We are looking for the perimeter of the triangle. We are given the lengths of the sides so we need to find the
hypotenuse.

Let’s use the Pythagorean Theorem.

52 +82 = c2

25+64 = c2

89 = c2

c =
√

89

Now to find the perimeter of the triangle, add the lengths of the three sides.

337

http://www.ck12.org


6.1. Pythagorean Theorem and its Converse www.ck12.org

5+8+
√

89 = 22.43

Therefore, Mr. Aubel will need 23 yards of rope.

For the given two sides, determine the length of the third side if the triangle is a right triangle.

Example 2

a = 10 and b = 5√
102 +52 =

√
100+25 =

√
125 = 5

√
5

Example 3

a = 5 and c = 13√
132−52 =

√
169−25 =

√
144 = 12

Use the Pythagorean Theorem to determine if a right triangle is formed by the given lengths.

Example 4

16, 30, 34

162 +302 = 256+900 = 1156

342 = 1156

Yes, this is a right triangle.

Example 5

9, 40, 42

92 +402 = 81+1600 = 1681

422 = 1764

No, this is not a right triangle.

Example 6

2, 2, 4

This one is tricky, in a triangle the lengths of any two sides must have a sum greater than the length of the third side.
These lengths do not meet that requirement so not only do they not form a right triangle, they do not make a triangle
at all.

Review

Find the unknown side length for each right triangle below.
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1.

2.

3.
4. a = 6,b = 8
5. b = 6,c = 14
6. a = 12,c = 18

Determine whether the following triangles are right triangles.

7.

8.

9.

Do the lengths below form a right triangle? Remember to make sure that they form a triangle.
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10. 3, 4, 5
11. 6, 6, 11
12. 11, 13, 17

Major General James A. Garfield (and former President of the U.S.) is credited with deriving this proof of the
Pythagorean Theorem using a trapezoid. Follow the steps to recreate his proof.

13. Find the area of the trapezoid using the trapezoid area formula: A = 1
2(b1 +b2)h

14. Find the sum of the areas of the three right triangles in the diagram.
15. The areas found in the previous two problems should be the same value. Set the expressions equal to each

other and simplify to get the Pythagorean Theorem.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.1.
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6.2 Sine, Cosine, Tangent

Learning Objectives

Here you’ll define and apply the trigonometric ratios sine, cosine and tangent to solve for the lengths of unknown
sides in right triangles.

An isoceles right triangle has leg lengths of 4 units each. What is the sine of each of the triangle’s acute angles?

Sine, Cosine and Tangent

The trigonometric ratios sine, cosine and tangent refer to the known ratios between particular sides in a right triangle
based on an acute angle measure.

In this right triangle, side c is the hypotenuse.

If we consider the angle B, then we can describe each of the legs by its position relative to angle B: side a is adjacent
to B; side b is opposite B

If we consider the angle A, then we can describe each of the legs by its position relative to angle A: side b is adjacent
to A; side a is opposite A

Now we can define the trigonometry ratios as follows:

Sine is
opposite

hypotenuse
Cosine is

ad jacent
hypotenuse

Tangent is
opposite
ad jacent

A shorthand way to remember these ratios is to take the letters in red above and write the phrase:

SOH CAH TOA

Now we can find the trigonometric ratios for each of the acute angles in the triangle above.
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sinA =
a
c

sinB =
b
c

cosA =
b
c

cosB =
a
c

tanA =
a
b

tanB =
b
a

It is important to understand that given a particular (acute) angle measure in a right triangle, these ratios are constant
no matter how big or small the triangle. For example, if the measure of the angle is 25◦, then sin25◦ ≈ 0.4226 and
ratio of the opposite side to the hypotenuse is always 0.4226 no matter how big or small the triangle.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/182859

Let’s find the trig ratios for the acute angles R and P in ∆PQR.

From angle R, O = 8; A = 15; and H = 17. Now the trig ratios are:

sinR =
8

17
; cosR =

15
17

; tanR =
8

15

From angle P, O = 15; A = 8; and H = 17. Now the trig ratios are:

sinP =
15
17

; cosP =
8

17
; tanP =

15
8

Do you notice any patterns or similarities between the trigonometric ratios? The opposite and adjacent sides are
switched and the hypotenuse is the same. Notice how this switch affects the ratios:
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sinR = cosP cosR = sinP tanR =
1

tanP

Now, let’s use trigonometric ratios to find x and y.

First identify or label the sides with respect to the given acute angle. So, x is opposite, y is hypotenuse (note that
it is the hypotenuse because it is the side opposite the right angle, it may be adjacent to the given angle but the
hypotenuse cannot be the adjacent side) and 6 is the adjacent side.

To find x, we must use the given length of 6 in our ratio too. So we are using opposite and adjacent. Since tangent is
the ratio of opposite over adjacent we get:

tan35◦ =
x
6

x = 6tan35◦ multiply both sides by 6

x≈ 4.20 Use the calculator to evaluate-type in 6TAN(35) ENTER

NOTE: make sure that your calculator is in DEGREE mode. To check, press the MODE button and verify that
DEGREE is highlighted (as opposed to RADIAN). If it is not, use the arrow buttons to go to DEGREE and press
ENTER. The default mode is radian, so if your calculator is reset or the memory is cleared it will go back to radian
mode until you change it.

To find y using trig ratios and the given length of 6, we have adjacent and hypotenuse so we’ll use cosine:

cos35◦ =
6
y

cos35◦

1
=

6
y

set up a proportion to solve for y

6 = ycos35◦ cross multiply

y =
6

cos35◦
divide bycos35◦

y = 7.32 Use the calculator to evaluate-type in 6/TAN(35) ENTER

Alternatively, we could find y using the value we found for x and the Pythagorean theorem:

4.202 +62 = y2

53.64 = y2

y≈ 7.32
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The downside of this method is that if we miscalculated our x value, we will double down on our mistake and
guarantee an incorrect y value. In general you will help avoid this kind of mistake if you use the given information
whenever possible.

Finally, given ∆ABC, with m6 A = 90◦,m 6 C = 20◦ and c = 9, let’s find a and b.

Visual learners may find it particularly useful to make a sketch of this triangle and label it with the given information:

To find a (the hypotenuse) we can use the opposite side and the sine ratio: sin20◦ = 9
a , solving as we did in the

previous problem, we get a = 9
sin20◦ ≈ 26.31. To find b (the adjacent side) we can use the opposite side and the

tangent ratio: tan20◦ = 9
b , solving for b we get b = 9

tan20◦ ≈ 24.73.

Examples

Example 1

Earlier, you were asked to find the sine of each of the triangle’s acute angles.

If you draw the triangle described in this problem, you will see that the sine opposite
hypotenuse of each of the acute angles in

the same. It is 4
hypotenuse . So we need to find the hypotenuse.

Let’s use the Pythagorean Theorem.

42 +42 = c2

16+16 = c2

32 = c2

c = 4
√

2

Therefore, the sine of both of the acute angles is 4

4
√

2
or
√

2
2 .

Example 2

Use trig ratios to find x and y:
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For x:

cos62◦ =
5
x

x =
5

cos62◦
≈ 10.65

For y:

tan62◦ =
y
5

y = 5tan62◦ ≈ 9.40

Example 3

Given ∆ABC with m 6 B = 90◦,m6 A = 43◦ and a = 7, find b and c.

For b:

sin43◦ =
7
b

b =
7

sin43◦
≈ 10.26

For c:

tan43◦ =
7
c

c =
7

tan43◦
≈ 7.51

Example 4

The base of a playground slide is 6 ft from the base of the platform and the slide makes a 60◦ angle with the ground.
To the nearest tenth of a foot, how high is the platform at the top of the slide?

tan60◦ =
h
6

h = 6tan60◦ ≈ 10.39

So the height of the platform is 10.4 ft.
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Review

Use you calculator to find the following trigonometric ratios. Give answers to four decimal places.

1. sin35◦

2. tan72◦

3. cos48◦

4. tan45◦

5. sin30◦

6. cos88◦

7. Write the three trigonometric ratios of each of the acute angles in the triangle below.

Use trigonometric ratios to find the unknown side lengths in the triangles below. Round your answers to the nearest
hundredth.

8.

9.
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10.

For problems 11-13 use the given information about ∆ABC with right angle B to find the unknown side lengths.
Round your answer to the nearest hundredth.

11. a = 12 and m6 A = 43◦

12. m6 C = 75◦ and b = 24
13. c = 7 and m6 A = 65◦

14. A ramp needs to have an angle of elevation no greater than 10 degrees. If the door is 3 ft above the sidewalk
level, what is the minimum possible ramp length to the nearest tenth of a foot?

15. A ship, Sea Dancer, is 10 km due East of a lighthouse. A second ship, Nelly, is due north of the lighthouse. A
spotter on the Sea Dancer measures the angle between the Nelly and the lighthouse to be 38◦. How far apart
are the two ships to the nearest tenth of a kilometer?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.2.
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6.3 Inverse Trig Functions and Solving Right
Triangles

Learning Objectives

Here you’ll use the inverse trigonometric functions to find the measure of unknown acute angles in right triangles
and solve right triangles.

A right triangle has legs that measure 2 units and 2
√

3 units. What are the measures of the triangle’s acute angles?

Inverse of Trigonometric Functions

We have used the trigonometric functions sine, cosine and tangent to find the ratio of particular sides in a right
triangle given an angle. In this concept we will use the inverses of these functions, sin−1, cos−1 and tan−1, to
find the angle measure when the ratio of the side lengths is known. When we type sin30◦ into our calculator, the
calculator goes to a table and finds the trig ratio associated with 30◦, which is 1

2 . When we use an inverse function
we tell the calculator to look up the ratio and give us the angle measure. For example: sin−1 (1

2

)
= 30◦. On your

calculator you would press 2NDSIN to get SIN−1( and then type in 1
2 , close the parenthesis and press ENTER. Your

calculator screen should read SIN−1 (1
2

)
when you press ENTER.

Let’s find the measure of angle A associated with the following ratios and round answers to the nearest degree.

1. sinA = 0.8336
2. tanA = 1.3527
3. cosA = 0.2785

Using the calculator we get the following:

1. sin−1(0.8336)≈ 56◦

2. tan−1(1.3527)≈ 54◦

3. cos−1(0.2785)≈ 74◦

Now, let’s find the measures of the unknown angles in the triangle shown and round answers to the nearest degree.

We can solve for either x or y first. If we choose to solve for x first, the 23 is opposite and 31 is adjacent so we will
use the tangent ratio.
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x = tan−1
(

23
31

)
≈ 37◦.

Recall that in a right triangle, the acute angles are always complementary, so 90◦−37◦ = 53◦, so y = 53◦. We can
also use the side lengths an a trig ratio to solve for y:

y = tan−1
(

31
23

)
≈ 53◦.

Finally, let’s solve the right triangle shown below and round all answers to the nearest tenth.

We can solve for either angle A or angle B first. If we choose to solve for angle B first, then 8 is the hypotenuse and
5 is the opposite side length so we will use the sine ratio.

sinB =
5
8

m6 B = sin−1
(

5
8

)
≈ 38.7◦

Now we can find A two different ways.

Method 1: We can using trigonometry and the cosine ratio:

cosA =
5
8

m 6 A = cos−1
(

5
8

)
≈ 51.3◦

Method 2: We can subtract m6 B from 90◦: 90◦−38.7◦ = 51.3◦ since the acute angles in a right triangle are always
complimentary.

Either method is valid, but be careful with Method 2 because a miscalculation of angle B would make the measure
you get for angle A incorrect as well.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/182861
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Examples

Example 1

Earlier, you were asked to find the measures of the triangle’s acute angles.

First, let’s find the hypotenuse, then we can solve for either angle.

22 +(2
√

3)=c2

4+12 = c2

16 = c2

c = 4

One of the acute angles will have a sine of 2
4 = 1

2 .

sinA =
1
2

m6 A = sin−1 1
2
= 30◦

Now we can find B by subtracting m6 A from 90◦: 90◦− 30◦ = 60◦ since the acute angles in a right triangle are
always complimentary.

Example 2

Find the measure of angle A.

sinA = 0.2894

sin−1(0.2894)≈ 17◦

Example 3

Find the measure of angle A.

tanA = 2.1432

tan−1(2.1432)≈ 65◦

Example 4

Find the measure of angle A.

cosA = 0.8911

cos−1(0.8911)≈ 27◦
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Example 5

Find the measures of the unknown angles in the triangle shown. Round answers to the nearest degree.

x = cos−1
(

13
20

)
≈ 49◦; y = sin−1

(
13
20

)
≈ 41◦

Example 6

Solve the triangle. Round side lengths to the nearest tenth and angles to the nearest degree.

m6 A = cos−1
(

17
38

)
≈ 63◦; m6 B = sin−1

(
17
38

)
≈ 27◦; a =

√
382−172 ≈ 34.0

Review

Use your calculator to find the measure of angle B. Round answers to the nearest degree.

1. tanB = 0.9523
2. sinB = 0.8659
3. cosB = 0.1568
4. sinB = 0.2234
5. cosB = 0.4855
6. tanB = 0.3649
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Find the measures of the unknown acute angles. Round measures to the nearest degree.

7.

8.

9.

10.

11.
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12.

Solve the following right triangles. Round angle measures to the nearest degree and side lengths to the nearest tenth.

13.

14.

15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.3.
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6.4 Application Problems

Learning Objectives

Here you’ll use the Pythagorean Theorem and trigonometric ratios to solve the real world application problems.

A 40-foot-tall tree casts a shadow of 80 feet. What is the angle of elevation from the end of the shadow to the top of
the tree with respect to the ground?

Application Problems

When solving word problems, it is important to understand the terminology used to describe angles. In trigonometric
problems, the terms angle of elevation and angle of depression are commonly used. Both of these angles are always
measured from a horizontal line as shown in the diagrams below.

Let’s solve the following problems.

1. An airplane approaching an airport spots the runway at an angle of depression of 25◦. If the airplane is 15,000
ft above the ground, how far (ground distance) is the plane from the runway? Give your answer to the nearest
100 ft.

Make a diagram to illustrate the situation described and then use a trigonometric ratio to solve. Keep in mind that an
angle of depression is down from a horizontal line of sight-in this case a horizontal line from the pilot of the plane
parallel to the ground.

Note that the angle of depression and the alternate interior angle will be congruent, so the angle in the triangle is
also 25◦.

From the picture, we can see that we should use the tangent ratio to find the ground distance.

tan25◦ =
15000

d

d =
15000
tan25◦

≈ 32,200 f t
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2. Rachel spots a bird in a tree at an angle of elevation of 30◦. If Rachel is 20 ft from the base of the tree, how
high up in the tree is the bird? Give your answer to the nearest tenth of a foot.

Make a diagram to illustrate the situation. Keep in mind that there will be a right triangle and that the right angle is
formed by the ground and the trunk of the tree.

Here we can use the tangent ratio to solve for the height of the bird

tan30◦ =
h
20

h = 20tan30◦ ≈ 11.5 f t

3. A 12 ft ladder is leaning against a house and reaches 10 ft up the side of the house. To the nearest degree,
what angle does the ladder make with the ground?

In this problem, we will need to find an angle. By making a sketch of the triangle we can see which inverse
trigonometric ratio to use.

sinx◦ =
10
12

sin−1
(

10
12

)
≈ 56◦

MEDIA
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Examples

Example 1

Earlier, you were asked to find the angle of elevation from the end of the shadow to the top of the tree with respect
to the ground.

If you draw this situation, you will see that we are dealing with a right triangle. The side opposite the angle of
elevation is 40. The side adjacent to the angle is 80. Therefore, we can use the tangent to find the angle of elevation.

tanx◦ =
40
80

=
1
2

tan−1(
1
2
) =≈ 26.57◦

Example 2

A ramp makes a 20◦ angle with the ground. If door the ramp leads to is 2 ft above the ground, how long is the ramp?
Give your answer to the nearest tenth of a foot.

sin20◦ =
2
x

x =
2

sin20◦
≈ 5.8 f t

Example 3

Charlie lets out 90 ft of kite string. If the angle of elevation of the string is 70◦, approximately how high is the kite?
Give your answer to the nearest foot.

sin70◦ =
x

90
x = 90sin70◦ ≈ 85 f t

Example 4

A ship’s sonar spots a wreckage at an angle of depression of 32◦. If the depth of the ocean is about 250 ft, how far
is the wreckage (measured along the surface of the water) from the ship, to the nearest foot.

tan32◦ =
250

x

x =
250

tan32◦
≈ 400 f t

Review

Use the Pythagorean Theorem and/or trigonometry to solve the following word problems.
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1. A square has sides of length 8 inches. To the nearest tenth of an inch, what is the length of its diagonal?
2. Layne spots a sailboat from her fifth floor balcony, about 25 m above the beach, at an angle of depression of

3◦. To the nearest meter, how far out is the boat?
3. A zip line takes passengers on a 200 m ride from high up in the trees to a ground level platform. If the angle

of elevation of the zip line is 10◦, how high above ground is the tree top start platform? Give your answer to
the nearest meter.

4. The angle of depression from the top of an apartment building to the base of a fountain in a nearby park is
57◦. If the building is 150 ft tall, how far away, to the nearest foot, is the fountain?

5. A playground slide platform is 6 ft above ground. If the slide is 8 ft long and the end of the slide is 1 ft above
ground, what angle does the slide make with the ground? Give your answer to the nearest degree.

6. Benjamin spots a tree directly across the river from where he is standing. He then walks 27 ft upstream and
determines that the angle between his previous position and the tree on the other side of the river is 73◦. How
wide, to the nearest foot, is the river?

7. A rectangle has sides of length 6 in and 10 in. To the nearest degree, what angle does the diagonal make with
the longer side?

8. Tommy is flying his kite one afternoon and notices that he has let out the entire 130 ft of string. The angle his
string makes with the ground is 48◦. How high, to the nearest foot, is his kite at this time?

9. A tree struck by lightning in a storm breaks and falls over to form a triangle with the ground. The tip of the
tree makes a 18◦ angle with the ground 21 ft from the base of the tree. What was the height of the tree to the
nearest foot?

10. Upon descent an airplane is 19,000 ft above the ground. The air traffic control tower is 190 ft tall. It is
determined that the angle of elevation from the top of the tower to the plane is 15◦. To the nearest mile, find
the ground distance from the airplane to the tower.

11. Why will the sine and cosine ratios always be less than 1?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.4.
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6.5 Introduction to Angles of Rotation, Coter-
minal Angles, and Reference Angles

Learning Objectives

Here you’ll learn about the concept of an angle of rotation in the coordinate plane, identify coterminal and reference
angles, and find trigonometric ratios for any angle measure.

In which quadrant does the terminal side of the angle −500o lie and what is the reference angle for this angle?

Angles of Rotation

Angles of rotation are formed in the coordinate plane between the positive x-axis (initial side) and a ray (terminal
side). Positive angle measures represent a counterclockwise rotation while negative angles indicate a clockwise
rotation.

Since the x and y axes are perpendicular, each axis then represents an increment of ninety degrees of rotation. The
diagrams below show a variety of angles formed by rotating a ray through the quadrants of the coordinate plane.

An angle of rotation can be described infinitely many ways. It can be described by a positive or negative angle of
rotation or by making multiple full circle rotations through 360o. The example below illustrates this concept.
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For the angle 525o, an entire 360o rotation is made and then we keep going another 165o to 525o. Therefore, the
resulting angle is equivalent to 525

o - 360^o ,or 165^o .Inotherwords, theterminalsideisinthesamelocationastheterminalside f ora 165^o angle.I f wesubtract
360^o again,wegetanegativeangle, -195^o .Sincetheyallsharethesameterminalside, theyarecalledcoterminalangles.

Let’s determine two coterminal angles to 837

o ,onepositiveandonenegative.

To find coterminal angles we simply add or subtract 360

o multipletimestogettheangleswedesire. 837^o - 360^o = 477^o ,sowehaveapositivecoterminalangle.Nowwecansubtract
360^o againtoget 477^o - 360^o=117^o .

MEDIA
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Reference Angle

A reference angle is the acute angle between the terminal side of an angle and the x - axis. The diagram below
shows the reference angles for terminal sides of angles in each of the four quadrants.

Note: A reference angle is never determined by the angle between the terminal side and the y - axis. This is a
common error for students, especially when the terminal side appears to be closer to the y - axis than the x - axis.
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Now, let’s determine the quadrant in which −745

o liesandhencedeterminethere f erenceangle.

Since our angle is more than one rotation, we need to add 360

o untilwegetananglewhoseabsolutevalueislessthan 360^o : -745^o + 360^o = -385^o ,again -385^o + 360^o =
-25^o .

Now we can plot the angle and determine the reference angle:

Note that the reference angle is positive 25

o .Allre f erenceangleswillbepositiveastheyareacuteangles(between 0^o and 90^o ).

Finally, let’s give two coterminal angles to 595◦, one positive and one negative, and find the reference angle.

To find the coterminal angles we can add/subtract 360◦. In this case, our angle is greater than 360◦ so it makes sense
to subtract 360◦ to get a positive coterminal angle: 595◦−360◦ = 235◦. Now subtract again to get a negative angle:
235◦−360◦ =−125◦.
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By plotting any of these angles we can see that the terminal side lies in the third quadrant as shown.

Since the terminal side lies in the third quadrant, we need to find the angle between 180◦ and 235◦, so 235◦−180◦ =
55◦.

MEDIA
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Examples

Example 1

Earlier, you were asked to find the reference angle of −500

o and f indthequadrantinwhichtheterminalsidelies.

Since our angle is more than one rotation, we need to add 360

o untilwegetananglewhoseabsolutevalueislessthan 360^o : -500^o + 360^o = -200^o .

If we plot this angle we see that it is −200

o clockwise f romtheoriginor 160^o counterclockwise. 160^o liesinthesecondquadrant.

Now determine the reference angle: 180

o - 160^o = 20^o .

Example 2

Find two coterminal angles to 138

o ,onepositiveandonenegative.

138

o + 360^o = 498^o and 138^o - 360^o = -222^o
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Example 3

Find the reference angle for 895

o .

895

o - 360^o = 535^o, 535^o - 360^o = 175^o .T heterminalsideliesinthesecondquadrant,soweneedtodeterminetheanglebetween
175^o and 180^o ,whichis 5^o .

Example 4

Find the reference angle for 343

o .

343

o isinthe f ourthquadrantsoweneedto f indtheanglebetween 343^o and 360^o whichis 17^o .

Review

Find two coterminal angles to each angle measure, one positive and one negative.

1. −98
o 475^o

2.2. −210
o 47^o

3.3. −1022
o 354^o

4.4. −7
o

Determine the quadrant in which the terminal side lies and find the reference angle for each of the following angles.

8. 102
o -400^o

9.9. 1307
o -820^o

10.10. 304
o 251^o

11.11. −348
o Explainwhythere f erenceangle f orananglebetween 0^o and 90^o isequaltoitsel f .

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.5.
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6.6 Introduction to the Unit Circle and Radian
Measure

Learning Objectives

Here you’ll learn about the unit circle, radians, and how to convert between radians and degrees.

An oddly-shaped house in Asia is built at a 135◦ angle. How many radians is this angle equal to?

Unit Circle and Radian Measure

The unit circle is the circle centered at the origin with radius equal to one unit. This means that the distance from
the origin to any point on the circle is equal to one unit.

12.

Using the unit circle, we can define another unit of measure for angles, radians. Radian measure is based upon the
circumference of the unit circle. The circumference of the unit circle is 2π (2πr, where r = 1). So a full revolution,
or 360◦, is equal to 2π radians. Half a rotation, or 180◦ is equal to π radians.

One radian is equal to the measure of θ, the rotation required for the arc length intercepted by the angle to be equal
to the radius of the circle. In other words the arc length is 1 unit for θ = 1 radian.

We can use the equality, π = 180◦ to convert from degrees to radians and vice versa.

To convert from degrees to radians, multiply by π

180◦ .

To convert from radians to degrees, multiply by 180◦
π

.
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Let’s convert the following units of measure.

a. Convert 250◦ to radians.

To convert from degrees to radians, multiply by π

180◦ . So, 250π

180 = 25π

18 .

b. Convert 3π to degrees.

To convert from radians to degrees, multiply by 180◦
π

. So, 3π× 180◦
π

= 3×180◦ = 540◦.

Now, let’s find two angles, one positive and one negative, coterminal to 5π

3 and find its reference angle, in radians.

Since we are working in radians now we will add/subtract multiple of 2π instead of 360◦. Before we can add, we
must get a common denominator of 3 as shown below.

5π

3
+2π =

5π

3
+

6π

3
=

11π

3
and

5π

3
−2π =

5π

3
− 6π

3
=−π

3

Now, to find the reference angle, first determine in which quadrant 5π

3 lies. If we think of the measures of the angles
on the axes in terms of π and more specifically, in terms of π

3 , this task becomes a little easier.

Consider π is equal to 3π

3 and 2π is equal to 6π

3 as shown in the diagram. Now we can see that the terminal side of
5π

3 lies in the fourth quadrant and thus the reference angle will be:

6π

3
− 5π

3
=

π

3
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Finally, let’s find two angles coterminal to 7π

6 , one positive and one negative, and find its reference angle, in radians.

This time we will add multiples of 2π with a common denominator of 6, or 2π

1 ×
6
6 = 12π

6 . For the positive angle, we
add to get 7π

6 + 12π

6 = 19π

6 . For the negative angle, we subtract to get 7π

6 −
12π

6 = 5π

6 .

In this case π is equal to 6π

6 and 2π is equal to 12π

6 as shown in the diagram. Now we can see that the terminal side
of 7π

6 lies in the third quadrant and thus the reference angle will be:

7π

6
− 6π

6
=

π

6

Examples

Example 1

Earlier, you were asked to convert 135◦ to radians.

To convert from degrees to radians, multiply by π

180◦ . So, 135π

180 = 3π

4 .

Convert the following angle measures from degrees to radians.

Example 2

−45◦
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−45◦× π

180◦ =−
π

4

Example 3

120◦

120◦× π

180◦ =
2π

3

Example 4

330◦

330◦× π

180◦ =
11π

6

Convert the following angle measures from radians to degrees.

Example 5

5π

6

5π

6 ×
180◦

π
= 150◦

Example 6

13π

4
13π

4 ×
180◦

π
= 585◦

Example 7

−5π

2

−5π

2 ×
180◦

π
=−450◦

Example 8

Find two coterminal angles to 11π

4 , one positive and one negative, and its reference angle.

There are many possible coterminal angles, here are some possibilities:

positive coterminal angle: 11π

4 + 8π

4 = 19π

4 or 11π

4 −
8π

4 = 3π

4 ,

negative coterminal angle: 11π

4 −
16π

4 =−5π

4 or 11π

4 −
24π

4 =−13π

4

Using the coterminal angle, 3π

4 , which is π

4 from 4π

4 . So the terminal side lies in the second quadrant and the reference
angle is π

4 .

Review

For problems 1-5, convert the angle from degrees to radians. Leave answers in terms of π.

1. 135◦

2. 240◦
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3. −330◦

4. 450◦

5. −315◦

For problems 6-10, convert the angle measure from radians to degrees.

6. 7π

3
7. −13π

6
8. 9π

2
9. −3π

4
10. 5π

6

For problems 11-15, find two coterminal angles (one positive, one negative) and the reference angle for each angle
in radians.

11. 8π

3
12. 11π

4
13. −π

6
14. 4π

3
15. −17π

6

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.6.
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6.7 Trigonometric Ratios on the Unit Circle

Learning Objectives

Here you’ll learn how to determine exact value of trigonometric ratios for multiples of 0◦,30◦ and 45◦ (or 0, π

6 ,
π

4
radians).

What are the exact values of the following trigonometric functions?

a. cos495◦

b. tan 5π

3

Trigonometric Ratios on the Unit Circle

Recall special right triangles from Geometry. In a (30◦−60◦−90◦) triangle, the sides are in the ratio 1 :
√

3 : 2.

In an isosceles triangle (45◦−45◦−90◦), the congruent sides and the hypotenuse are in the ratio 1 : 1 :
√

2.

In a (30◦−60◦−90◦) triangle, the sides are in the ratio 1 :
√

3 : 2.

Now let’s make the hypotenuse equal to 1 in each of the triangles so we’ll be able to put them inside the unit circle.
Using the appropriate ratios, the new side lengths are:
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Using these triangles, we can evaluate sine, cosine and tangent for each of the angle measures.

sin45◦ =

√
2

2
sin60◦ =

√
3

2
sin30◦ =

1
2

cos45◦ =

√
2

2
cos60◦ =

1
2

cos30◦ =

√
3

2

tan45◦ = 1 tan60◦ =

√
3

2
1
2

=
√

3 tan30◦ =
1
2√
3

2

=

√
3

2

These triangles can now fit inside the unit circle.

Putting together the trigonometric ratios and the coordinates of the points on the circle, which represent the lengths of
the legs of the triangles, (∆x,∆y), we can see that each point is actually (cosθ,sinθ), where θ is the reference angle.

For example, sin60◦ =
√

3
2 is the y - coordinate of the point on the unit circle in the triangle with reference angle

60◦. By reflecting these triangles across the axes and finding the points on the axes, we can find the trigonometric
ratios of all multiples of 0◦,30◦ and 45◦ (or 0, π

6 ,
π

4 radians).
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Let’s solve the following problems using the unit circle.

1. Find sin 3π

2 .

Find 3π

2 on the unit circle and the corresponding point is (0,−1). Since each point on the unit circle is (cosθ,sinθ),sin 3π

2 =
−1.

2. Find tan 7π

6 .

This time we need to look at the ratio sinθ

cosθ
. We can use the unit circle to find sin 7π

6 =−1
2 and cos 7π

6 =−
√

3
2 . Now,

tan 7π

6 =
− 1

2

−
√

3
2

= 1√
3
=

√
3

3 .
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Quadrants in a Unit Circle

Another way to approach these exact value problems is to use the reference angles and the special right triangles.
The benefit of this method is that there is no need to memorize the entire unit circle. If you memorize the special
right triangles, can determine reference angles and know where the ratios are positive and negative you can put the
pieces together to get the ratios. Looking at the unit circle above, we see that all of the ratios are positive in Quadrant
I, sine is the only positive ratio in Quadrant II, tangent is the only positive ratio in Quadrant III and cosine is the only
positive ratio in Quadrant IV.

Keeping this diagram in mind will help you remember where cosine, sine and tangent are positive and negative. You
can also use the pneumonic device - All Students Take Calculus, or ASTC, to recall which is positive (all the others
would be negative) in which quadrant.

The coordinates on the vertices will help you determine the ratios for the multiples of 90◦ or π

2 .

Now, let’s find the exact values for the following trigonometric functions using the alternative method.

1. cos120◦

First, we need to determine in which quadrant the angles lies. Since 120◦ is between 90◦ and 180◦ it will lie in
Quadrant II. Next, find the reference angle. Since we are in QII, we will subtract from 180◦ to get 60◦. We can use
the reference angle to find the ratio, cos60◦ = 1

2 . Since we are in QII where only sine is positive, cos120◦ =−1
2 .

2. sin 5π

3

This time we will need to work in terms of radians but the process is the same. The angle 5π

3 lies in QIV and the

reference angle is π

3 . This means that our ratio will be negative. Since sin π

3 =

√
3

2 ,sin 5π

3 =−
√

3
2 .

3. tan 7π

2

The angle 7π

2 represents more than one entire revolution and it is equivalent to 2π+ 3π

2 . Since our angle is a multiple
of π

2 we are looking at an angle on an axis. In this case, the point is (0,−1). Because tanθ = sinθ

cosθ
, tan 7π

2 = −1
0 , which

is undefined. Thus, tan 7π

2 is undefined.

Examples

Example 1

Earlier, you were asked to find the exact values of the following trigonometric ratios.

371

http://www.ck12.org


6.7. Trigonometric Ratios on the Unit Circle www.ck12.org

a. cos495◦

First, we need to determine in which quadrant the angle lies. Since 495◦−360◦ = 135◦ is between 90◦ and 180◦ it
will lie in Quadrant II. Next, find the reference angle. Since we are in QII, we will subtract from 180◦ to get 45◦.

We can use the reference angle to find the ratio, cos45◦ =
√

2
2 . Since we are in QII where only sine is positive,

cos495◦ =−
√

2
2 .

b. tan 5π

3

In problem #2 above we established that the angle 5π

3 lies in QIV and the reference angle is π

3 . This means that the
tangent ratio will be negative. Since tan π

3 =
√

3, tan 5π

3 =−
√

3.

Find the exact trigonometric ratios. You may use either method.

Example 2

cos 7π

3
7π

3 has a reference angle of π

3 in QI. cos π

3 = 1
2 and since cosine is positive in QI, cos 7π

3 = 1
2 .

Example 3

tan 9π

2

9π

2 is coterminal to π

2 which has coordinates (0, 1). So tan 9π

2 =
sin 9π

2
cos 9π

2
= 1

0 which is undefined.

Example 4

sin405◦

405◦ has a reference angle of 45◦ in QI. sin45◦ =
√

2
2 and since sine is positive in QI, sin405◦ =

√
2

2 .

Example 5

tan 11π

6

11π

6 is coterminal to π

6 in QIV. tan π

6 =

√
3

3 and since tangent is negative in QIV, tan 11π

6 =−
√

3
3 .

Example 6

cos 2π

3
2π

3 is coterminal to π

3 in QII. cos π

3 = 1
2 and since cosine is negative in QII, cos 2π

3 = 1
2 .

Review

Find the exact values for the following trigonometric functions.

1. sin 3π

4
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2. cos 3π

2
3. tan300◦

4. sin150◦

5. cos 4π

3
6. tanπ

7. cos
(
−15π

4

)
8. sin225◦

9. tan 7π

6
10. sin315◦

11. cos450◦

12. sin
(
−7π

2

)
13. cos 17π

6
14. tan270◦

15. sin(−210◦)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.7.
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6.8 Reciprocal Trigonometric Functions

Learning Objectives

Here you’ll learn about the ratios of the reciprocal trigonometric ratios cosecant, secant and cotangent for angles that
are multiples of 0◦,30◦ and 45◦ (or 0, π

6 ,
π

4 radians) without a calculator and evaluate the reciprocal trigonometric
functions for all other angles using the calculator.

A ladder propped up against a house forms an angle of 30◦ with the ground. What is the secant of this angle?

Reciprocal Trigonometric Functions

Each of the trigonometric ratios has a reciprocal function associated with it as shown below.

The reciprocal of sine is cosecant: 1
sinθ

= cscθ, so cscθ = H
O (hypotenuse over opposite)

The reciprocal of cosine is secant: 1
cosθ

= secθ, so secθ = H
A (hypotenuse over adjacent)

The reciprocal of tangent is cotangent: 1
tanθ

= cotθ, so cotθ = A
O (adjacent over opposite)

Let’s use a calculator to evaluate sec 2π

5 .

First, be sure that your calculator is in radian mode. To check/change the mode, press the MODE button and make
sure RADIAN is highlighted. If it is not, use the arrow keys to move the cursor to RADIANS and press enter to
select RADIAN as the mode. Now we are ready to use the calculator to evaluate the reciprocal trig function. Since
the calculator does not have a button for secant, however, we must utilize the reciprocal relationship between cosine
and secant:

Since secθ =
1

cosθ
,sec

2π

5
=

1
cos 2π

5

= 3.2361.

Now, let’s use a calculator to evaluate cot100◦.

This time we will need to be in degree mode. After the mode has been changed we can use the reciprocal of
cotangent, which is tangent, to evaluate as shown:

Since cotθ =
1

tanθ
,cot100◦ =

1
tan100◦

≈−0.1763.

Finally, let’s find the exact value of csc 5π

3 without using a calculator and give our answer in exact form.

The reciprocal of cosecant is sine so we will first find sin 5π

3 Using either the unit circle or the alternative method,

we can determine that sin 5π

3 is −
√

3
2 using a 60◦ reference angle in the fourth quadrant. Now, find its reciprocal:

1

−
√

3
2

=− 2√
3
=−2

√
3

3 .
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Examples

Example 1

Earlier, you were asked to find the secant of the angle of the ladder propped up against the house.

The secant is the reciprocal of the cosine. So to find sec30◦, use the cosine.

cos30◦ =
√

3
2 .

Therefore, sec30◦ = 2√
3
= 2
√

3
3 .

Use your calculator to evaluate the following reciprocal trigonometric functions.

Example 2

csc 7π

8

csc 7π

8 = 1
sin 7π

8
= 2.6131

Example 3

cot85◦

cot85◦ = 1
tan85◦ = 0.0875

Evaluate the following without using a calculator. Give all answers in exact form.

Example 4

sec225◦

sec225◦ is the reciprocal of cot225◦, a 45◦ reference angle in quadrant three where cosine is negative. Because
cos45◦ = 1√

2
,cos225◦ =− 1√

2
, and sec225◦ =−

√
2.

Example 5

csc 5π

6

csc 5π

6 is the reciprocal of sin 5π

6 , a π

6 or 30◦ reference angle in the second quadrant where sine is positive. Because
sin π

6 = 1
2 ,sin 5π

6 = 1
2 , and csc 5π

6 = 2.
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Review

Use your calculator to evaluate the reciprocal trigonometric functions. Round your answers to four decimal places.

1. csc95◦

2. cot278◦

3. sec 14π

5
4. cot(−245◦)
5. sec 6π

7
6. csc 23π

13
7. cot333◦

8. csc 9π

5

Evaluate the following trigonometric functions without using a calculator. Give your answers exactly.

9. sec 5π

6
10. csc

(
−3π

2

)
11. cot225◦

12. sec 11π

3
13. csc 7π

6
14. sec270◦

15. cot 5π

3
16. csc315◦

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.8.
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6.9 Inverse Trigonometric Functions

Learning Objectives

Here you’ll learn about the angle(s) given the exact value trigonometric ratios for angles that are multiples of 0◦,30◦

and 45◦ (or 0, π

6 ,
π

4 radians).

Trig Riddle: I am an angle that measures between 0◦ and 360◦. My tangent is −
√

3. What angle am I?

Inverse of Trigonometric Functions

We have already learned how to find the measure of an acute angle in a right triangle using the inverse trigonometric
ratios on the calculator. Now we will extend this inverse concept to finding the possible angle measures given a
trigonometric ratio on the unit circle. We say possible, because there are an infinite number of possible angles with
the same ratios. Think of the unit circle. For which angles does sinθ = 1

2 ? From the special right triangles, we know
that the reference angle must be 30◦ or π

6 . But because sine is positive in the first and second quadrants, the angle
could also be 150◦ or 5π

6 . In fact, we could take either of these angles and add or subtract 360◦ or 2π to it any number
of times and still have a coterminal angle for which the sine ratio would remain 1

2 . For problems in this concept
we will specify a finite interval for the possible angles measures. In general, this interval will be 0 ≤ θ < 360◦ for
degree measures and 0≤ θ < 2π for radian measures.

Inverse Trigonometric Ratios on the Calculator

When you use the calculator to find an angle given a ratio, the calculator can only give one angle measure. The
answers for the respective functions will always be in the following quadrants based on the sign of the ratio.

TABLE 6.1:

Trigonometric Ratio Positive Ratios Negative Ratios
Sine 0≤ θ≤ 90 or 0≤ θ≤ π

2 −90≤ θ≤ 0 or −π

2 ≤ θ≤ 0
Cosine 0≤ θ≤ 90 or 0≤ θ≤ π

2 90 < θ≤ 180◦ or π

2 < θ≤ π

Tangent 0≤ θ≤ 90 or 0≤ θ≤ π

2 −90≤ θ < 0 or −π

2 ≤ θ < 0

MEDIA
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Let’s use a calculator to find all solutions on the interval 0≤ θ < 360◦ and round our answers to the nearest tenth.

1. cos−1(0.5437)
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Type in 2ndCOS, to get cos−1( on your calculator screen. Next, type in the ratio to get cos−1(0.5437) on the
calculator and press ENTER. The result is 57.1◦. This is an angle in the first quadrant and a reference angle. We
want to have all the possible angles on the interval 0 ≤ θ < 360◦. To find the second angle, we need to think about
where else cosine is positive. This is in the fourth quadrant. Since the reference angle is 57.1◦, we can find the angle
by subtracting 57.1◦ from 360◦ to get 302.9◦ as our second angle. So cos−1(0.5437) = 57.1◦,302.9◦.

2. tan−1(−3.1243)

Evaluate tan−1(−3.1243) on the calculator using the same process to get −72.3◦. This is a 72.3◦ reference angle in
the fourth quadrant. Since we want all possible answers on the interval 0≤ θ < 360◦, we need angles with reference
angles of 72.3◦ in the second and fourth quadrants where tangent is negative.

For all of these, we must first make sure the calculator is in degree mode.

2nd quadrant: 180◦−72.3◦ = 107.7◦ and 4th quadrant: 360◦−72.3◦ = 287.7◦

So, tan−1(−3.1243) = 107.7◦,287.7◦

3. csc−1(3.0156)

This time we have a reciprocal trigonometric function. Recall that sinθ = 1
cscθ

. In this case, cscθ = 3.0156 so
sinθ = 1

3.0156 and therefore csc−1(3.0156) = sin−1 ( 1
3.0156

)
= 19.4◦ from the calculator. Now, we need to find

our second possible angle measure. Since sine (and subsequently, cosecant) is positive in the second quadrant,
that is where our second answer lies. The reference angle is 19.4◦ so the angle is 180◦− 19.4◦ = 160.6◦. So,
csc−1(3.0156) = 19.4◦,160.6◦.

Now, let’s use a calculator to find θ, to two decimal places, where 0≤ θ < 2π.

For each of these, we will need to be in radian mode on the calculator.

1. secθ = 2.1647

Since cosθ = 1
secθ

,sec−1(2.1647) = cos−1
( 1

2.1647

)
= 1.09 radians. This is a first quadrant value and thus the

reference angle as well. Since cosine (and subsequently, secant) is also positive in the fourth quadrant, we can find
the second answer by subtracting from 2π: 2π−1.09 = 5.19.

Hence, sec−1(2.1647) = 1.09,5.19

2. sinθ =−1.0034

From the calculator, sin−1(−0.3487) = −0.36 radians, a fourth quadrant reference angle of 0.36 radians. Now we
can use this reference angle to find angles in the third and fourth quadrants within the interval given for θ.

3rd quadrant: π+0.36 = 3.50 and 4th quadrant: 2π−0.36 = 5.92

So, sin−1(−0.3487) = 3.50,5.92

3. cotθ =−1.5632

Here, tanθ = 1
cotθ

, so cot−1(−1.5632) = tan−1
(
− 1

1.5632

)
=−0.57, a fourth quadrant reference angle of 0.57 radians.

Since the ratio is negative and tangent and cotangent are both negative in the 2nd and 4th quadrants, those are the
angles we must find.

2nd quadrant: π−0.57 = 2.57 and 4th quadrant: 2π−0.57 = 5.71

So, cot−1(−1.5632) = 2.57,5.71

Finally, without using a calculator, let’s find θ, where 0≤ θ < 2π.
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1. sinθ =−
√

3
2

From the special right triangles, sine has the ratio
√

3
2 for the reference angle π

3 . Now we can use this reference
angle to find angles in the 3rd and 4th quadrant where sine is negative.

3rd quadrant: π+ π

3 = 4π

3 and 4th quadrant: 2π− π

3 = 5π

3

So, θ = 4π

3 , 5π

3 .

2. cosθ =

√
2

2

From the special right triangles, cosine has the ratio
√

2
2 for the reference angle π

4 . Since cosine is positive in the
first and fourth quadrants, one answer is π

4 and the second answer (4th quadrant) will be 2π− π

4 = 7π

4 . So, θ = π

4 ,
7π

4 .

3. tanθ =−
√

3
3

From the special right triangles, tangent has the ratio
√

3
3 for the reference angle π

6 . Since tangent is negative in the
second and fourth quadrants, we will subtract π

6 from π and 2π to find the angles.

π− π

6 = 5π

6 and 2π− π

6 = 11π

6 . So, θ = 5π

6 , 11π

6 .

4. cscθ =−2

First, consider that if cscθ =−2, then sinθ =−1
2 . Next, from special right triangles, we know that sine is 1

2 for a π

6
reference angle. Finally, find the angles with a reference angle of π

6 in the third and fourth quadrants where sine is
negative. π+ π

6 = 7π

6 and 2π− π

6 = 11π

6 . So, θ = 7π

6 , 11π

6 .

Examples

Example 1

Earlier, you were asked to find the angle whose tangent is −
√

3.

From the special right triangles, tangent has the ratio
√

3 for the reference angle 60◦. Since tangent is negative in
the second and fourth quadrants, we will subtract 60◦ from 180◦ and 360◦ to find the angles.

180◦−60◦ = 120◦ and 360◦−60◦ = 300◦. So, I am the angle that measures either 120◦ or 300◦.

Use your calculator to find all solutions on the interval 0≤ θ < 360◦. Round your answers to the nearest tenth.

Example 2

sin−1(0.7821)

51.5◦ and 180◦−51.5◦ = 128◦

Example 3

cot−1(−0.6813)

cot−1(−0.6813) = tan−1
(
− 1

0.6813

)
=−55.7◦,180◦−55.7◦ = 124.3◦ and 360◦−55.7◦ = 304.3◦
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Example 4

sec−1(4.0159)

sec−1(4.0159) = cos−1
( 1

4.0159

)
= 75.6◦ and 360◦−75.6◦ = 284.4◦

Use your calculator to find θ, to two decimal places, where 0≤ θ < 2π.

Example 5

cosθ =−0.9137

cos−1(−0.9137) = 2.72 and π+2.72 = 30.34

Example 6

tanθ = 5.0291

tan−1(5.0291) = 1.37 and π+1.37 = 4.51

Example 7

cscθ = 2.1088

csc−1(2.1088) = sin−1 ( 1
2.1088

)
= 0.49 and π−0.49 = 2.65

Without using a calculator, find θ, where 0≤ θ < 2π.

Example 8

cosθ =−
√

3
2

cos−1
(√

3
2

)
= π

6 , since the ratio is negative, θ = π− π

6 = 5π

6 and π+ π

6 = 7π

6

Example 9

cotθ =

√
3

3

cot−1
(√

3
3

)
= tan−1

√
3 = π

3 ,θ = π

3 , and π+ π

3 = 4π

3

Example 10

sinθ =−1

sin−1(−1) = 3π

2 ,θ = 3π

2

Review

For problems 1-6, use your calculator to find all solutions on the interval 0≤ θ < 360◦. Round your answers to the
nearest tenth.
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1. cos−1(−0.2182)
2. sec−1(10.8152)
3. tan−1(−20.2183)
4. sin−1(0.8785)
5. csc−1(−6.9187)
6. cot−1(0.8316)

For problems 7-12, use your calculator to find θ, to two decimal places, where 0≤ θ < 2π.

7. sinθ =−0.6153
8. cosθ = 0.1382
9. cotθ =−2.8135

10. secθ =−8.8775
11. tanθ = 0.9990
12. cscθ = 12.1385

For problems 13-18, find θ, without using a calculator, where 0≤ θ < 2π.

13. sinθ = 0
14. cosθ =−

√
2

2
15. tanθ =−1

16. secθ = 2
√

3
3

17. sinθ = 1
2

18. cotθ = undefined
19. cosθ =−1

2
20. cscθ =

√
2

21. tanθ =

√
3

3

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.9.
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6.10 Trigonometric Ratios of Points on the Ter-
minal Side of an Angle

Learning Objectives

Here you’ll determine the equivalent Polar coordinates for a point given as an ordered pair in Cartesian form. In
other words, determine to angle of rotation and radius (distance from the origin) of any point in the rectangular
coordinate plane.

Trig Riddle: I am the point (1,−3). What are my polar coordinates?

Trigonometric Ratios of Points

Any point in the coordinate plane can be represented by its angle of rotation and radius, or distance from the origin.
The point is said to lie on the terminal side of the angle. We can find the measure of the reference angle using right
triangle trigonometry. When the point is identified in this manner we call the coordinates Polar coordinates. They
are written as (r,θ), where r is the radius and θ is the angle of rotation. The angle of rotation can be given in degrees
or radians.

Let’s find the angle of rotation (in degrees) and radius (distance from the origin) of the point (−3,6).

First, make a sketch, plot the point and drop a perpendicular to the x-axis to make a right triangle.

From the sketch, we can see that tan−1
(
−6

3

)
= 63.4◦ is the reference angle so the angle of rotation is 180◦−63.4◦ =

116.6◦.

The radius or distance from the origin is the hypotenuse of the right triangle.

r2 = (−3)2 +(6)2

r2 = 45

r =
√

45 = 3
√

5

Using this information, we can write the point (−3,6) in Polar coordinate form as
(

3
√

5,116.6◦
)
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Now, let’s write the Cartesian coordinates, (3,−4), in Polar form and give the angle in degrees.

Again, start with a sketch.

We can find the reference angle again using tangent: tan−1
(−4

3

)
=−53.1◦. So the angle of rotation is 360◦−53.1◦=

306.9◦

Now find the radius:

r2 = 32 +(−4)2

r2 = 25

r =
√

25 = 5

The Polar coordinates are thus (5,306.9◦)

Note: You may have noticed that there is a pattern that gives us a short cut for finding the Polar coordinates for any
Cartesian coordinates, (x,y):

The reference angle can be found using, θ = tan−1
( y

x

)
and then the angle of rotation can be found by placing

the reference angle in the appropriate quadrant and giving a positive angle of rotation from the positive x - axis
(0◦ ≤ θ < 360◦ or 0≤ θ < 2π). The radius is always r =

√
x2 + y2 and should be given in reduced radical form.

Finally, given the point (−9,−5) on the terminal side of an angle, let’s find the Polar coordinates (in radians) of the
point and the six trigonometric ratios for the angle.

Make sure your calculator is in radian mode. Using the shortcut, we can find the Polar coordinates:

tan−1
(5

9

)
= 0.51. Since x and y are both negative, the point lies in the third quadrant which makes the angle of

rotation π+0.51 = 3.65. The radius will be r =
√

92 +52 =
√

106. The Polar coordinates are
(√

106,3.65
)

. As
for the six trigonometric ratios, a diagram will help us:
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We already know that tan3.65 = 5
9 , so cot3.65 = 9

5 .

Now we can use the hypotenuse,
√

106 to find the other ratios:

sin3.65 = −5√
106

=−5
√

106
106 and csc3.65 =−

√
106
5 .

cos3.65 = −9√
106

=−9
√

106
106 and sec3.65 =−

√
106
9

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/87206

Examples

Example 1

Earlier, you were asked to find the polar coordinates of the point (1,−3).

First, make a sketch, plot the point and drop a perpendicular to the x-axis to make a right triangle.

From the sketch, we can see that tan−1
(
−3

1

)
= 71.6◦ is the reference angle. The point (1,−3) is in the second

quadrant, so the angle of rotation is 180◦−71.6◦ = 108.4◦.

The radius or distance from the origin is the hypotenuse of the right triangle.

r2 = (1)2 +(−3)2

r2 = 10

r =
√

10

Therefore, my polar coordinates are
(√

10,108.4◦
)

.
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Example 2

Find the angle of rotation (in degrees) and radius (distance from the origin) of the point (7,24).

r =
√

72 +242 = 25, θ = tan−1
(24

7

)
≈ 73.7◦

Example 3

Write the Cartesian coordinates, (−8,−15), in Polar form(in radians) and find the six trigonometric ratios for the
angle.

r =
√
(−8)2 +(−15)2 = 17 and θ = tan−1

(−15
−8

)
≈ 1.08 so the polar coordinates are (17,1.08).

The six trigonometric ratios are:

sin1.08 =−15
17

csc1.08 =−17
15

cos1.08 =− 8
17

sec1.08 =− 8
15

tan1.08 =
15
8

cot1.08 =− 8
15

Example 4

Given the point (12,−4) on the terminal side of an angle, find the Polar coordinates (in degrees) of the point and the
six trigonometric ratios for the angle.

r =
√

122 +(−4)2 = 4
√

10 and θ = tan−1
(−4

12

)
≈ 341.6◦ so the polar coordinates are

(
4
√

10,341.6◦
)

.

The six trigonometric ratios are:

sin341.6◦ =−
√

10
10

csc341.6◦ =−
√

10

cos341.6◦ =
3
√

10
10

csc341.6◦ =

√
10
3

tan341.6◦ =−1
3

tan341.6◦ =−3

Review

Angle measures should be rounded to the dearest degree or hundredth of a radian or given exactly if possible. All
values of r should be given in reduced radical form.

Write the following Cartesian coordinate pairs in Polar form. Use degrees for problems 1 and 2 and radians for
problems 3-5.

1. (16,−30)
2. (5,5)
3. (−5,−12)
4. (−9,40)
5. (−4,8)

Given the points on the terminal side of an angle, find the Polar coordinates (in degrees) of the point and the six
trigonometric ratios for the angles.
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6. (−6,8)
7. (0,−15)
8. (10,−8)
9.
(

4
√

3,4
)

10. (−6,6)

Given the points on the terminal side of an angle, find the Polar coordinates (in radians) of the point and the six
trigonometric ratios for the angles.

11. (−9,0)
12. (13,−13)
13. (2,3)
14.

(
−7,−7

√
3
)

15. (−8,−4)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.10.
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6.11 Using r and theta to find a Point in the Coor-
dinate Plane

Learning Objectives

Here you’ll be given the radius and angle of rotation θ of a point in the coordinate plane (polar coordinates),
determine the Cartesian or rectangular coordinates of the point.

Trig Riddle: I am a point. My Polar coordinates are (2,330◦). What are my Cartesian coordinates?

Convert Polar Coordinates to Cartesian Coordinates

Let’s look at how to convert Polar coordinates to Cartesian coordinates. This is, essentially, the reverse of the process
used to convert Cartesian coordinates to Polar coordinates.

Given the point (6,120◦), let’s find the equivalent Cartesian coordinates.

First, consider the diagram below and the right triangle formed by a perpendicular segment to the x-axis and
hypotenuse equal to the radius. We can find the legs of the right triangle using right triangle trigonometry and
thus the x and y coordinates of the point.

From the diagram we can see that the reference angle is 60◦. Now we can use right triangle trigonometry to find x
and y. In this particular case, we can also use special right triangle ratios or the unit circle.

cos60◦ =
x
6

sin60◦ =
y
6

x = 6cos60◦ = 6
(

1
2

)
= 3 and y = 6cos60◦ = 6

( √
3

2

)
= 3
√

3

Since the point is in the second quadrant, the x value should be negative giving the Cartesian coordinates
(
−3,3

√
3
)

.
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Recall that every point on the unit circle was (cosθ,sinθ), where θ represented the angle of rotation from the
positive x axis and the radius (distance from the origin) was 1. In these problems, our radius varies as we are
no longer restricted to the unit circle. In the previous problem, observe that the coordinates (x,y) are essentially
(6cos60◦,6sin60◦) where 6 was the radius and 60◦ was the reference angle. We could have used the angle of
rotation, 120◦, and the only difference would be that the cosine ratio would be negative which would automatically
make the x coordinate negative. We can generalize this into a rule for converting from Polar coordinates to Cartesian
coordinates:

(r,θ) = (r cosθ,r sinθ)

Now, given the point, (10,−220◦), let’s find the Cartesian coordinates.

Using the rule with r = 10 and θ = 220◦ and the calculator:

(10cos(−220◦),10sin(−220◦)) = (−7.66,6.43)

Finally, given the point,
(
9, 11π

6

)
, let’s find the exact value of the Cartesian coordinates.

This time r = 9 and θ = 11π

6 . So,
(
9cos 11π

6 ,9sin 11π

6

)
=

(
9
(√

3
2

)
,9
(
−1

2

))
=

(
9
√

3
2 ,−9

2

)
.

First, draw a diagram. From this diagram we can see that the reference angle is 30◦. Now we can use right triangle
trigonometry to find x and y. In this particular case, we can also use special right triangle ratios or the unit circle.

cos30◦ =
x
2

sin30◦ =
y
2

x = 2cos30◦ = 2

( √
3

2

)
=
√

3 and y = 2sin30◦ = 2
(

1
2

)
= 1

Since the point is in the fourth quadrant, the y value should be negative giving the Cartesian coordinates
(√

3,−1
)

.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/87205

Examples

Example 1

Earlier, you were asked to find the Cartesian coordinates for a point whose Polar coordinates are (2,330◦).
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First draw a diagram. From the diagram we can see that the reference angle is 30◦. Now we can use right triangle
trigonometry to find x and y. In this particular case, we can also use special right triangle ratios or the unit circle.

cos30◦ =
x
2

sin30◦ =
y
2

x = 2cos30◦ = 2

( √
3

2

)
=
√

3 and y = 2cos30◦ = 2
(

1
2

)
= 1

Since the point is in the fourth quadrant, the y value should be negative giving the Cartesian coordinates
(√

3,−1
)

.

Example 2

Use your calculator to find the Cartesian coordinates equivalent to the Polar coordinates (11,157◦).

(11cos157◦,11sin157◦)≈ (−10.13,4.30)

Example 3

Find the exact value of the Cartesian coordinates equivalent to the Polar coordinates (8,45◦).

(8cos45◦,8sin45◦) =
(

8
(√

2
2

)
,8
(√

2
2

))
= (4

√
2,4
√

2)

Example 4

Find the exact value of the Cartesian coordinates equivalent to the Polar coordinates
(
5,−π

2

)
.(

5cos
(
−π

2

)
,5sin

(
−π

2

))
= (5(0),5(−1)) = (0,−5)

Review

Use your calculator to find the Cartesian coordinates equivalent to the following Polar coordinates. Give your
answers rounded to the nearest hundredth.

1. (13,38◦)
2. (25,−230◦)
3. (17,345◦)
4. (2,140◦)
5.
(
7, 2π

5

)
6. (9,2.98)
7. (3,−5.87)
8.
(
10, 13π

7

)
Find the exact value Cartesian coordinates equivalent to the following Polar coordinates.

9.
(
5, π

3

)
10.

(
6,−π

4

)
11.

(
12, 5π

6

)
12. (7,π)
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13. (11,2π)
14.

(
14, 4π

3

)
15.

(
27, 3π

4

)
16.

(
40,−5π

6

)
Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.11.
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6.12 Law of Sines with AAS and ASA

Learning Objectives

Here you’ll derive the Law of Sines proportion and use it to solve non right triangles in which two angles and one
side are given.

A triangle has two angles that measure 60◦ and 45◦. The length of the side between these two angles is 10. What
are the lengths of the other two sides?

Law of Sines

Consider the non right triangle below. We can construct an altitude from any one of the vertices to divide the triangle
into two right triangles as show below.

from the diagram we can write two trigonometric functions involving h:

sinC =
h
b

and sinB =
h
c

bsinC = h csinB = h

Since both are equal to h, we can set them equal to each other to get:

bsinC = csinB and finally divide both sides by bc to create the proportion:

sinC
c

=
sinB

b

If we construct the altitude from a different vertex, say B, we would get the proportion: sinA
a = sinC

c . Now, the
transitive property allows us to conclude that sinA

a = sinB
b . We can put them all together as the Law of Sines: sinA

a =
sinB

b = sinC
c . In the problems that follow, we will use the Law of Sines to solve triangles.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/87191

Let’s solve the following triangles using the Law of Sines.

1.

Since we are given two of the three angles in the triangle, we can find the third angle using the fact that the three
angles must add up to 180◦. So, m 6 A = 180◦−45◦−70◦ = 650◦. Now we can substitute the known values into the
Law of Sines proportion as shown:

sin65◦

a
=

sin70◦

15
=

sin45◦

c

Taking two ratios at a time we can solve the proportions to find a and c using cross multiplication.

To find a:

sin65◦

a
=

sin70◦

15

a =
15sin65◦

sin70◦
≈ 14.5

To find c:

sin70◦

15
=

sin45◦

c

c =
15sin45◦

sin70◦
≈ 11.3

This particular triangle is an example in which we are given two angles and the non-included side or AAS (also
SAA).

2.
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In this problem we are given two angles and a side as well but the side is between the angles. We refer to this
arrangement as ASA. In practice, in doesn’t really matter whether we are given AAS or ASA. We will follow the
same procedure as #1 above. First, find the third angle: m 6 A = 180◦−50◦−80◦ = 50◦.

Second, write out the appropriate proportions to solve for the unknown sides, a and b.

To find a:

sin80◦

a
=

sin50◦

20

a =
20sin80◦

sin50◦
≈ 25.7

To find b:

sin50◦

b
=

sin50◦

20

b =
20sin50◦

sin50◦
= 20

Notice that c = b and m6 C = m6 B. This illustrates a property of isosceles triangles that states that the base angles
(the angles opposite the congruent sides) are also congruent.

Now, let’s solve the following problem.

Three fishing ships in a fleet are out on the ocean. The Chester is 32 km from the Angela. An officer on the Chester
measures the angle between the Angela and the Beverly to be 25◦. An officer on the Beverly measures the angle
between the Angela and the Chester to be 100◦. How far apart, to the nearest kilometer are the Chester and the
Beverly?

First, draw a picture. Keep in mind that when we say that an officer on one of the ships is measuring an angle, the
angle she is measuring is at the vertex where her ship is located.

Now that we have a picture, we can determine the angle at the Angela and then use the Law of Sines to find the
distance between the Beverly and the Chester.

The angle at the Angela is 180◦−100◦−25◦ = 55◦.

Now find x,

sin55◦

x
=

sin100◦

32

x =
32sin55◦

sin100◦
≈ 27

The Beverly and the Chester are about 27 km apart.
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Examples

Example 1

Earlier, you were asked to find the lengths of the other two sides of a triangle that has two angles that measure 60◦ and
45◦ and a side between these two angles with length 10.

The measure of the triangle’s third angle is 180◦−60◦−45◦ = 75◦

sin45◦

x
=

sin75◦

10
, so x =

10sin45◦

sin75◦
≈ 7.29

sin60◦

y
=

sin75◦

10
, so y =

10sin60◦

sin75◦
≈ 8.93

Example 2

Solve the following triangle.

m6 A = 180◦−82◦−24◦ = 74◦

sin24◦

b
=

sin74◦

11
, so b =

11sin24◦

sin74◦
≈ 4.7

sin82◦

c
=

sin74◦

11
, so c =

11sin82◦

sin74◦
≈ 11.3

Example 3

Solve the following triangle.

m6 C = 180◦−110◦−38◦ = 32◦
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sin38◦

a
=

sin110◦

18
, so a =

18sin38◦

sin110◦
≈ 11.8

sin32◦

c
=

sin110◦

18
, so c =

18sin32◦

sin110◦
≈ 10.2

Example 4

A surveying team is measuring the distance between point A on one side of a river and point B on the far side of the
river. One surveyor is positioned at point A and the second surveyor is positioned at point C, 65 m up the riverbank
from point A. The surveyor at point A measures the angle between points B and C to be 103◦. The surveyor at point
C measures the angle between points A and B to be 42◦. Find the distance between points A and B.

m6 B = 180◦−103◦−42◦ = 35◦

sin35◦

65
=

sin42◦

c

c =
65sin42◦

sin35◦
≈ 75.8 m

Review

Solve the triangles. Round your answers to the nearest tenth.

1.

2.
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3.

4.

5.

6.
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Using the given information, solve ∆ABC.

7. .

m 6 A = 85◦

m6 C = 40◦

a = 12

8. .

m 6 B = 60◦

m6 C = 25◦

a = 28

9. .

m6 B = 42◦

m6 A = 36◦

b = 8

10. .

m 6 B = 30◦

m 6 A = 125◦

c = 45

Use the Law of Sines to solve the following world problems.

11. A surveyor is trying to find the distance across a ravine. He measures the angle between a spot on the far side
of the ravine, X , and a spot 200 ft away on his side of the ravine, Y , to be 100◦. He then walks to Y the angle
between X and his previous location to be 20◦. How wide is the ravine?

12. A triangular plot of land has angles 46◦ and 58◦. The side opposite the 46◦ angle is 35 m long. How much
fencing, to the nearest half meter, is required to enclose the entire plot of land?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.12.
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6.13 The Ambiguous Case-SSA

Learning Objectives

Here you’ll be given two sides and the non-included angle, identify triangles in which there could be two solutions
and find both if applicable.

A triangle has two sides of lengths 2 (a) and 5 (b). The non-included angle (B) of the triangle measures 45◦. What
are possible measures for the two other angles and the remaining side?

SSA

Recall that the sine ratios for an angle and its supplement will always be equal. In other words, sinθ = sin(180−θ).
In Geometry you learned that two triangles could not be proven congruent using SSA and you investigated cases in
which there could be two triangles. In the first problem below, we will explore how the Law of Sines can be used to
find two possible triangles when given two side lengths of a triangle and a non-included angle.

Given ∆ABC with m6 A = 30◦, a = 5, and b = 8, let’s solve for the other angle and side measures.

First, let’s make a diagram to show the relationship between the given sides and angles. Then we can set up a
proportion to solve for angle C:

sin30◦

5
=

sinC
8

sinC =
8sin30◦

5

C = sin−1
(

8sin30◦

5

)
≈ 53.1◦

From here we can find m6 A = 96.9◦, since the three angles must add up to 180◦. We can also find the third side
using another Law of Sines ratio:
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sin30◦

5
=

sin96.9◦

a

a =
5sin96.9◦

sin30◦
≈ 9.9

Putting these measures in the triangle, we get:

But, we know that sinθ = sin(180−θ) so when we solved for C we only got one of the two possible angles. The
other angle will be 180◦−53.1◦ = 126.9◦. Next we need to determine the measure of angle A for and the length of
the third side in this second possible triangle. The sum of the three angles must still be 180◦, so m6 A = 23.1◦. Now
set up a proportion to solve for the third side just as before:

sin30◦

5
=

sin23.1◦

a

a =
5sin23.1◦

sin30◦
≈ 3.9

The second triangle would look like this:

In this instance there were two possible triangles.

Now, given ∆ABC with m 6 B = 80◦, a = 5 and b = 7, let’s solve for the other angle and side measures.

Again we will start with a diagram and use the law of sines proportion to find a second angle measure in the triangle.

sin80◦

7
=

sinA
5

sinA =
5sin80◦

7

A = sin−1
(

5sin80◦

7

)
≈ 44.7◦
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Now find the third angle, 180◦−80◦−44.7◦ = 55.3◦ and solve for the third side:

sin80◦

7
=

sin55.3◦

c

c =
7sin55.3◦

sin80◦
≈ 5.8

Because we used the inverse sine function to determine the measure of angle A, the angle could be the supplement of
44.7◦ or 135.3◦ so we need to check for a second triangle. If we let m 6 A = 135.3◦ and then attempt to find the third
angle, we will find that the sum of the two angles we have is greater than 180◦ and thus no triangle can be formed.

m6 A+m 6 B+m 6 C = 180◦

135.3◦+80◦+m 6 C = 180◦

215.3◦+m 6 C > 180◦

This problem shows that two triangles are not always possible. Note that if the given angle is obtuse, there will only
be one possible triangle for this reason.

In both problems, we simply tested to see if there would be a second triangle. There are, however, guidelines to
follow to determine when a second triangle exists and when it does not. The “check and see” method always works
and therefore it is not necessary to memorize the following table. It is interesting, however, to see to pictures and
make the connection between the inequalities and what if any triangle can be formed.

First, consider when A is obtuse:

If a > b, then one triangle can be formed.

If a≤ b, then no triangle can be formed.

Now, consider the possible scenarios when A is acute.

If a > b, the one triangle can be formed.
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For the following cases, where a, keep in mind that we would be using the proportion:
sinA

a = sinB
b and that sinB = bsinA

a

If bsinA > a, no triangle can be formed because B > 1.

If bsinA = a, one right triangle can be formed because sinB = 1.

If bsinA (and a), two triangles can be formed because sinB < 1.

Finally, given ∆ABC with m 6 A = 42◦, b = 10 and a = 8, let’s use the rules to determine how many, if any, triangles
can be formed and then solve the possible triangle(s).

In this case, A is acute and a, so we need to look at the value of bsina. Since bsinA = 10sin42◦ ≈ 6.69 < a, there
will be two triangles. To solve for these triangles, use the Law of Sines extended proportion instead of making a
diagram. Plugging in what we know, we have:

sin42◦

8
=

sinB
b

=
sinC
10

Take the first and last ratios to solve a proportion to find the measure of angle A.

sinC
10

=
sin42◦

8

C = sin−1
(

10sin42◦

8

)
≈ 56.8◦

So, the m 6 C ≈ 56.8◦ or 123.2◦ and m 6 B≈ 81.2◦ or 14.8◦ respectively.
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Solve for the measure of side b in each triangle:

sin42◦

8
=

sin81.2◦

b
and

sin42◦

8
=

sin14.8◦

b

b =
8sin81.2◦

sin42◦
≈ 11.8 b =

8sin14.8◦

sin42◦
≈ 3.1

Putting it all together, we have:

Triangle 1: m6 A≈ 42◦,m 6 B≈ 81.2◦,m6 C = 56.8◦,a = 8,b≈ 11.8,c = 10

Triangle 2: m6 A≈ 42◦,m 6 B≈ 14.8◦,m6 C = 123.2◦,a = 8,b≈ 3.1,c = 10

Examples

Example 1

Earlier, you were asked to find the other two angles and the remaining side given that a triangle has two sides of
lengths 2 (a) and 5 (b) and the non-included angle (B) measures 45◦.

sin45◦

5
=

sinA
2

sinA =
2sin45◦

5

A = sin−1
(

2sin45◦

5

)
≈ 16.4◦

Now find the third angle, 180◦−45◦−16.4◦ = 118.6◦ and solve for the third side:

sin45◦

5
=

sin118.6◦

c

c =
5sin118.6◦

sin45◦
≈ 6.2

Use the given side lengths and angle measure to determine whether zero, one or two triangles exists.

Example 2

m6 A = 100◦,a = 3,b = 4.

Since A is obtused and a≤ b, no triangle can be formed.

Example 3

m6 A = 50◦,a = 8,b = 10.

Since A is acute, a and bsinA, two triangles can be formed.
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Example 4

m6 A = 72◦,a = 7,b = 6.

Since A is acute and a > b, there is one possible triangle.

Solve the following triangles.

Example 5

There will be two triangles in this case because A is acute, a and bsinA.

Using the extended proportion: sin25◦
6 = sinB

8 = sinC
c , we get:

m6 B≈ 34.3◦ or m6 B≈ 145.7◦

m6 C ≈ 120.7◦ m6 C ≈ 9.3◦

c≈ 12.2 c≈ 2.3

Example 6

Using the extended proportion: sin50◦
15 = sinB

14 = sinC
c , we get:

m6 B≈ 45.6◦

m 6 C ≈ 84.4◦

c≈ 19.5

Example 7

Given m6 A = 30◦, a = 80 and b = 150, find m6 C.

In this instance A is acute, a and bsinA so two triangles can be formed. So, once we find the two possible measures
of angle B, we will find the two possible measures of angle C. First find m6 B:
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sin30◦

80
=

sinB
150

sinB =
150sin30◦

80
B≈ 69.6◦,110.4◦

Now that we have B, use the triangle sum to find m6 C ≈ 80.4◦,39.9◦.

Review

For problems 1-5, use the rules to determine if there will be one, two or no possible triangle with the given
measurements.

1. m6 A = 65◦,a = 10,b = 11
2. m6 A = 25◦,a = 8,b = 15
3. m6 A = 100◦,a = 6,b = 4
4. m6 A = 75◦,a = 25,b = 30
5. m6 A = 48◦,a = 41,b = 50

Solve the following triangles, if possible. If there is a second possible triangle, solve it as well.

6.

7.
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8.

9.

10.

11.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.13.
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6.14 Area of a Triangle

Learning Objectives

Here you’ll use the sine ratio to find the area of non-right triangles in which two sides and the included angle measure
are known.

Toby draws a triangle that has two side lengths of 8 inches and 5 inches. He measures the included angle with a
protractor and gets 75◦. What is the area of this triangle?

Area of a Triangle

Recall the non right triangle for which we derived the law of sine.

We are most familiar with the area formula: A = 1
2 bh where the base, b, is the side length which is perpendicular

to the altitude. If we consider angle C in the diagram, we can write the following trigonometric expression for the
altitude of the triangle, h:

sinC =
h
b

bsinC = h

No we can replace h in the formula with bsinC and the side perpendicular to h is the base, a. Our new area formula
is thus:

A =
1
2

ab sinC.

It is important to note that C is the angle between sides a and b and that any two sides and the included angle can be
used in the formula.

Let’s find the area of the following triangles.
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1.

We are given two sides and the included angle so let a = 6, b = 9 and C = 62◦. Now we can use the formula to find
the area of the triangle:

A =
1
2
(6)(9)sin(62◦)≈ 23.8 square units

2.

In this triangle we do not have two sides and the included angle. We must first find another side length using the
Law of Sines. We can find the third angle using the triangle sum: 180◦−51◦−41◦ = 88◦. Use the Law of Sines to
find the side length opposite 41◦:

sin88◦

17
=

sin41◦

x

x =
17sin41◦

sin88◦
≈ 11.2

3.

We now have two sides and the included angle and can use the area formula:

A =
1
2
(11.2)(17)sin(51◦)≈ 74 square units

Finally, given c = 25 cm, a = 31 cm and B = 78◦, find the area of ∆ABC.

Here we are given two sides and the included angle. We can adjust the formula to represent the sides and angle
we are given: A = 1

2 ac sinB. It really doesn’t matter which “letters” are in the formula as long as they represent
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two sides and the included angle (the angle between the two sides.) Now put in our values to find the area:
A = 1

2(31)(25)sin(78◦)≈ 379 cm2.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/87136

Examples

Example 1

Earlier, you were asked to find the area of the triangle that has two side lengths of 8 inches and 5 inches and an
included angle of 75◦.

We are given two sides and the included angle so let a = 8, b = 5 and C = 75◦. Now we can use the formula to find
the area of the triangle:

A =
1
2
(8)(5)sin(75◦)≈ 19.4 square inches

Find the area of each of the triangles below. Round answers to the nearest square unit.

Example 2

Two sides and the included angle are given so A = 1
2(20)(23)sin105◦ ≈ 222 sq units.
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Example 3

Find side a first: sin70◦
8 = sin60◦

a , so a = 8sin60◦
sin70◦ ≈ 7.4. Next find m 6 C = 180◦−60◦−70◦ = 50◦.

Using the area formula, A = 1
2(7.4)(8)sin50◦ ≈ 22.7 sq units.

Example 4

Find m 6 C = 180◦−80◦−41◦ = 59◦. Find a second side: sin59◦
50 = sin80◦

a , so a = 50sin80◦
sin59◦ ≈ 57.4.

Using the area formula, A = 1
2(57.4)(50)sin41◦ ≈ 941 sq units.

Review

Find the area of each of the triangles below. Round your answers to the nearest square unit.

1.
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2.

3.
4. m6 A = 71◦,b = 15,c = 19
5. m6 C = 120◦,b = 22,a = 16
6. m6 B = 60◦,a = 18,c = 12
7. m6 A = 28◦,m6 C = 73◦,b = 45
8. m6 B = 56◦,m6 C = 81◦,c = 33
9. m6 A = 100◦,m6 B = 30◦,a = 100

10. The area of ∆ABC is 66 square units. If two sides of the triangle are 11 and 21 units, what is the measure of
the included angle? Is there more than one possible value? Explain.

11. A triangular garden is bounded on one side by a 20 ft long barn and a second side is bounded by a 25 ft long
fence. If the barn and the fence meet at a 50◦ angle, what is the area of the garden if the third side is the length
of the segment between the ends of the fence and the barn?

12. A contractor is constructing a counter top in the shape of an equilateral triangle with side lengths 3 ft. If the
countertop material costs $25 per square foot, how much will the countertop cost?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.14.
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6.15 Using the Law of Cosines with SAS (to find
the third side)

Learning Objectives

Here you’ll use the Law of Cosines to determine the length of the third side of a triangle when two sides and the
included angle are known.

Toby draws a triangle that has two side lengths of 8 inches and 5 inches. He measures the included angle with a
protractor and gets 75◦. What is the length of the third side?

Law of Cosines

The Law of Cosines can be used to solve for the third side of a triangle when two sides and the included angle are
known in a triangle. consider the non right triangle below in which we know a,b and C. We can draw an altitude
from B to create two smaller right triangles as shown where x represents the length of the segment from C to the foot
of the altitude and b− x represents the length of remainder of the side opposite angle B.

Now we can use the Pythagorean Theorem to relate the lengths of the segments in each of the right triangles shown.

Triangle 1: x2 + k2 = a2 or k2 = a2− x2

Triangle 2: (b− x)2 + k2 = c2 or k2 = c2− (b− x)2

Since both equations are equal to k2, we can set them equal to each other and simplify:

a2− x2 = c2− (b− x)2

a2− x2 = c2− (b2−2bx+ x2)

a2− x2 = c2−b2 +2bx− x2

a2 = c2−b2 +2bx

a2 +b2−2bx = c2

Recall that we know the values of a and b and the measure of angle C. We don’t know the measure of x. We can use
the cosine ratio as show below to find an expression for x in terms of what we already know.

cosC =
x
a

so x = acosC
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Finally, we can replace x in the equation to get the Law of Cosines: a2 +b2−2abcosC = c2

Keep in mind that a and b are the sides of angle C in the formula.

Let’s find c when m6 C = 80◦,a = 6 and b = 12.

Replacing the variables in the formula with the given information and solve for c:

c2 = 62 +122−2(6)(12)cos80◦

c2 ≈ 154.995

c≈ 12.4

Now, let’s find a, when m 6 A = 43◦, b = 16 and c = 22.

This time we are given the sides surrounding angle A and the measure of angle A. We can rewrite the formula as:
a2 = c2 +b2−2cbcosA. Just remember that the length by itself on one side should be the side opposite the angle in
the cosine ratio. Now we can plug in our values and solve for a.

a2 = 162 +222−2(16)(22)cos43◦

a2 ≈ 225.127

a≈ 15

Finally, let’s solve the following problem.

Rae is making a triangular flower garden. One side is bounded by her porch and a second side is bounded by her
fence. She plans to put in a stone border on the third side. If the length of the porch is 10 ft and the length of the
fence is 15 ft and they meet at a 100◦ angle, how many feet of stone border does she need to create?

Let the two known side lengths be a and b and the angle between is C. Now we can use the formula to find c, the
length of the third side.

c2 = 102 +152−2(10)(15)cos100◦

c2 ≈ 377.094

c≈ 19.4

So Rae will need to create a 19.4 ft stone border.

Examples

Example 1

Earlier, you were asked to find the length of the third side given a triangle that has two sides of length 5 inches and
8 inches and an included angle of 75◦.

We are trying to find c. We are given m6 C = 75◦,a = 8 and b = 5.

Replacing the variables in the formula with the given information and solve for c:
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c2 = 82 +52−2(8)(5)cos75◦

c2 = 64+25−80cos75◦

c2 = 89−80(0.26)

c2 ≈ 68.2

c≈ 8.26

Therefore, the third side is approximately 8.26 inches long.

Example 2

Find c when m 6 C = 75◦,a = 32 and b = 40.

c2 = 322 +402−2(32)(40)cos75◦

c2 ≈ 1961.42

c≈ 44.3

Example 3

Find b when m 6 B = 120◦,a = 11 and c = 17.

b2 = 112 +172−2(11)(17)cos120◦

b2 ≈ 597

b≈ 24.4

Example 4

Dan likes to swim laps across a small lake near his home. He swims from a pier on the north side to a pier on the
south side multiple times for a workout. One day he decided to determine the length of his swim. He determines the
distances from each of the piers to a point on land and the angles between the piers from that point to be 50◦. How
many laps does Dan need to swim to cover 1000 meters?

c2 = 302 +352−2(30)(35)cos50◦

c2 ≈ 775.146

c≈ 27.84
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Since each lap is 27.84 meters, Dan must swim 1000
27.84 ≈ 36 laps.

Review

Use the Law of Cosines to find the value of x, to the nearest tenth, in problems 1 through 6.

1.

2.

3.

4.

5.
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6.

For problems 7 through 10, find the unknown side of the triangle. Round your answers to the nearest tenth.

7. Find c, given m6 C = 105◦, a = 55 and b = 61.
8. Find b, given m6 B = 26◦, a = 33 and c = 24.
9. Find a, given m6 A = 77◦, b = 12 and c = 19.

10. Find b, given m6 B = 95◦, a = 28 and c = 13.
11. Explain why when m 6 C = 90◦, the Law of Cosines becomes the Pythagorean Theorem.
12. Luis is designing a triangular patio in his backyard. One side, 20 ft long, will be up against the side of his

house. A second side is bordered by his wooden fence. If the fence and the house meet at a 120◦ angle and
the fence is 15 ft long, how long is the third side of the patio?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.15.
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6.16 Using the Law of Cosines with SSS (to find
an angle)

Learning Objectives

Here you’ll use the Law of Cosines to find the measure of an angle in a triangle in which all three side lengths are
known.

Sarine draws a triangle. She measures the length of the sides and records her measurements as follows. What is the
measure of angle C of the triangle?

a = 3

b = 4

c = 5

Law of Cosines with SSS

The Law of Cosines, a2 + b2− 2abcosC, can be rearranged to facilitate the calculation of the measure of angle C
when a,b and c are all known lengths.

a2 +b2−2abcosC = c2

a2 +b2− c2 = 2abcosC

a2 +b2− c2

2ab
= cosC

which can be further manipulated to C = cos−1
(

a2+b2−c2

2ab

)
.

Let’s find the measure of the largest angle in the triangle with side lengths 12, 18 and 21.

First, we must determine which angle will be the largest. Recall from Geometry that the longest side is opposite the
largest angle. The longest side is 21 so we will let c = 21 since C is the angle we are trying to find. Let a = 12 and
b = 18 and use the formula to solve for C as shown. It doesn’t matter which sides we assign to a and b. They are
interchangeable in the formula.

m6 C = cos−1
(

122 +182−212

2(12)(18)

)
≈ 86◦

Note: Be careful to put parenthesis around the entire numerator and entire denominator on the calculator to ensure
the proper order of operations. Your calculator screen should look like this:

cos−1((122 +182−212)/(2(12)(18)))

Now let’s find the value of x, to the nearest degree.
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The angle with measure x◦ will be angle C so c = 16,a = 22 and b = 8. Remember, a and b are interchangeable in
the formula. Now we can replace the variables with the known measures and solve.

cos−1
(

222 +82−162

2(22)(8)

)
≈ 34◦

Finally, let’s find the m 6 A, if a = 10,b = 15 and c = 21.

First, let’s rearrange the formula to reflect the sides given and requested angle:

cosA =
(

b2+c2−a2

2(b)(c)

)
, now plug in our values m 6 A = cos−1

(
152+212−102

2(15)(21)

)
≈ 26◦

Examples

Example 1

Earlier, you were asked to find the measure of angle C of the triangle that has sides a = 3, b = 4, and c = 5.

We can use the manipulated Law of Cosines to solve for C.

C = cos−1 32 +42−52

2(3)(4)

C = cos−1 9+16−25
24

C = cos−1 0
24

= cos−1 0

C = 90◦

Therefore, the triangle is a right triangle.

Example 2

Find the measure of x in the diagram:

cos−1
(

142+82−192

2(14)(8)

)
≈ 117◦
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Example 3

Find the measure of the smallest angle in the triangle with side lengths 47, 54 and 72.

The smallest angle will be opposite the side with length 47, so this will be our c in the equation.

cos−1
(

542 +722−472

2(54)(72)

)
≈ 41◦

Example 4

Find m 6 B, if a = 68,b = 56 and c = 25.

Rearrange the formula to solve for m 6 B,cosB =
(

a2+c2−b2

2(a)(c)

)
; cos−1

(
682+252−562

2(68)(25)

)
≈ 52◦

Review

Use the Law of Cosines to find the value of x, to the nearest degree, in problems 1 through 6.

1.

2.

3.

4.
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5.

6.
7. Find the measure of the smallest angle in the triangle with side lengths 150, 165 and 200 meters.
8. Find the measure of the largest angle in the triangle with side length 59, 83 and 100 yards.
9. Find the m6 C if a = 6,b = 9 and c = 13.

10. Find the m6 B if a = 15,b = 8 and c = 9.
11. Find the m6 A if a = 24,b = 20 and c = 14.
12. A triangular plot of land is bordered by a road, a fence and a creek. If the stretch along the road is 100 meters,

the length of the fence is 115 meters and the side along the creek is 90 meters, at what angle do the fence and
road meet?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.16.
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6.17 Heron’s Formula for the Area of a Triangle
and Problem Solving with Trigonometry

Learning Objectives

Here you’ll use Heron’s formula for area of a triangle when the side lengths are known and solve real world
application problems using Law of Sines, Law of Cosines or the area formulas.

Sarine draws a triangle and measures its sides as 2 inches, 5 inches and 6 inches. What is the area of her triangle?

Heron’s Formula

Heron’s Formula, named after Hero of Alexandria 2000 years ago, can be used to find the area of a triangle given
the three side lengths. The formula requires the semi-perimeter, s, or 1

2(a+b+ c), where a,b and c are the lengths
of the sides of the triangle.

Heron’s Formula:

Area =
√

s(s−a)(s−b)(s− c)

Let’s use Heron’s formula to find the area of a triangle with side lengths 13 cm, 16 cm and 23 cm.

First, find the semi-perimeter or s: s = 1
2(13+16+23) = 26. Next, substitute our values into the formula as shown

and evaluate:

A =
√

26(26−13)(26−16)(26−23) =
√

26(13)(10)(3) =
√

10140≈ 101 cm2

Now, let’s answer the following questions.

1. Alena is planning a garden in her yard. She is using three pieces of wood as a border. If the pieces of wood
have lengths 4 ft, 6ft and 3 ft, what is the area of her garden?

The garden will be triangular with side lengths 4 ft, 6 ft and 3 ft. Find the semi-perimeter and then use Heron’s
formula to find the area.

s =
1
2
(4+6+3) =

13
2

A =

√
13
2

(
13
2
−4
)(

13
2
−6
)(

13
2
−3
)
=

√
13
2

(
5
2

)(
1
2

)(
7
2

)
=

√
455
16
≈ 28 f t2

2. Caroline wants to measure the height of a radio tower. From some distance away from the tower, the angle of
elevation from her spot to the top of the tower is 65◦. Caroline walks 100 m further away from the tower and
measures the angle of elevation to the top of tower to be 48◦. How tall is the tower?
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First, make a diagram to illustrate the situation.

We can use angle properties (linear pair and triangle sum) to find the angles shown in green in the diagram.

180◦−65◦ = 115◦ and 180◦−48◦−115◦ = 17◦

Next, we can use the Law of Sines in the obtuse triangle to find the hypotenuse in the right triangle:

sin17◦

100
=

sin48◦

x

x =
100sin48◦

sin17◦
≈ 254.18

Finally we can use the sine ratio in the right triangle to find the height of the tower:

sin65◦ = h
254.18 ,h = 254.18sin65◦ ≈ 230.37 m

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/87187

Examples

Example 1

Earlier, you were asked to find the area of the triangle with sides of length 2 inches, 5 inches, and 6 inches.

First, find the semi-perimeter or s: s = 1
2(2+ 5+ 6) = 6.5. Next, substitute our values into Heron’s formula and

evaluate:

A =
√

6.5(6.5−2)(6.5−5)(6.5−6) =
√

6.5(4.5)(1.5)(0.5) =
√

21.94≈ 4.7 in.2

Use the most appropriate rule or formula (Law of Sines, Law of Cosines, area formula with sine or Heron’s
formula) to answer the following questions.
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Example 2

Find the area of a triangle with side lengths 50 m, 45 m and 25 m.

Heron’s Formula: s = 1
2(50+45+25) = 60,A =

√
60(60−50)(60−45)(60−25)≈ 561 m2.

Example 3

Matthew is planning to fertilize his grass. Each bag of fertilizer claims to cover 500 sq ft of grass. His property of
land is approximately in the shape of a triangle. He measures two sides of his yard to be 75 ft and 100 ft and the
angle between them is 72◦. How many bags of fertilizer must he buy?

Area formula with sine: 1
2(75)(100)sin72◦ ≈ 3566 f t2, Number of bags 3566

500 ≈ 7.132 ≈ 8 bags. We round up
because 7 bags is not quite enough.

Example 4

A pair of adjacent sides in a parallelogram are 3 in and 7 in and the angle between them is 62◦, find the length of the
diagonals.

Law of Cosines to find the blue diagonal:

c2 = 32 +72−2(3)(7)cos62◦

c =
√

38.28≈ 6.19

So, 6.19 in

To find the green diagonal we can use the Law of Cosines with the adjacent angle: 180◦−62◦−118◦:

c2 = 72 +32−2(7)(3)cos118◦

c =
√

77.72≈ 8.82

So, 8.82 in

Review

Use the Law of Sines, Law of Cosine, area of triangle with sine or Heron’s Formula to solve the real world application
problems.
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1. Two observers, Rachel and Luis, are standing on the shore, 0.5 miles apart. They each measure the angle
between the shoreline and a sailboat out on the water at the same time. If Rachel’s angle is 63◦ and Luis’
angle is 56◦, find the distance between Luis and the sailboat to the nearest hundredth of a mile.

2. Two pedestrians walk from opposite ends of a city block to a point on the other side of the street. The angle
formed by their paths is 125◦. One pedestrian walks 300 ft and the other walks 320 ft. How long is the city
block to the nearest foot?

3. Two sides and the included angle of a parallelogram have measures 3.2 cm, 4.8 cm and 54.3◦ respectively.
Find the lengths of the diagonals to the nearest tenth of a centimeter.

4. A bridge is supported by triangular braces. If the sides of each brace have lengths 63 ft, 46 ft and 40 ft, find
the measure of the largest angle to the nearest degree.

5. Find the triangular area, to the nearest square meter, enclosed by three pieces of fencing 123 m, 150 m and
155 m long.

6. Find the area, to the nearest square inch, of a parallelogram with sides of length 12 in and 15 in and included
angle of 78◦.

7. A person at point A looks due east and spots a UFO with an angle of elevation of 40◦. At the same time,
another person, 1 mi due west of A looks due east and sights the same UFO with an angle of elevation of 25◦.
Find the distance between A and the UFO. How far is the UFO above the ground? Give answers to the nearest
hundredth of a mile.

8. Find the area of a triangular playground, to the nearest square meter, with sides of length 10 m, 15 m and 16
m.

9. A yard is bounded on two sides with fences of length 80 ft and 60 ft. If these fences meet at a 75◦ angle, how
many feet of fencing are required to completely enclosed a triangular region?

10. When a boy stands on the bank of a river and looks across to the other bank, the angle of depression is 12◦.
If he climbs to the top of a 10 ft tree and looks across to other bank, the angle of depression is 15◦. What is
the distance from the first position of the boy to the other bank of the river? How wide is the river? Give your
answers to the nearest foot.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.17.

Summary

In this chapter, you will learn about the sine, cosine, tangent, secant, cosecant, and cotangent of angles in degrees
and radians. You will be introduced to Polar coordinates, as well as the Laws of Sines and Cosines. Several real-life
applications will be explored.
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CHAPTER 7 Relationships with
Triangles

Chapter Outline
7.1 MIDSEGMENT THEOREM

7.2 PERPENDICULAR BISECTORS

7.3 ANGLE BISECTORS IN TRIANGLES

7.4 MEDIANS

7.5 ALTITUDES

7.6 COMPARING ANGLES AND SIDES IN TRIANGLES

7.7 TRIANGLE INEQUALITY THEOREM

7.8 INDIRECT PROOF IN ALGEBRA AND GEOMETRY

Introduction

This chapter introduces different segments within triangles and how they relate to each other. We will explore the
properties of midsegments, perpendicular bisectors, angle bisectors, medians, and altitudes. Next, we will look at
the relationship of the sides of a triangle, how they relate to each other and how the sides of one triangle can compare
to another.
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7.1 Midsegment Theorem

Learning Objectives

Here you’ll learn what a midsegment is, and how midsegments in triangles relate to the triangles.

What if you created a repeated design using the same shape (or shapes) of different sizes? This would be called a
fractal. Below, is an example of the first few steps of one. What does the next figure look like? How many triangles
are in each figure (green and white triangles)? Is there a pattern?

Midsegment Theorem

A midsegment is a line segment that connects two midpoints of adjacent sides of a triangle. For every triangle there
are three midsegments. The Midsegment Theorem states that the midsegment of a triangle is half the length of the
side it is parallel to.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136919

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1296
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Drawing Midsegments

Draw the midsegment DF between AB and BC. Use appropriate tic marks.

Find the midpoints of AB and BC using your ruler. Label these points D and F . Connect them to create the
midsegment.

Don’t forget to put the tic marks, indicating that D and F are midpoints, AD∼= DB and BF ∼= FC.

Finding the Midpoint

Find the midpoint of AC from4ABC. Label it E and find the other two midsegments of the triangle.

Visualizing the Midsegment Theorem

Mark everything you have learned from the Midsegment Theorem on4ABC.

Let’s draw two different triangles, one for the congruent sides, and one for the parallel lines.
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Because the midsegments are half the length of the sides they are parallel to, they are congruent to half of each of
those sides (as marked). Also, this means that all four of the triangles in 4ABC, created by the midsegments are
congruent by SSS.

As for the parallel midsegments and sides, several congruent angles are formed. In the picture to the right, the pink
and teal angles are congruent because they are corresponding or alternate interior angles. Then, the purple angles
are congruent by the 3rd Angle Theorem.

Using the Midsegment Theorem

M,N, and O are the midpoints of the sides of the triangle.

Find

a) MN

b) XY

c) The perimeter of4XY Z

Use the Midsegment Theorem.

a) MN = OZ = 5

b) XY = 2(ON) = 2 ·4 = 8

c) The perimeter is the sum of the three sides of4XY Z.

XY +Y Z +XZ = 2 ·4+2 ·3+2 ·5 = 8+6+10 = 24

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1297
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136920

Below are the first four figures in the fractal pattern from the beginning of the lesson. The number of triangles in
each figure is 1, 4, 13, and 40. The pattern is that each term increases by the next power of 3.

Examples

The vertices of4LMN are L(4,5),M(−2,−7) and N(−8,3).

Example 1

Find the midpoints of all three sides, label them O,P and Q. Then, graph the triangle, it’s midpoints and draw in the
midsegments.
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Use the midpoint formula 3 times to find all the midpoints.

L and M =
(

4+(−2)
2 , 5+(−7)

2

)
= (1,−1), point O

L and N =
(

4+(−8)
2 , 5+3

2

)
= (−2,4), point Q

M and N =
(
−2+(−8)

2 , −7+3
2

)
= (−5,−2), point P

The graph would look like the graph below.

Example 2

Find the slopes of NM and QO.

The slope of NM is −7−3
−2−(−8) =

−10
6 =−5

3 .

The slope of QO is −1−4
1−(−2) =−

5
3 .

From this we can conclude that NM || QO. If we were to find the slopes of the other sides and midsegments, we
would find LM || QP and NL || PO. This is a property of all midsegments.

Example 3

Find NM and QO.

Now, we need to find the lengths of NM and QO. Use the distance formula.

NM =
√
(−7−3)2 +(−2− (−8))2 =

√
(−10)2 +62 =

√
100+36 =

√
136≈ 11.66

QO =
√
(1− (−2))2 +(−1−4)2 =

√
32 +(−5)2 =

√
9+25 =

√
34≈ 5.83

Note that QO is half of NM.
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Example 4

If the midpoints of the sides of a triangle are A(1,5),B(4,−2), and C(−5,1), find the vertices of the triangle.

The easiest way to solve this problem is to graph the midpoints and then apply what we know from the Midpoint
Theorem.

Now that the points are plotted, find the slopes between all three.

slope AB = 5+2
1−4 =−7

3

slope BC = −2−1
4+5 = −3

9 =−1
3

slope AC = 5−1
1+5 = 4

6 = 2
3

Using the slope between two of the points and the third, plot the slope triangle on either side of the third point and
extend the line. Repeat this process for all three midpoints. For example, use the slope of AB with point C.

The green lines in the graph to the left represent the slope triangles of each midsegment. The three dotted lines
represent the sides of the triangle. Where they intersect are the vertices of the triangle (the blue points), which are
(-8, 8), (10, 2) and (-2, 6).
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Review

R,S,T, and U are midpoints of the sides of4XPO and4Y PO.

1. If OP = 12, find RS and TU .
2. If RS = 8, find TU .
3. If RS = 2x, and OP = 20, find x and TU .
4. If OP = 4x and RS = 6x−8, find x.
5. Is4XOP∼=4YOP? Why or why not?

For questions 6-13, find the indicated variable(s). You may assume that all line segments within a triangle are
midsegments.

6.

7.

8.

9.
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10.

11.

12.

13.
14. The sides of4XY Z are 26, 38, and 42. 4ABC is formed by joining the midpoints of4XY Z.

a. Find the perimeter of4ABC.
b. Find the perimeter of4XY Z.
c. What is the relationship between the perimeter of a triangle and the perimeter of the triangle formed by

connecting its midpoints?

Coordinate Geometry Given the vertices of4ABC below, find the midpoints of each side.

15. A(5,−2),B(9,4) and C(−3,8)
16. A(−10,1),B(4,11) and C(0,−7)
17. A(0,5),B(4,−1) and C(−2,−3)
18. A(2,4),B(8,−4) and C(2,−4)

For questions 19-22,4CAT has vertices C(x1,y1),A(x2,y2) and T (x3,y3).

19. Find the midpoints of sides CA and AT . Label them L and M respectively.
20. Find the slopes of LM and CT .
21. Find the lengths of LM and CT .
22. What have you just proven algebraically?

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.1.
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7.2 Perpendicular Bisectors

Learning Objectives

Here you’ll learn what a perpendicular bisector is and the Perpendicular Bisector Theorem, which states that if a
point is on the perpendicular bisector of a segment, then it is equidistant from the endpoints of the segment.

Imagine an archeologist in Cairo, Egypt, found three bones buried 4 meters, 7 meters, and 9 meters apart (to form a
triangle)? The likelihood that more bones are in this area is very high. The archeologist wants to dig in an appropriate
circle around these bones. If these bones are on the edge of the digging circle, where is the center of the circle? Can
you determine how far apart each bone is from the center of the circle? What is this length?

Perpendicular Bisectors

Recall that a perpendicular bisector intersects a line segment at its midpoint and is perpendicular. Let’s analyze
this figure.

←→
CD is the perpendicular bisector of AB. If we were to draw in AC and CB, we would find that they are equal.
Therefore, any point on the perpendicular bisector of a segment is the same distance from each endpoint.

Perpendicular Bisector Theorem: If a point is on the perpendicular bisector of a segment, then it is equidistant
from the endpoints of the segment.

In addition to the Perpendicular Bisector Theorem, we also know that its converse is true.

Perpendicular Bisector Theorem Converse: If a point is equidistant from the endpoints of a segment, then the
point is on the perpendicular bisector of the segment.

Proof of the Perpendicular Bisector Theorem Converse:
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Given: AC ∼=CB

Prove:
←→
CD is the perpendicular bisector of AB

TABLE 7.1:

Statement Reason
1. AC ∼=CB Given
2. 4ACB is an isosceles triangle Definition of an isosceles triangle
3. 6 A∼= 6 B Isosceles Triangle Theorem
4. Draw point D, such that D is the midpoint of AB. Every line segment has exactly one midpoint
5. AD∼= DB Definition of a midpoint
6. 4ACD∼=4BCD SAS
7. 6 CDA∼= 6 CDB CPCTC
8. m6 CDA = m6 CDB = 90◦ Congruent Supplements Theorem
9.
←→
CD⊥AB Definition of perpendicular lines

10.
←→
CD is the perpendicular bisector of AB Definition of perpendicular bisector

Two lines intersect at a point. If more than two lines intersect at the same point, it is called a point of concurrency.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136927

Investigation: Constructing the Perpendicular Bisectors of the Sides of a Triangle

Tools Needed: paper, pencil, compass, ruler

1. Draw a scalene triangle.

2. Construct the perpendicular bisector for all three sides.

The three perpendicular bisectors all intersect at the same point, called the circumcenter.
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Circumcenter: The point of concurrency for the perpendicular bisectors of the sides of a triangle.

3. Erase the arc marks to leave only the perpendicular bisectors. Put the pointer of your compass on the circumcenter.
Open the compass so that the pencil is on one of the vertices. Draw a circle. What happens?

The circumcenter is the center of a circle that passes through all the vertices of the triangle. We say that this circle
circumscribes the triangle. This means that the circumcenter is equidistant to the vertices.

Concurrency of Perpendicular Bisectors Theorem: The perpendicular bisectors of the sides of a triangle intersect
in a point that is equidistant from the vertices.

If PC,QC, and RC are perpendicular bisectors, then LC = MC = OC.
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Determining Unknown Values

1. Find x and the length of each segment.

From the markings, we know that
←→
WX is the perpendicular bisector of XY . Therefore, we can use the Perpendicular

Bisector Theorem to conclude that WZ =WY . Write an equation.

2x+11 = 4x−5

16 = 2x

8 = x

To find the length of WZ and WY , substitute 8 into either expression, 2(8)+11 = 16+11 = 27.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1301

Applying the Properties of Perpendicular Bisectors

←→
OQ is the perpendicular bisector of MP.
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a) Which segments are equal?

ML = LP because they are both 15.

MO = OP because O is the midpoint of MP

MQ = QP because Q is the perpendicular bisector of MP.

b) Find x.

4x+3 = 11

4x = 8

x = 2

c) Is L on
←→
OQ? How do you know?

Yes, L is on
←→
OQ because ML = LP (Perpendicular Bisector Theorem Converse).

Further Exploration

For further exploration, try the following:

1. Cut out an acute triangle from a sheet of paper.
2. Fold the triangle over one side so that the side is folded in half. Crease.
3. Repeat for the other two sides. What do you notice?

The folds (blue dashed lines)are the perpendicular bisectors and cross at the circumcenter.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136928

Archaeology Problem Revisited

The center of the circle will be the circumcenter of the triangle formed by the three bones. Construct the perpen-
dicular bisector of at least two sides to find the circumcenter. After locating the circumcenter, the archeologist can
measure the distance from each bone to it, which would be the radius of the circle. This length is approximately 4.7
meters.

Examples

Example 1

Find the value of x. m is the perpendicular bisector of AB.

By the Perpendicular Bisector Theorem, both segments are equal. Set up and solve an equation.

x+6 = 22

x = 16

Example 2

Determine if
←→
ST is the perpendicular bisector of XY . Explain why or why not.
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2.
←→
ST is not necessarily the perpendicular bisector of XY because not enough information is given in the diagram.

There is no way to know from the diagram if
←→
ST will extend to make a right angle with XY .

Review

1. m is the perpendicular bisector of AB.

a. List all the congruent segments.
b. Is C on AB ? Why or why not?
c. Is D on AB? Why or why not?

For Question 2, determine if
←→
ST is the perpendicular bisector of XY . Explain why or why not.

2.

For Questions 3-7, consider line segment AB with endpoints A(2,1) and B(6,3).

3. Find the slope of AB.
4. Find the midpoint of AB.
5. Find the equation of the perpendicular bisector of AB.
6. Find AB. Simplify the radical, if needed.
7. Plot A,B, and the perpendicular bisector. Label it m. How could you find a point C on m, such that C would

be the third vertex of equilateral triangle 4ABC? You do not have to find the coordinates, just describe how
you would do it.

For Questions 8-12, consider4ABC with vertices A(7,6),B(7,−2) and C(0,5). Plot this triangle on graph paper.

8. Find the midpoint and slope of AB and use them to draw the perpendicular bisector of AB. You do not need to
write the equation.

9. Find the midpoint and slope of BC and use them to draw the perpendicular bisector of BC. You do not need to
write the equation.

10. Find the midpoint and slope of AC and use them to draw the perpendicular bisector of AC. You do not need to
write the equation.
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11. Are the three lines concurrent? What are the coordinates of their point of intersection (what is the circumcenter
of the triangle)?

12. Use your compass to draw the circumscribed circle about the triangle with your point found in question 11 as
the center of your circle.

13. Fill in the blanks: There is exactly _________ circle which contains any __________ points.
14. Fill in the blanks of the proof of the Perpendicular Bisector Theorem.

Given:
←→
CD is the perpendicular bisector of AB

Prove: AC ∼=CB

TABLE 7.2:

Statement Reason
1.
2. D is the midpoint of AB
3. Definition of a midpoint
4. 6 CDA and 6 CDB are right angles
5. 6 CDA∼= 6 CDB
6. Reflexive PoC
7. 4CDA∼=4CDB
8. AC ∼=CB

15. Write a two column proof.

Given: 4ABC is a right isosceles triangle and BD is the ⊥ bisector of AC

Prove: 4ABD and4CBD are congruent.

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.2.
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7.3 Angle Bisectors in Triangles

Learning Objectives

Here you’ll learn what an angle bisector is as well as the Angle Bisector Theorem, which states that if a point is on
the bisector of an angle, then the point is equidistant from the sides of the angle.

What if the cities of Verticville, Triopolis, and Angletown were joining their city budgets together to build a centrally
located airport? There are freeways between the three cities and they want to have the freeway on the interior of
these freeways. Where is the best location to put the airport so that they have to build the least amount of road? In
the picture below, the blue lines are the proposed roads.

Angle Bisectors in Triangles

Recall that an angle bisector cuts an angle exactly in half. Let’s analyze this figure.

−→
BD is the angle bisector of 6 ABC. Looking at point D, if we were to draw ED and DF , we would find that they are
equal. Recall that the shortest distance from a point to a line is the perpendicular length between them. ED and DF
are the shortest lengths between D, which is on the angle bisector, and each side of the angle.

Angle Bisector Theorem: If a point is on the bisector of an angle, then the point is equidistant from the sides of the
angle.

In other words, if
←→
BD bisects 6 ABC,

−→
BE⊥ED, and

−→
BF⊥DF , then ED = DF .

Proof of the Angle Bisector Theorem:
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Given:
−→
BD bisects 6 ABC,

−→
BA⊥AD, and

−→
BC⊥DC

Prove: AD∼= DC

TABLE 7.3:

Statement Reason
1.
−→
BD bisects 6 ABC,

−→
BA⊥AD,

−→
BC⊥DC Given

2. 6 ABD∼= 6 DBC Definition of an angle bisector
3. 6 DAB and 6 DCB are right angles Definition of perpendicular lines
4. 6 DAB∼= 6 DCB All right angles are congruent
5. BD∼= BD Reflexive PoC
6. 4ABD∼=4CBD AAS
7. AD∼= DC CPCTC

The converse of this theorem is also true.

Angle Bisector Theorem Converse: If a point is in the interior of an angle and equidistant from the sides, then it
lies on the bisector of the angle.

Because the Angle Bisector Theorem and its converse are both true we have a biconditional statement. We can put
the two conditional statements together using if and only if. A point is on the angle bisector of an angle if and only
if it is equidistant from the sides of the triangle. Like perpendicular bisectors, the point of concurrency for angle
bisectors has interesting properties.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136917

Investigation: Constructing Angle Bisectors in Triangles

Tools Needed: compass, ruler, pencil, paper

1. Draw a scalene triangle. Construct the angle bisector of each angle. Use Investigation 1-4 and #1 from the Review
Queue to help you.
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Incenter: The point of concurrency for the angle bisectors of a triangle.

2. Erase the arc marks and the angle bisectors after the incenter. Draw or construct the perpendicular lines to each
side, through the incenter.

3. Erase the arc marks from #2 and the perpendicular lines beyond the sides of the triangle. Place the pointer of the
compass on the incenter. Open the compass to intersect one of the three perpendicular lines drawn in #2. Draw a
circle.

Notice that the circle touches all three sides of the triangle. We say that this circle is inscribed in the triangle because
it touches all three sides. The incenter is on all three angle bisectors, so the incenter is equidistant from all three
sides of the triangle.

Concurrency of Angle Bisectors Theorem: The angle bisectors of a triangle intersect in a point that is equidistant
from the three sides of the triangle.

If AG,BG, and GC are the angle bisectors of the angles in the triangle, then EG = GF = GD.

In other words, EG,FG, and DG are the radii of the inscribed circle.

Determining if a Point is on an Angle Bisector

Is Y on the angle bisector of 6 XWZ?
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In order for Y to be on the angle bisector XY needs to be equal to Y Z and they both need to be perpendicular to the
sides of the angle. From the markings we know XY⊥−−→WX and ZY⊥−→WZ. Second, XY = Y Z = 6. From this we can
conclude that Y is on the angle bisector.

Example B

If J,E, and G are midpoints and KA = AD = AH what are points A and B called?

A is the incenter because KA = AD = AH, which means that it is equidistant to the sides. B is the circumcenter
because JB,BE, and BG are the perpendicular bisectors to the sides.

Solving for Unknown Values

−→
AB is the angle bisector of 6 CAD. Solve for the missing variable.

CB = BD by the Angle Bisector Theorem, so we can set up and solve an equation for x.

x+7 = 2(3x−4)

x+7 = 6x−8

15 = 5x

x = 3
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1290

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136918

Earlier Problem Revisited

The airport needs to be equidistant to the three highways between the three cities. Therefore, the roads are all
perpendicular to each side and congruent. The airport should be located at the incenter of the triangle.

Examples

Example 1

Is there enough information to determine if
−→
AB is the angle bisector of 6 CAD? Why or why not?
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No because B is not necessarily equidistant from AC and AD. We do not know if the angles in the diagram are right
angles.

Example 2

−→
MO is the angle bisector of 6 LMN. Find the measure of x.

LO = ON by the Angle Bisector Theorem.

4x−5 = 23

4x = 28

x = 7

Example 3

A 100◦ angle is bisected. What are the measures of the resulting angles?

We know that to bisect means to cut in half, so each of the resulting angles will be half of 100. The measure of each
resulting angle is 50◦.

Review

For questions 1-6,
−→
AB is the angle bisector of 6 CAD. Solve for the missing variable.

1.

2.
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3.

4.

5.

6.

Is there enough information to determine if
−→
AB is the angle bisector of 6 CAD? Why or why not?

7.

8.
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9. Fill in the blanks in the Angle Bisector Theorem Converse.

Given: AD∼= DC, such that AD and DC are the shortest distances to
−→
BA and

−→
BC

Prove:
−→
BD bisects 6 ABC

TABLE 7.4:

Statement Reason
1.
2. The shortest distance from a point to a line is perpen-

dicular.
3. 6 DAB and 6 DCB are right angles
4. 6 DAB∼= 6 DCB
5. BD∼= BD
6. 4ABD∼=4CBD
7. CPCTC
8.
−→
BD bisects 6 ABC

Determine if the following descriptions refer to the incenter or circumcenter of the triangle.

10. A lighthouse on a triangular island is equidistant to the three coastlines.
11. A hospital is equidistant to three cities.
12. A circular walking path passes through three historical landmarks.
13. A circular walking path connects three other straight paths.

Multi- Step Problem

14. Draw 6 ABC through A(1,3),B(3,−1) and C(7,1).
15. Use slopes to show that 6 ABC is a right angle.
16. Use the distance formula to find AB and BC.
17. Construct a line perpendicular to AB through A.
18. Construct a line perpendicular to BC through C.
19. These lines intersect in the interior of 6 ABC. Label this point D and draw

−→
BD.

20. Is
−→
BD the angle bisector of 6 ABC? Justify your answer.

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.3.
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7.4 Medians

Learning Objectives

Here you’ll learn the definitions of median and centroid and how to apply them.

What if your art teacher assigned an art project involving triangles? You decide to make a series of hanging triangles
of all different sizes from one long piece of wire. Where should you hang the triangles from so that they balance
horizontally?

You decide to plot one triangle on the coordinate plane to find the location of this point. The coordinates of the
vertices are (0, 0), (6, 12) and (18, 0). What is the coordinate of this point?

Medians

A median is the line segment that joins a vertex and the midpoint of the opposite side (of a triangle). The three
medians of a triangle intersect at one point, just like the perpendicular bisectors and angle bisectors. This point
is called the centroid, and is the point of concurrency for the medians of a triangle. Unlike the circumcenter and
incenter, the centroid does not have anything to do with circles. It has a different property.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1294
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Investigation: Properties of the Centroid

Tools Needed: pencil, paper, ruler, compass

1. Construct a scalene triangle with sides of length 6 cm, 10 cm, and 12 cm (Investigation 4-2). Use the ruler to
measure each side and mark the midpoint.

2. Draw in the medians and mark the centroid.

Measure the length of each median. Then, measure the length from each vertex to the centroid and from the centroid
to the midpoint. Do you notice anything?

3. Cut out the triangle. Place the centroid on either the tip of the pencil or the pointer of the compass. What happens?

From this investigation, we have discovered the properties of the centroid. They are summarized below.

Concurrency of Medians Theorem: The medians of a triangle intersect in a point that is two-thirds of the distance
from the vertices to the midpoint of the opposite side. The centroid is also the “balancing point” of a triangle.

If G is the centroid, then we can conclude:

AG =
2
3

AD,CG =
2
3

CF,EG =
2
3

BE

DG =
1
3

AD,FG =
1
3

CF,BG =
1
3

BE
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And, combining these equations, we can also conclude:

DG =
1
2

AG,FG =
1
2

CG,BG =
1
2

EG

In addition to these ratios, G is also the balance point of 4ACE. This means that the triangle will balance when
placed on a pencil at this point.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136921

Drawing the Median of a Triangle

Draw the median LO for4LMN below.

From the definition, we need to locate the midpoint of NM. We were told that the median is LO, which means that
it will connect the vertex L and the midpoint of NM, to be labeled O.

Measure NM and make a point halfway between N and M. Then, connect O to L.
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Finding Medians of a Triangle

Find the other two medians of4LMN.

Repeat the process from Example A for sides LN and LM. Be sure to always include the appropriate tick marks to
indicate midpoints.

Solving for Unknown Values

I,K, and M are midpoints of the sides of4HJL.

FIGURE 7.1

a) If JM = 18, find JN and NM.

JN is two-thirds of JM. So, JN = 2
3 ·18 = 12. NM is either half of 12, a third of 19 or 18−12. NM = 6.

b) If HN = 14, find NK and HK.

HN is two-thirds of HK. So, 14 = 2
3 ·HK and HK = 14 · 3

2 = 21. NK is a third of 21, half of 14, or 21−14. NK = 7.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136922

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1295

Earlier Problem Revisited

The point that you should put the wire through is the centroid. That way, each triangle will balance on the wire.

The triangle that we wanted to plot on the x− y plane is to the right. Drawing all the medians, it looks like the
centroid is (8, 4). To verify this, you could find the equation of two medians and set them equal to each other and
solve for x. Two equations are y = 1

2 x and y = −4x+ 36. Setting them equal to each other, we find that x = 8 and
then y = 4.

Examples

Example 1

Find the equation of the median from B to the midpoint of AC for the triangle in the x− y plane below.
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To find the equation of the median, first we need to find the midpoint of AC, using the Midpoint Formula.

(
−6+6

2
,
−4+(−4)

2

)
=

(
0
2
,
−8
2

)
= (0,−4)

Now, we have two points that make a line, B and the midpoint. Find the slope and y−intercept.

m =
−4−4

0− (−2)
=
−8
2

=−4

y =−4x+b

−4 =−4(0)+b

−4 = b

The equation of the median is y =−4x−4

Example 2

H is the centroid of4ABC and DC = 5y−16. Find x and y.

HF is half of BH. Use this information to solve for x. For y, HC is two-thirds of DC. Set up an equation for both.
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1
2

BH = HF or BH = 2HF HC =
2
3

DC or
3
2

HC = DC

3x+6 = 2(2x−1)
3
2
(2y+8) = 5y−16

3x+6 = 4x−2 3y+12 = 5y−16

8 = x 28 = 2y

Example 3

True or false: The median bisects the side it intersects.

This statement is true. By definition, a median intersects a side of a triangle at its midpoint. Midpoints divide
segments into two equal parts.

Review

For questions 1-4, find the equation of each median, from vertex A to the opposite side, BC.

1. A(9,5),B(2,5),C(4,1)
2. A(−2,3),B(−3,−7),C(5,−5)
3. A(−1,5),B(0,−1),C(6,3)
4. A(6,−3),B(−5,−4),C(−1,−8)

For questions 5-9, B,D, and F are the midpoints of each side and G is the centroid. Find the following lengths.

5. If BG = 5, find GE and BE
6. If CG = 16, find GF and CF
7. If AD = 30, find AG and GD
8. If GF = x, find GC and CF
9. If AG = 9x and GD = 5x−1, find x and AD.

Use4ABC with A(−2,9),B(6,1) and C(−4,−7) for questions 10-15.

10. Find the midpoint of AB and label it M.
11. Write the equation of

←→
CM.

12. Find the midpoint of BC and label it N.
13. Write the equation of

←→
AN.

14. Find the intersection of
←→
CM and

←→
AN.

15. What is this point called?
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Another way to find the centroid of a triangle in the coordinate plane is to find the midpoint of one side and then
find the point two thirds of the way from the third vertex to this point. To find the point two thirds of the way from
point A(x1,y1) to B(x2,y2) use the formula:

(
x1+2x2

3 , y1+2y2
3

)
. Use this method to find the centroid in the following

problems.

16. (-1, 3), (5, -2) and (-1, -4)
17. (1, -2), (-5, 4) and (7, 7)
18. (2, -7), (-5, 1) and (6, -9)

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.4.
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7.5 Altitudes

Learning Objectives

Here you’ll learn the definition of altitude and how to determine where a triangle’s altitude will be found.

Altitudes

An altitude is a line segment in a triangle from a vertex and perpendicular to the opposite side, it is also known as
the height of a triangle. All of the red lines are examples of altitudes:

As you can see, an altitude can be a side of a triangle or outside of the triangle. When a triangle is a right triangle,
the altitude, or height, is the leg. To construct an altitude, construct a perpendicular line through a point not on the
given line. Think of the vertex as the point and the given line as the opposite side.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136931

Investigation: Constructing an Altitude for an Obtuse Triangle

Tools Needed: pencil, paper, compass, ruler

1. Draw an obtuse triangle. Label it4ABC, like the picture to the right. Extend side AC, beyond point A.
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2. Construct a perpendicular line to AC, through B.

The altitude does not have to extend past side AC, as it does in the picture. Technically the height is only the vertical
distance from the highest vertex to the opposite side.

As was true with perpendicular bisectors, angle bisectors, and medians,the altitudes of a triangle are also concurrent.
Unlike the other three, the point does not have any special properties.

Orthocenter: The point of concurrency for the altitudes of triangle.

Here is what the orthocenter looks like for the three triangles. It has three different locations, much like the
perpendicular bisectors.

TABLE 7.5:

Acute Triangle Right Triangle Obtuse Triangle

The orthocenter is inside the trian-
gle.

The legs of the triangle are two of
the altitudes. The orthocenter is the
vertex of the right angle.

The orthocenter is outside the trian-
gle.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1286

Identifying Altitudes

Which line segment is an altitude of4ABC?
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In a right triangle, the altitude, or the height, is the leg. If we rotate the triangle so that the right angle is in the lower
left corner, we see that leg BC is an altitude.

Determining Location of the Orthocenter

1. A triangle has angles that measure 55◦,60◦, and 65◦. Where will the orthocenter be found?

Because all of the angle measures are less than 90◦, the triangle is an acute triangle. The orthocenter of any acute
triangle is inside the triangle.

2. A triangle has an angle that measures 95◦. Where will the orthocenter be found?

Because 95◦ > 90◦, the triangle is an obtuse triangle. The orthocenter will be outside the triangle.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136932

Examples

Example 1

True or false: The altitudes of an obtuse triangle are inside the triangle.

Every triangle has three altitudes. For an obtuse triangle, at least one of the altitudes will be outside of the triangle,
as shown in the picture at the beginning of this section.

Example 2

Draw the altitude for the triangle shown.
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The triangle is an acute triangle, so the altitude is inside the triangle as shown below so that it is perpendicular to the
base.

Example 3

Draw the altitude for the triangle shown.

Review

Write a two-column proof.

1. Given: Isosceles4ABC with legs AB and AC BD⊥DC and CE⊥BE Prove: BD∼=CE
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For the following triangles, will the altitudes be inside the triangle, outside the triangle, or at the leg of the triangle?

2.

3.

4.
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5.

6.
7. 4JKL is an equiangular triangle.
8. 4MNO is a triangle in which two the angles measure 30◦ and 60◦.
9. 4PQR is an isosceles triangle in which two of the angles measure 25◦.

10. 4STU is an isosceles triangle in which two angles measures 45◦.

Given the following triangles, which line segment is the altitude?

11.

12.
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13.

14.

15.

16.

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.5.
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7.6 Comparing Angles and Sides in Triangles

Learning Objectives

Here you’ll learn how to compare sides and angles in triangles. Specifically, you’ll learn how to order the angles of
a triangle from largest to smallest based on the length of their opposite sides.

What if two mountain bikers leave from the same parking lot and head in opposite directions on two different trails?
The first rider goes 8 miles due west, then rides due south for 15 miles. The second rider goes 6 miles due east,
then changes direction and rides 20◦ east of due north for 17 miles. Both riders have been traveling for 23 miles, but
which one is further from the parking lot?

Comparing Angles and Sides in Triangles

Look at the triangle below. The sides of the triangle are given. Can you determine which angle is the largest? As
you might guess, the largest angle will be opposite 18 because it is the longest side. Similarly, the smallest angle
will be opposite the shortest side, 7. Therefore, the angle measure in the middle will be opposite 13.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136929

Theorem: If one side of a triangle is longer than another side, then the angle opposite the longer side will be larger
than the angle opposite the shorter side.

Converse: If one angle in a triangle is larger than another angle in a triangle, then the side opposite the larger angle
will be longer than the side opposite the smaller angle.

Proof of Theorem:

Given: AC > AB

Prove: m6 ABC > m 6 C

TABLE 7.6:

Statement Reason
1. AC > AB Given
2. Locate point P such that AB = AP Ruler Postulate
3. 4ABP is an isosceles triangle Definition of an isosceles triangle
4. m6 1 = m6 3 Base Angles Theorem
5. m6 3 = m6 2+m6 C Exterior Angle Theorem
6. m6 1 = m6 2+m6 C Substitution PoE
7. m6 ABC = m6 1+m6 2 Angle Addition Postulate
8. m6 ABC = m6 2+m6 2+m 6 C Substitution PoE
9. m6 ABC > m6 C Definition of “greater than” (from step 8)

We have two congruent triangles4ABC and4DEF , marked below:

Therefore, if AB = DE and BC = EF and m6 B > m 6 E, then AC > DF . Now, let’s adjust m6 B > m 6 E. Would that
make AC > DF? Yes. See the picture below.
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The SAS Inequality Theorem (Hinge Theorem): If two sides of a triangle are congruent to two sides of another
triangle, but the included angle of one triangle has greater measure than the included angle of the other triangle, then
the third side of the first triangle is longer than the third side of the second triangle.

SSS Inequality Theorem (also called the Converse of the Hinge Theorem): If two sides of a triangle are congruent
to two sides of another triangle, but the third side of the first triangle is longer than the third side of the second
triangle, then the included angle of the first triangle is greater in measure than the included angle of the second
triangle.
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Categorizing Length

List the sides in order, from shortest to longest.

First, we need to find m6 A. From the Triangle Sum Theorem, m6 A+86◦+27◦ = 180◦. So, m6 A = 67◦. Therefore,
we can conclude that the longest side is opposite the largest angle. 86◦ is the largest angle, so AC is the longest side.
The next largest angle is 67◦, so BC would be the next longest side. 27◦ is the smallest angle, so AB is the shortest
side. In order from shortest to longest, the answer is: AB,BC,AC.

Listing Angles in Order

List the angles in order, from largest to smallest.
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Just like with the sides, the largest angle is opposite the longest side. The longest side is BC, so the largest angle is
6 A. Next would be 6 B and finally 6 A is the smallest angle.

Listing Sides in Order

List the sides in order, from least to greatest.

Let’s start with 4DCE. The missing angle is 55◦. Therefore the sides, in order are CE,CD, and DE. For 4BCD,
the missing angle is 43◦. The order of the sides is BD,CD, and BC. By the SAS Inequality Theorem, we know that
BC > DE, so the order of all the sides would be: BD =CE,CD,DE,BC.

Parking Lot Problem Revisited

Even though the two sets of lengths are not equal, they both add up to 23. Therefore, the second rider is further away
from the parking lot because 110◦ > 90◦.

Examples

Example 1

If XM is a median of4XY Z and XY > XZ, what can we say about m 6 1 and m 6 2?
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By the definition of a median, M is the midpoint of Y Z. This means that Y M = MZ. MX = MX by the Reflexive
Property and we know that XY > XZ. Therefore, we can use the SSS Inequality Theorem to conclude that m6 1 >
m6 2.

Example 2

List the sides of the two triangles in order, from least to greatest.

Here we have no congruent sides or angles. So, let’s look at each triangle separately. Start with 4XY Z. First the
missing angle is 42◦. The order of the sides is Y Z,XY , and XZ. For4WXZ, the missing angle is 55◦. The order of
these sides is XZ,WZ, and WX . Because the longest side in4XY Z is the shortest side in4WXZ, we can put all the
sides together in one list: Y Z,XY,XZ,WZ,WX .

Example 3

Below is isosceles triangle4ABC. List everything you can about the triangle and why.

AB = BC because it is given, m 6 A = m 6 C by the Base Angle Theorem, and AD < DC because m6 ABD < m 6 CBD
and the SAS Triangle Inequality Theorem.

Review

For questions 1-3, list the sides in order from shortest to longest.
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1.

2.

3.

For questions 4-6, list the angles from largest to smallest.

4.

5.

6.
7. Compare m 6 1 and m 6 2.
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8. List the sides from shortest to longest.

9. Compare m 6 1 and m 6 2. What can you say about m6 3 and m6 4?

In questions 10-12, compare the measures of a and b.

10.
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11.

12.

In questions 13 and 14, list the measures of the sides in order from least to greatest

13.

14.

In questions 15 and 16 is the conclusion true or false?

15. Conclusion: m 6 C < m6 B < m 6 A
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16. Conclusion: AB < DC

17. If AB is a median of4CAT and CA > AT , explain why 6 ABT is acute. You may wish to draw a diagram.

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.6.
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7.7 Triangle Inequality Theorem

Learning Objectives

Here you’ll learn the Triangle Inequality Theorem, which will help you to determine whether three side lengths will
create a triangle or not.

What if you had to determine whether the three lengths 5, 7, and 10 make a triangle?

Triangle Inequality Theorem

Can any three lengths make a triangle? The answer is no. There are limits on what the lengths can be. For example,
the lengths 1, 2, 3 cannot make a triangle because 1+2 = 3, so they would all lie on the same line. The lengths 4, 5,
10 also cannot make a triangle because 4+5 = 9.

The arc marks show that the two sides would never meet to form a triangle. The Triangle Inequality Theorem
states that the sum of the lengths of any two sides of a triangle must be greater than the length of the third.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/136923

Determining if Three Lengths make a Triangle

Do the lengths 4, 11, 8 make a triangle?

To solve this problem, check to make sure that the smaller two numbers add up to be greater than the biggest number.
4+8 = 12 and 12 > 11 so yes these lengths make a triangle

474

http://www.ck12.org
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/be76tjLeDdk%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D0f721469aad21e2f72b8051b1eebdfda
http://www.ck12.org/flx/render/embeddedobject/136923


www.ck12.org Chapter 7. Relationships with Triangles
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Solving for an Unknown Length

Find the length of the third side of a triangle if the other two sides are 10 and 6.

The Triangle Inequality Theorem can also help you find the range of the third side. The two given sides are 6 and 10,
so the third side, s, can either be the shortest side or the longest side. For example s could be 5 because 6+5 > 10.
It could also be 15 because 6+10 > 15. Therefore, the range of values for s is 4 < s < 16.

Notice the range is no less than 4, and not equal to 4. The third side could be 4.1 because 4.1+6 > 10. For the same
reason, s cannot be greater than 16, but it could 15.9, 10+6 > 15.9.

Making Conclusions about the Length of Legs

The base of an isosceles triangle has length 24. What can you say about the length of each leg?

To solve this problem, remember that an isosceles triangle has two congruent sides (the legs). We have to make sure
that the sum of the lengths of the legs is greater than 24. In other words, if x is the length of a leg:

x+ x > 24

2x > 24

x > 12

Each leg must have a length greater than 12.
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Earlier Problem Revisited

The three lengths 5, 7, and 10 do make a triangle. The sum of the lengths of any two sides is greater than the length
of the third.

Examples

Do the lengths below make a triangle?

Use the Triangle Inequality Theorem. Test to see if the smaller two numbers add up to be greater than the largest
number.

Example 1

4.1, 3.5, 7.5

4.1+3.5 > 7.5. Yes, this is a triangle because 7.6 > 7.5.

Example 2

4, 4, 8

4+4 = 8. No this is not a triangle because two lengths cannot equal the third

Example 3

6, 7, 8

6+7 > 8. Yes this is a triangle because 13 > 8.

Review

Determine if the sets of lengths below can make a triangle. If not, state why.

1. 6, 6, 13
2. 1, 2, 3
3. 7, 8, 10
4. 5, 4, 3
5. 23, 56, 85
6. 30, 40, 50
7. 7, 8, 14
8. 7, 8, 15
9. 7, 8, 14.99

If two lengths of the sides of a triangle are given, determine the range of the length of the third side.
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10. 8 and 9
11. 4 and 15
12. 20 and 32
13. 2 and 5
14. 10 and 8
15. x and 2x
16. The legs of an isosceles triangle have a length of 12 each. What can you say about the length of the base?

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.7.
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7.8 Indirect Proof in Algebra and Geometry

Learning Objectives

Here you’ll learn how to write indirect proofs, or proofs by contradiction, by assuming a hypothesis is false.

Indirect Proofs

Until now, we have proved theorems true by direct reasoning, where conclusions are drawn from a series of facts
and previously proven theorems. However, we cannot always use direct reasoning to prove every theorem.

Indirect Proof or Proof by Contradiction: When the conclusion from a hypothesis is assumed false (or opposite
of what it states) and then a contradiction is reached from the given or deduced statements.

In other words, if you are trying to show that something is true, show that if it was not true there would be a
contradiction (something else would not make sense).
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The steps to follow when proving indirectly are:

• Assume the opposite of the conclusion (second half) of the statement.
• Proceed as if this assumption is true to find the contradiction.
• Once there is a contradiction, the original statement is true.
• DO NOT use specific examples. Use variables so that the contradiction can be generalized.
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The easiest way to understand indirect proofs is by example.

Indirect Proofs in Algebra

If x = 2, then 3x−5 6= 10. Prove this statement is true by contradiction.

Remember that in an indirect proof the first thing you do is assume the conclusion of the statement is false. In this
case, we will assume the opposite of "If x = 2, then 3x−5 6= 10":

If x = 2, then 3x−5 = 10.

Take this statement as true and solve for x.

3x−5 = 10

3x = 15

x = 5

But x = 5 contradicts the given statement that x = 2. Hence, our assumption is incorrect and 3x−5 6= 10 is true.

Indirect Proofs in Geometry

1. If4ABC is isosceles, then the measure of the base angles cannot be 92◦. Prove this indirectly.

Remember, to start assume the opposite of the conclusion.

The measure of the base angles are 92◦.

If the base angles are 92◦, then they add up to 184◦. This contradicts the Triangle Sum Theorem that says the three
angle measures of all triangles add up to 180◦. Therefore, the base angles cannot be 92◦.

2. If 6 A and 6 B are complementary then 6 A≤ 90◦. Prove this by contradiction.

Assume the opposite of the conclusion.

6 A > 90◦.

Consider first that the measure of 6 B cannot be negative. So if 6 A > 90◦ this contradicts the definition of comple-
mentary, which says that two angles are complementary if they add up to 90◦. Therefore, 6 A≤ 90◦.
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Examples

Example 1

If n is an integer and n2 is odd, then n is odd. Prove this is true indirectly.

First, assume the opposite of “n is odd.”

n is even.

Now, square n and see what happens.

If n is even, then n = 2a, where a is any integer.

n2 = (2a)2 = 4a2

This means that n2 is a multiple of 4. No odd number can be divided evenly by an even number, so this contradicts
our assumption that n is even. Therefore, n must be odd if n2 is odd.

Example 2

Prove the SSS Inequality Theorem is true by contradiction. (The SSS Inequality Theorem says: “If two sides of a
triangle are congruent to two sides of another triangle, but the third side of the first triangle is longer than the third
side of the second triangle, then the included angle of the first triangle’s two congruent sides is greater in measure
than the included angle of the second triangle’s two congruent sides.”)

First, assume the opposite of the conclusion.

The included angle of the first triangle is less than or equal to the included angle of the second triangle.

If the included angles are equal then the two triangles would be congruent by SAS and the third sides would be
congruent by CPCTC. This contradicts the hypothesis of the original statement “the third side of the first triangle is
longer than the third side of the second.” Therefore, the included angle of the first triangle must be larger than the
included angle of the second.

Example 3

If x = 3, then 4x+1 6= 17. Prove this statement is true by contradiction.

In an indirect proof the first thing you do is assume the conclusion of the statement is false. In this case, we will
assume the opposite of "If x = 3, then 4x+1 6= 17":

If x = 3, then 4x+1 = 17

Take this statement as true and solve for x.

4x+1 = 17

4x = 16

x = 4

x = 4 contradicts the given statement that x = 3. Hence, our assumption is incorrect and 4x+1 6= 17 is true.
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Review

Prove the following statements true indirectly.

1. If n is an integer and n2 is even, then n is even.
2. If m 6 A 6= m6 B in4ABC, then4ABC is not equilateral.
3. If x > 3, then x2 > 9.
4. The base angles of an isosceles triangle are congruent.
5. If x is even and y is odd, then x+ y is odd.
6. In4ABE, if 6 A is a right angle, then 6 B cannot be obtuse.
7. If A, B, and C are collinear, then AB+BC = AC (Segment Addition Postulate).
8. If a collection of nickels and dimes is worth 85 cents, then there must be an odd number of nickels.
9. Hugo is taking a true/false test in his Geometry class. There are five questions on the quiz. The teacher gives

her students the following clues: The last answer on the quiz is not the same as the fourth answer. The third
answer is true. If the fourth answer is true, then the one before it is false. Use an indirect proof to prove that
the last answer on the quiz is true.

10. On a test of 15 questions, Charlie claims that his friend Suzie must have gotten at least 10 questions right.
Another friend, Larry, does not agree and suggests that Suzie could not have gotten that many correct. Rebecca
claims that Suzie certainly got at least one question correct. If only one of these statements is true, how many
questions did Suzie get right?

11. If one angle in a triangle is obtuse, then each other angle is acute.
12. If 3x+7≥ 13, then x≥ 2.
13. If segment AD is perpendicular to segment BC, then 6 ABC is not a straight angle.
14. If two alternate interior angles are not congruent, then the lines are not parallel.
15. In an isosceles triangle, the median that connects the vertex angle to the midpoint of the base bisects the vertex

angle.

Review (Answers)

To view the Review answers, open this PDF file and look for section 5.8.

Summary

This chapter begins with an introduction to the Midsegment Theorem. The definition of a perpendicular bisector is
presented and the Perpendicular Bisector Theorem and its converse are explored. Now that the bisectors of segments
have been discussed, the definition of an angle bisector is next and the Angle Bisector Theorem and its converse are
presented. The properties of medians and altitudes of triangles are discussed in detail. The entire chapter builds to
a discovery of the relationships between the angles and sides in triangles as a foundation for the Triangle Inequality
Theorem. The chapter ends with a presentation of indirect proofs.

Chapter Review

If C and E are the midpoints of the sides they lie on, find:

1. The perpendicular bisector of FD.
2. The median of FD.
3. The angle bisector of 6 FAD.
4. A midsegment.
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5. An altitude.

6. Trace4FAD onto a piece of paper with the perpendicular bisector. Construct another perpendicular bisector.
What is the point of concurrency called? Use this information to draw the appropriate circle.

7. Trace4FAD onto a piece of paper with the angle bisector. Construct another angle bisector. What is the point
of concurrency called? Use this information to draw the appropriate circle.

8. Trace 4FAD onto a piece of paper with the median. Construct another median. What is the point of
concurrency called? What are its properties?

9. Trace 4FAD onto a piece of paper with the altitude. Construct another altitude. What is the point of
concurrency called? Which points of concurrency can lie outside a triangle?

10. A triangle has sides with length x+6 and 2x−1. Find the range of the third side.

Texas Instruments Resources

In the CK-12 Texas Instruments Geometry FlexBook® resource, there are graphing calculator activities designed
to supplement the objectives for some of the lessons in this chapter. See http://www.ck12.org/flexr/chapter/9690 .
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CHAPTER 8 Circles
Chapter Outline

8.1 PARTS OF CIRCLES

8.2 TANGENT LINES

8.3 ARCS IN CIRCLES

8.4 CHORDS IN CIRCLES

8.5 INSCRIBED ANGLES IN CIRCLES

8.6 INSCRIBED QUADRILATERALS IN CIRCLES

8.7 ANGLES ON AND INSIDE A CIRCLE

8.8 ANGLES OUTSIDE A CIRCLE

8.9 SEGMENTS FROM CHORDS

8.10 SEGMENTS FROM SECANTS

8.11 SEGMENTS FROM SECANTS AND TANGENTS

8.12 CIRCLES IN THE COORDINATE PLANE

Introduction

Finally, we dive into a different shape, circles. First, we will define all the parts of circles and then explore the
properties of tangent lines, arcs, inscribed angles, and chords. Next, we will learn about the properties of angles
within circles that are formed by chords, tangents and secants. Lastly, we will place circles in the coordinate plane,
find the equations of, and graph circles.
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8.1 Parts of Circles

Learning Objectives

Here you’ll learn the vocabulary associated with the parts of circles.

What if you were asked to geometrically consider the ancient astronomical clock in Prague, pictured below? It has
a large background circle that tells the local time and the “ancient time” and then the smaller circle rotates around
on the orange line to show the current astrological sign. The yellow point is the center of the larger clock. How does
the orange line relate to the small and larger circle? How does the hand with the moon on it (black hand with the
circle) relate to both circles? Are the circles concentric or tangent?

Parts of Circles

A circle is the set of all points in the plane that are the same distance away from a specific point, called the center.
The center of the circle below is point A. We call this circle “circle A,” and it is labeled

⊙
A.

Important Circle Parts

Radius: The distance from the center of the circle to its outer rim.

Chord: A line segment whose endpoints are on a circle.

Diameter: A chord that passes through the center of the circle. The length of a diameter is two times the length of
a radius.

Secant: A line that intersects a circle in two points.

484

http://www.ck12.org


www.ck12.org Chapter 8. Circles

Tangent: A line that intersects a circle in exactly one point.

Point of Tangency: The point where a tangent line touches the circle.

The tangent ray
−→
T P and tangent segment T P are also called tangents.

Tangent Circles: Two or more circles that intersect at one point.

Two circles can be tangent to each other in two different ways, either internally tangent or externally tangent.

If the circles are not tangent, they can share a tangent line, called a common tangent. Common tangents can be
internally tangent and externally tangent too. Notice that the common internal tangent passes through the space
between the two circles. Common external tangents stay on the top or bottom of both circles.

Concentric Circles: Two or more circles that have the same center, but different radii.

Congruent Circles: Two or more circles with the same radius, but different centers.
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Watch the first half of this video.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1325

Identifying Parts of Circles

Find the parts of
⊙

A that best fit each description.

a) A radius

HA or AF

b) A chord

CD, HF , or DG

c) A tangent line
←→
BJ

d) A point of tangency

Point H

e) A diameter

HF

f) A secant
←→
BD
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137524

Drawing Intersecting Cricles

Draw an example of how two circles can intersect with no, one and two points of intersection. You will make three
separate drawings.

Determining if Circles are Congruent

Determine if any of the following circles are congruent.

From each center, count the units to the outer rim of the circle. It is easiest to count vertically or horizontally. Doing
this, we have:
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Radius of
⊙

A = 3 units

Radius of
⊙

B = 4 units

Radius of
⊙

C = 3 units

From these measurements, we see that
⊙

A∼=
⊙

C.

Notice the circles are congruent. The lengths of the radii are equal.

Refer to the photograph at the beginning of this section. The orange line (which is normally black, but outlined for
the purpose of this exercise) is a diameter of the smaller circle. Since this line passes through the center of the larger
circle (yellow point, also outlined), it is part of one of its diameters. The “moon” hand is a diameter of the larger
circle, but a secant of the smaller circle. The circles are not concentric because they do not have the same center and
are not tangent because the sides of the circles do not touch.

Examples

Example 1

If the diameter of a circle is 10 inches, how long is the radius?

The radius is always half the length of the diameter, so it is 5 inches.

Example 2

Is it possible to have a line that intersects a circle three times? If so, draw one. If not, explain.

It is not possible. By definition, all lines are straight. The maximum number of times a line can intersect a circle is
twice

Example 3

Are all circles similar?

Yes. All circles are the same shape, but not necessarily the same size, so they are similar.

Review

Determine which term best describes each of the following parts of
⊙

P.
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1. KG
2.
←→
FH

3. KH
4. E
5.
←→
BK

6.
←→
CF

7. A
8. JG
9. HG

10. What is the longest chord in any circle?

Use the graph below to answer the following questions.

11. Find the radius of each circle.
12. Are any circles congruent? How do you know?
13. How are

⊙
C and

⊙
E related?

14. Find the equation of
←→
CE .

15. Find the length of CE.
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Review (Answers)

To view the Review answers, open this PDF file and look for section 9.1.
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8.2 Tangent Lines

Learning Objectives

Here you’ll learn two theorems about tangent lines and how to apply them.

What if a line were drawn outside a circle that appeared to touch the circle at only one point? How could you
determine if that line were actually a tangent?

Tangent Lines

The tangent line and the radius drawn to the point of tangency have a unique relationship. Let’s investigate it here.

Investigation: Tangent Line and Radius Property

Tools needed: compass, ruler, pencil, paper, protractor

1. Using your compass, draw a circle. Locate the center and draw a radius. Label the radius AB, with A as the
center.

2. Draw a tangent line,
←→
BC, where B is the point of tangency. To draw a tangent line, take your ruler and line it

up with point B. Make sure that B is the only point on the circle that the line passes through.

3. Using your protractor, find m6 ABC.

Tangent to a Circle Theorem: A line is tangent to a circle if and only if the line is perpendicular to the radius drawn
to the point of tangency.

To prove this theorem, the easiest way to do so is indirectly (proof by contradiction). Also, notice that this theorem
uses the words “if and only if,” making it a biconditional statement. Therefore, the converse of this theorem is also
true. Now let’s look at two tangent segments, drawn from the same external point. If we were to measure these two
segments, we would find that they are equal.
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Two Tangents Theorem: If two tangent segments are drawn from the same external point, then the segments are
equal.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137532

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1326

Reducing Radicals

In
⊙

A,CB is tangent at point B. Find AC. Reduce any radicals.
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Solution: Because CB is tangent, AB⊥CB, making4ABC a right triangle. We can use the Pythagorean Theorem to
find AC.

52 +82 = AC2

25+64 = AC2

89 = AC2

AC =
√

89

Calculating Length

Find DC, in
⊙

A. Round your answer to the nearest hundredth.

DC = AC−AD

DC =
√

89−5≈ 4.43

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1327

Calculating Perimeter

Find the perimeter of4ABC.
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AE = AD,EB = BF , and CF =CD. Therefore, the perimeter of4ABC = 6+6+4+4+7+7 = 34.

We say that
⊙

G is inscribed in4ABC. A circle is inscribed in a polygon, if every side of the polygon is tangent to
the circle.

Solving for Unknown Values

Find the value of x.

Because AB⊥AD and DC⊥CB,AB and CB are tangent to the circle and also congruent. Set AB =CB and solve for
x.

4x−9 = 15

4x = 24

x = 6

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137533

Examples

Example 1

Determine if the triangle below is a right triangle. Explain why or why not.
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To determine if the triangle is a right triangle, use the Pythagorean Theorem. 4
√

10 is the longest length, so we will
set it equal to c in the formula.

82 +102 ?
(

4
√

10
)2

64+100 6= 160

4ABC is not a right triangle. And, from the converse of the Tangent to a Circle Theorem, CB is not tangent to
⊙

A.

Example 2

Find the distance between the centers of the two circles. Reduce all radicals.

The distance between the two circles is AB. They are not tangent, however, AD⊥DC and DC⊥CB. Let’s add BE,
such that EDCB is a rectangle. Then, use the Pythagorean Theorem to find AB.

52 +552 = AC2

25+3025 = AC2

3050 = AC2

AC =
√

3050 = 5
√

122
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Example 3

If D and C are the centers and AE is tangent to both circles, find DC.

Because AE is tangent to both circles, it is perpendicular to both radii and 4ABC and 4DBE are similar. To find
DB, use the Pythagorean Theorem.

102 +242 = DB2

100+576 = 676

DB =
√

676 = 26

To find BC, use similar triangles.

5
10

=
BC
26
−→ BC = 13

DC = AB+BC = 26+13 = 39

Review

Determine whether the given segment is tangent to
⊙

K.

1.

2.
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3.

Algebra Connection Find the value of the indicated length(s) in
⊙

C. A and B are points of tangency. Simplify all
radicals.

4.

5.

6.

7.

8.
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9.
10. A and B are points of tangency for

⊙
C and

⊙
D, respectively.

a. Is4AEC ∼4BED? Why?
b. Find BC.
c. Find AD.
d. Using the trigonometric ratios, find m6 C. Round to the nearest tenth of a degree.

11. Fill in the blanks in the proof of the Two Tangents Theorem. Given: AB and CB with points of tangency at A
and C. AD and DC are radii. Prove: AB∼=CB

TABLE 8.1:

Statement Reason
1.
2. AD∼= DC
3. DA⊥AB and DC⊥CB
4. Definition of perpendicular lines
5. Connecting two existing points
6. 4ADB and4DCB are right triangles
7. DB∼= DB
8. 4ABD∼=4CBD
9. AB∼=CB

12. From the above proof, we can also conclude (fill in the blanks):

a. ABCD is a _____________ (type of quadrilateral).
b. The line that connects the ___________ and the external point B _________ 6 ADC and 6 ABC.

13. Points A,B,C, and D are all points of tangency for the three tangent circles. Explain why AT ∼=BT ∼=CT ∼=DT .
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14. Circles tangent at T are centered at M and N. ST is tangent to both circles at T . Find the radius of the smaller
circle if SN⊥SM, SM = 22,T N = 25 and m6 SNT = 40◦.

15. Four circles are arranged inside an equilateral triangle as shown. If the triangle has sides equal to 16 cm, what
is the radius of the bigger circle?

16. Circles centered at A and B are tangent at W . Explain why A,B and W are collinear.

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.2.
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8.3 Arcs in Circles

Learning Objectives

Here you’ll learn the properties of arcs and central angles of circles and how to apply them.

What if the Ferris wheel below had equally spaced seats, such that the central angle were 20◦. How many seats are
there? Why do you think it is important to have equally spaced seats on a Ferris wheel?

If the radius of this Ferris wheel is 25 ft., how far apart are two adjacent seats? Round your answer to the nearest
tenth. The shortest distance between two points is a straight line. .

Arcs in Circles

A central angle is the angle formed by two radii of the circle with its vertex at the center of the circle. In the picture
below, the central angle would be 6 BAC. Every central angle divides a circle into two arcs (an arc is a section of the
circle). In this case the arcs are B̂C and B̂DC. Notice the arc above the letters. To label an arc, always use this curve
above the letters. Do not confuse BC and B̂C.
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If D was not on the circle, we would not be able to tell the difference between B̂C and B̂DC. There are 360◦ in a
circle, where a semicircle is half of a circle, or 180◦. m6 EFG= 180◦, because it is a straight angle, so mÊHG= 180◦

and mÊJG = 180◦.

• Semicircle: An arc that measures 180◦.

• Minor Arc: An arc that is less than 180◦.

• Major Arc: An arc that is greater than 180◦. Always use 3 letters to label a major arc.

Two arcs are congruent if their central angles are congruent. The measure of the arc formed by two adjacent arcs
is the sum of the measures of the two arcs (Arc Addition Postulate). An arc can be measured in degrees or in a
linear measure (cm, ft, etc.). In this chapter we will use degree measure. The measure of the minor arc is the same
as the measure of the central angle that corresponds to it. The measure of the major arc equals to 360◦ minus the
measure of the minor arc. In order to prevent confusion, major arcs are always named with three letters; the letters
that denote the endpoints of the arc and any other point on the major arc. When referring to the measure of an arc,
always place an “m” in from of the label.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137522
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Measuring Arcs

Find mÂB and mÂDB in
⊙

C.

mÂB = m6 ACB. So, mÂB = 102◦.

mÂDB = 360◦−mÂB = 360◦−102◦ = 258◦

Identifying and Measuring Minor Arcs

Find the measures of the minor arcs in
⊙

A. EB is a diameter.

Because EB is a diameter, m6 EAB = 180◦. Each arc has the same measure as its corresponding central angle.

mB̂F = m6 FAB = 60◦

mÊF = m6 EAF = 120◦→ 180◦−60◦

mÊD = m6 EAD = 38◦ → 180◦−90◦−52◦

mD̂C = m6 DAC = 90◦

mB̂C = m6 BAC = 52◦

Using the Arc Addition Postulate

Find the measures of the indicated arcs in
⊙

A. EB is a diameter.
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Use the Arc Addition Postulate.

a) mF̂ED

mF̂ED = mF̂E +mÊD = 120◦+38◦ = 158◦

b) mĈDF

mĈDF = mĈD+mD̂E +mÊF = 90◦+38◦+120◦ = 248◦

c) mD̂FC

mD̂FC = mÊD+mÊF +mF̂B+mB̂C = 38◦+120◦+60◦+52◦ = 270◦

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137523

Ferris Wheel Problem Revisited

Because the seats are 20◦ apart, there will be 360◦
20◦ = 18 seats. It is important to have the seats evenly spaced for

balance. To determine how far apart the adjacent seats are, use the triangle to the right. We will need to use sine to
find x and then multiply it by 2.

sin10◦ =
x

25
x = 25sin10◦ = 4.3 f t.
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The total distance apart is 8.6 feet.

Examples

Example 1

List the congruent arcs in
⊙

C below. AB and DE are diameters.

6 ACD∼= 6 ECB because they are vertical angles. 6 DCB∼= 6 ACE because they are also vertical angles.

ÂD∼= ÊB and ÂE ∼= D̂B

Example 2

Are the blue arcs congruent? Explain why or why not.

a)

ÂD∼= B̂C because they have the same central angle measure and are in the same circle.

b)

The two arcs have the same measure, but are not congruent because the circles have different radii.
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Example 3

Find the value of x for
⊙

C below.

The sum of the measure of the arcs is 360◦ because they make a full circle.

mÂB+mÂD+mD̂B = 360◦

(4x+15)◦+92◦+(6x+3)◦ = 360◦

10x+110◦ = 360◦

10x = 250

x = 25

Review

Determine if the arcs below are a minor arc, major arc, or semicircle of
⊙

G. EB is a diameter.

1. ÂB
2. ÂBD
3. B̂CE
4. ĈAE
5. ÂBC
6. ÊAB
7. Are there any congruent arcs? If so, list them.
8. If mB̂C = 48◦, find mĈD.
9. Using #8, find mĈAE.

Determine if the blue arcs are congruent. If so, state why.
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10.

11.

12.

Find the measure of the indicated arcs or central angles in
⊙

A. DG is a diameter.

13. D̂E
14. D̂C
15. 6 GAB
16. F̂G
17. ÊDB
18. 6 EAB
19. D̂CF
20. D̂BE

Algebra Connection Find the measure of x in
⊙

P.
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21.

22.

23.
24. What can you conclude about

⊙
A and

⊙
B?

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.3.
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8.4 Chords in Circles

Learning Objectives

Here you’ll learn theorems about chords in circles and how to apply them.

What if you were asked to geometrically consider the Gran Teatro Falla, in Cadiz, Andalucía, Spain, pictured
below? This theater was built in 1905 and hosts several plays and concerts. It is an excellent example of circles in
architecture. Notice the five windows, A−E.

⊙
A ∼=

⊙
E and

⊙
B ∼=

⊙
C ∼=

⊙
D. Each window is topped with a

240◦ arc. The gold chord in each circle connects the rectangular portion of the window to the circle. Which chords
are congruent? How do you know?

Chords in Circles

A chord is a line segment whose endpoints are on a circle. A diameter is the longest chord in a circle. There are
several theorems that explore the properties of chords.

Chord Theorem #1: In the same circle or congruent circles, minor arcs are congruent if and only if their corre-
sponding chords are congruent.

Notice the “if and only if” in the middle of the theorem. This means that Chord Theorem #1 is a biconditional
statement. Taking this theorem one step further, any time two central angles are congruent, the chords and arcs from
the endpoints of the sides of the central angles are also congruent. In both of these pictures, BE ∼=CD and B̂E ∼= ĈD.
In the second picture, we have4BAE ∼=4CAD because the central angles are congruent and BA∼= AC ∼= AD∼= AE
because they are all radii (SAS). By CPCTC, BE ∼=CD.
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Investigation: Perpendicular Bisector of a Chord

Tools Needed: paper, pencil, compass, ruler

1. Draw a circle. Label the center A.

2. Draw a chord in
⊙

A. Label it BC.

3. Find the midpoint of BC by using a ruler. Label it D.

4. Connect A and D to form a diameter. How does AD relate to the chord, BC?

Chord Theorem #2: The perpendicular bisector of a chord is also a diameter.

In the picture to the left, AD⊥BC and BD ∼= DC. From this theorem, we also notice that AD also bisects the
corresponding arc at E, so B̂E ∼= ÊC.

Chord Theorem #3: If a diameter is perpendicular to a chord, then the diameter bisects the chord and its corre-
sponding arc.
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Investigation: Properties of Congruent Chords

Tools Needed: pencil, paper, compass, ruler

1. Draw a circle with a radius of 2 inches and two chords that are both 3 inches. Label as in the picture to the
right. This diagram is drawn to scale.

2. From the center, draw the perpendicular segment to AB and CD.

3. Erase the arc marks and lines beyond the points of intersection, leaving FE and EG. Find the measure of these
segments. What do you notice?

Chord Theorem #4: In the same circle or congruent circles, two chords are congruent if and only if they are
equidistant from the center.

Recall that two lines are equidistant from the same point if and only if the shortest distance from the point to the line
is congruent. The shortest distance from any point to a line is the perpendicular line between them. In this theorem,
the fact that FE = EG means that AB and CD are equidistant to the center and AB∼=CD.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137526
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Measuring Chords

Use
⊙

A to answer the following.

1. If mB̂D = 125◦, find mĈD.

From the picture, we know BD =CD. Because the chords are equal, the arcs are too. mĈD = 125◦.

2. If mB̂C = 80◦, find mĈD.

To find mĈD, subtract 80◦ from 360◦ and divide by 2. mĈD = 360◦−80◦
2 = 280◦

2 = 140◦

Solving for Unknown Values

1. Find the value of x and y.

The diameter here is also perpendicular to the chord. From Chord Theorem #3, x = 6 and y = 75◦.

2. Find the value of x and y.

511

http://www.ck12.org


8.4. Chords in Circles www.ck12.org

Because the diameter is perpendicular to the chord, it also bisects the chord and the arc. Set up an equation for x and
y.

(3x−4)◦ = (5x−18)◦ y+4 = 2y+1

14◦ = 2x 3 = y

7◦ = x

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137527

Earlier Problem Revisited

In the picture, the chords from
⊙

A and
⊙

E are congruent and the chords from
⊙

B,
⊙

C, and
⊙

D are also
congruent. We know this from Chord Theorem #1. All five chords are not congruent because all five circles are not
congruent, even though the central angle for the circles is the same.

Examples

Example 1

Is the converse of Chord Theorem #2 true?

The converse of Chord Theorem #2 would be: A diameter is also the perpendicular bisector of a chord. This is not
a true statement, see the counterexample to the right.
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Example 2

Find the value of x.

Because the distance from the center to the chords is congruent and perpendicular to the chords, then the chords are
equal.

6x−7 = 35

6x = 42

x = 7

Example 3

BD = 12 and AC = 3 in
⊙

A. Find the radius and mB̂D.

First find the radius. In the picture, AB is a radius, so we can use the right triangle 4ABC, such that AB is the
hypotenuse. From Chord Theorem #3, BC = 6.

32 +62 = AB2

9+36 = AB2

AB =
√

45 = 3
√

5

In order to find mB̂D, we need the corresponding central angle, 6 BAD. We can find half of 6 BAD because it is an
acute angle in4ABC. Then, multiply the measure by 2 for mB̂D.

tan−1
(

6
3

)
= m6 BAC

m 6 BAC ≈ 63.43◦

This means that m6 BAD≈ 126.9◦ and mB̂D≈ 126.9◦ as well.
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Review

Find the value of the indicated arc in
⊙

A.

1. mB̂C

2. mB̂D

3. mB̂C

4. mB̂D

5. mB̂D
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6. mB̂D

Algebra Connection Find the value of x and/or y.

7.

8.

9.
10. AB = 32

11.

515

http://www.ck12.org


8.4. Chords in Circles www.ck12.org

12.

13.

14.

15.
16. Find mÂB in Question 10. Round your answer to the nearest tenth of a degree.
17. Find mÂB in Question 15. Round your answer to the nearest tenth of a degree.

In problems 18-20, what can you conclude about the picture? State a theorem that justifies your answer. You may
assume that A is the center of the circle.

18.

19.
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20.
21. Find the measure of ÂBin each diagram below.

a.

b.

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.4.
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8.5 Inscribed Angles in Circles

Learning Objectives

Here you’ll learn the properties of inscribed angles and how to apply them.

What if your family went to Washington, D.C., over the summer and saw the White House? The closest you can get
to the White House are the walking trails on the far right. You got as close as you could (on the trail) to the fence to
take a picture (you were not allowed to walk on the grass). Where else could you have taken your picture from to
get the same frame of the White House? Where do you think the best place to stand would be? Your line of sight in
the camera is marked in the picture as the grey lines. The white dotted arcs do not actually exist, but were added to
help with this problem.

,

Inscribed Angles in Circles

An inscribed angle is an angle with its vertex is the circle and its sides contain chords. The intercepted arc is the
arc that is on the interior of the inscribed angle and whose endpoints are on the angle. The vertex of an inscribed
angle can be anywhere on the circle as long as its sides intersect the circle to form an intercepted arc.
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Let’s investigate the relationship between the inscribed angle, the central angle and the arc they intercept.

Investigation: Measuring an Inscribed Angle

Tools Needed: pencil, paper, compass, ruler, protractor

1. Draw three circles with three different inscribed angles. For
⊙

A, make one side of the inscribed angle a diameter,
for

⊙
B, make B inside the angle and for

⊙
C make C outside the angle. Try to make all the angles different sizes.

2. Using your ruler, draw in the corresponding central angle for each angle and label each set of endpoints.

3. Using your protractor measure the six angles and determine if there is a relationship between the central angle,
the inscribed angle, and the intercepted arc.

m6 LAM = m 6 NBP = m6 QCR =

mL̂M = mN̂P = mQ̂R =

m6 LKM = m 6 NOP = m6 QSR =

Inscribed Angle Theorem: The measure of an inscribed angle is half the measure of its intercepted arc.
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In the picture, m6 ADC = 1
2 mÂC. If we had drawn in the central angle 6 ABC, we could also say that m6 ADC =

1
2 m6 ABC because the measure of the central angle is equal to the measure of the intercepted arc. To prove the
Inscribed Angle Theorem, you would need to split it up into three cases, like the three different angles drawn from
the Investigation.

Congruent Inscribed Angle Theorem: Inscribed angles that intercept the same arc are congruent.

Inscribed Angle Semicircle Theorem: An angle that intercepts a semicircle is a right angle.

In the Inscribed Angle Semicircle Theorem we could also say that the angle is inscribed in a semicircle. Anytime a
right angle is inscribed in a circle, the endpoints of the angle are the endpoints of a diameter. Therefore, the converse
of the Inscribed Angle Semicircle Theorem is also true.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137536

Applying the Inscribed Angle Theorem

Find mD̂C and m6 ADB.

From the Inscribed Angle Theorem, mD̂C = 2 ·45◦ = 90◦. m6 ADB = 1
2 ·76◦ = 38◦.

Measuring Inscribed Angles

1. Find m6 ADB and m 6 ACB.
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The intercepted arc for both angles is ÂB. Therefore, m6 ADB = m6 ACB = 1
2 ·124◦ = 62◦

2. Find m6 DAB in
⊙

C.

Because C is the center, DB is a diameter. Therefore, 6 DAB inscribes semicircle, or 180◦. m6 DAB = 1
2 ·180◦ = 90◦.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137537

White House Problem Revisited

You can take the picture from anywhere on the semicircular walking path. The best place to take the picture is
subjective, but most would think the pale green frame, straight-on, would be the best view.

Example

Example 1

Find m 6 PMN,mP̂N,m 6 MNP,m 6 LNP, and mL̂N.
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m6 PMN = m6 PLN = 68◦ by the Congruent Inscribed Angle Theorem.

mP̂N = 2 ·68◦ = 136◦ from the Inscribed Angle Theorem.

m6 MNP = 90◦ by the Inscribed Angle Semicircle Theorem.

m6 LNP = 1
2 ·92◦ = 46◦ from the Inscribed Angle Theorem.

To find mL̂N, we need to find m6 LPN. 6 LPN is the third angle in4LPN, so 68◦+46◦+m6 LPN = 180◦. m6 LPN =
66◦, which means that mL̂N = 2 ·66◦ = 132◦.

Review

Fill in the blanks.

1. An angle inscribed in a ________________ is 90◦.
2. Two inscribed angles that intercept the same arc are _______________.
3. The sides of an inscribed angle are ___________________.
4. Draw inscribed angle 6 JKL in

⊙
M. Then draw central angle 6 JML. How do the two angles relate?

Find the value of x and/or y in
⊙

A.

5.

6.
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7.

8.

9.

Solve for x.

10.

11.
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12.

13.
14. Suppose that AB is a diameter of a circle centered at O, and C is any other point on the circle. Draw the line

through O that is parallel to AC, and let D be the point where it meets B̂C. Explain why D is the midpoint of
B̂C.

15. Fill in the blanks of the Inscribed Angle Theorem proof.

Given: Inscribed 6 ABC and diameter BD

Prove: m6 ABC = 1
2 mÂC

TABLE 8.2:

Statement Reason
1. Inscribed 6 ABC and diameter BD
m6 ABE = x◦ and m6 CBE = y◦

2. x◦+ y◦ = m 6 ABC
3. All radii are congruent
4. Definition of an isosceles triangle
5. m6 EAB = x◦ and m 6 ECB = y◦

6. m6 AED = 2x◦ and m6 CED = 2y◦

7. mÂD = 2x◦ and mD̂C = 2y◦

8. Arc Addition Postulate
9. mÂC = 2x◦+2y◦

10. Distributive PoE
11. mÂC = 2m 6 ABC
12. m6 ABC = 1

2 mÂC
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Review (Answers)

To view the Review answers, open this PDF file and look for section 9.5.
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8.6 Inscribed Quadrilaterals in Circles

Learning Objectives

Here you’ll learn properties of inscribed quadrilaterals in circles and how to apply them.

Inscribed Quadrilaterals in Circles

An inscribed polygon is a polygon where every vertex is on a circle. Note, that not every quadrilateral or polygon
can be inscribed in a circle. Inscribed quadrilaterals are also called cyclic quadrilaterals. For these types of
quadrilaterals, they must have one special property. We will investigate it here.

Investigation: Inscribing Quadrilaterals

Tools Needed: pencil, paper, compass, ruler, colored pencils, scissors

1. Draw a circle. Mark the center point A.

2. Place four points on the circle. Connect them to form a quadrilateral. Color the 4 angles of the quadrilateral 4
different colors.

3. Cut out the quadrilateral. Then cut the quadrilateral into two triangles, by cutting on a diagonal.

4. Line up 6 B and 6 D so that they are adjacent angles. What do you notice? What does this show?
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This investigation shows that the opposite angles in an inscribed quadrilateral are supplementary. By cutting the
quadrilateral in half, through the diagonal, we were able to show that the other two angles (that we did not cut
through) formed a linear pair when matched up.

Inscribed Quadrilateral Theorem: A quadrilateral is inscribed in a circle if and only if the opposite angles are
supplementary.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137534

Solving for Unknown Values

1. Find the value of the missing variable.

x+80◦ = 180◦ by the Inscribed Quadrilateral Theorem. x = 100◦.

y+71◦ = 180◦ by the Inscribed Quadrilateral Theorem. y = 109◦.

2. Find the value of the missing variable.
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It is easiest to figure out z first. It is supplementary with 93◦, so z= 87◦. Second, we can find x. x is an inscribed angle
that intercepts the arc 58◦+106◦ = 164◦. Therefore, by the Inscribed Angle Theorem, x = 82◦. y is supplementary
with x, so y = 98◦.Find the value of the missing variables.

3. Find x and y in the picture below.

The opposite angles are supplementary. Set up an equation for x and y.

(7x+1)◦+105◦ = 180◦ (4y+14)◦+(7y+1)◦ = 180◦

7x+106◦ = 180◦ 11y+15◦ = 180◦

7x = 84◦ 11y = 165◦

x = 12◦ y = 15◦

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137535

Examples

Quadrilateral ABCD is inscribed in
⊙

E.
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First, note that mÂD = 105◦ because the complete circle must add up to 360◦.

Example 1

Find m 6 A.

m6 A = 1
2 mB̂D = 1

2(115+86) = 100.5◦

Example 2

Find m 6 B.

m6 B = 1
2 mÂC = 1

2(86+105) = 95.5◦

Example 3

Find m 6 C.

m6 C = 180◦−m6 A = 180◦−100.5◦ = 79.5◦

Example 4

Find m 6 D.

m6 D = 180◦−m 6 B = 180◦−95.5◦ = 84.5◦

Review

Fill in the blanks.

1. A(n) _______________ polygon has all its vertices on a circle.
2. The _____________ angles of an inscribed quadrilateral are ________________.

Quadrilateral ABCD is inscribed in
⊙

E. Find:
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3. m6 DBC
4. mB̂C
5. mÂB
6. m6 ACD
7. m6 ADC
8. m6 ACB

Find the value of x and/or y in
⊙

A.

9.

10.

11.

Solve for x.
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12.

13.

Use the diagram below to find the measures of the indicated angles and arcs in problems 14-19.

14. m6 EBO
15. m6 EOB
16. mB̂C
17. m6 ABO
18. m6 A
19. m6 EDC

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.6.
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8.7 Angles On and Inside a Circle

Learning Objectives

Here you’ll learn how to solve problems containing angles that are on or inside a circle.

Angles On and Inside a Circle

When an angle is on a circle, the vertex is on the circumference of the circle. One type of angle on a circle is one
formed by a tangent and a chord.

Investigation: The Measure of an Angle formed by a Tangent and a Chord

Tools Needed: pencil, paper, ruler, compass, protractor

1. Draw
⊙

A with chord BC and tangent line
←→
ED with point of tangency C.

2. Draw in central angle 6 CAB. Then, using your protractor, find m6 CAB and m6 BCE.

3. Find mB̂C (the minor arc). How does the measure of this arc relate to m6 BCE?

This investigation proves the Chord/Tangent Angle Theorem.

Chord/Tangent Angle Theorem: The measure of an angle formed by a chord and a tangent that intersect on the
circle is half the measure of the intercepted arc.

From the Chord/Tangent Angle Theorem, we now know that there are two types of angles that are half the measure
of the intercepted arc; an inscribed angle and an angle formed by a chord and a tangent. Therefore, any angle with
its vertex on a circle will be half the measure of the intercepted arc.
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An angle is considered inside a circle when the vertex is somewhere inside the circle, but not on the center. All
angles inside a circle are formed by two intersecting chords.

Investigation: Find the Measure of an Angle

Tools Needed: pencil, paper, compass, ruler, protractor, colored pencils (optional)

1. Draw
⊙

A with chord BC and DE. Label the point of intersection P.

2. Draw central angles 6 DAB and 6 CAE. Use colored pencils, if desired.

3. Using your protractor, find m6 DPB,m 6 DAB, and m 6 CAE. What is mD̂B and mĈE?
4. Find mD̂B+mĈE

2 .
5. What do you notice?

Intersecting Chords Angle Theorem: The measure of the angle formed by two chords that intersect inside a circle
is the average of the measure of the intercepted arcs.

In the picture below:

m6 SV R =
1
2

(
mŜR+mT̂ Q

)
=

mŜR+mT̂ Q
2

= m6 TV Q

m 6 SV T =
1
2

(
mŜT +mR̂Q

)
=

mŜT +mR̂Q
2

= m6 RV Q
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137528

Applying the Chord/Tangent Angle Theorem

1. Find mÂEB

Use the Chord/Tangent Angle Theorem.

mÂEB = 2 ·m6 DAB = 2 ·133◦ = 266◦

2. Find m6 BAD.

Use the Chord/Tangent Angle Theorem.

m6 BAD = 1
2 mÂB = 1

2 ·124◦ = 62◦
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Measuring Angles

Find a,b, and c.

To find a, it is in line with 50◦ and 45◦. The three angles add up to 180◦. 50◦+45◦+m6 a = 180◦,m6 a = 85◦.

b is an inscribed angle, so its measure is half of mÂC. From the Chord/Tangent Angle Theorem, mÂC = 2 ·m6 EAC =
2 ·45◦ = 90◦.

m6 b = 1
2 ·mÂC = 1

2 ·90◦ = 45◦.

To find c, you can either use the Triangle Sum Theorem or the Chord/Tangent Angle Theorem. We will use the
Triangle Sum Theorem. 85◦+45◦+m 6 c = 180◦,m 6 c = 50◦.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137529

Examples

Find x.

Use the Intersecting Chords Angle Theorem and write an equation.
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Example 1

The intercepted arcs for x are 129◦ and 71◦.

x =
129◦+71◦

2
=

200◦

2
= 100◦

Example 2

Here, x is one of the intercepted arcs for 40◦.

40◦ =
52◦+ x

2
80◦ = 52◦+ x

38◦ = x

Example 3

x is supplementary to the angle that the average of the given intercepted arcs. We will call this supplementary angle
y.

y = 19◦+107◦
2 = 126◦

2 = 63◦ This means that x = 117◦;180◦−63◦
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Review

Find the value of the missing variable(s).

1.

2.

3.

4.

5.

6.
7. y 6= 60◦
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Solve for x.

8.

9.

10.

11.

12. Prove the Intersecting Chords Angle Theorem.
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Given: Intersecting chords AC and BD.

Prove: m6 a = 1
2

(
mD̂C+mÂB

)
Fill in the blanks.

13. If the vertex of an angle is _______________ a circle, then its measure is the average of the _____________-
_____ arcs.

14. If the vertex of an angle is ________ a circle, then its measure is ______________ the intercepted arc.
15. Can two tangent lines intersect inside a circle? Why or why not?

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.7.
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8.8 Angles Outside a Circle

Learning Objectives

Here you’ll learn how to calculate angles formed outside a circle by tangent and secant lines.

What if you wanted to figure out the angle at which the sun’s rays hit the earth? The sun’s rays hit the earth such that
the tangent rays determine when daytime and night time are. The time and Earth’s rotation determine when certain
locations have sun. If the arc that is exposed to sunlight is 178◦, what is the angle at which the sun’s rays hit the
earth (x◦)?

Angles Outside a Circle

An angle is considered to be outside a circle if the vertex of the angle is outside the circle and the sides are tangents
or secants. There are three types of angles that are outside a circle: an angle formed by two tangents, an angle
formed by a tangent and a secant, and an angle formed by two secants. Just like an angle inside or on a circle, an
angle outside a circle has a specific formula, involving the intercepted arcs.

Investigation: Find the Measure of an Angle outside a Circle

Tools Needed: pencil, paper, ruler, compass, protractor, colored pencils (optional)

1. Draw three circles and label the centers A,B, and C. In
⊙

A draw two secant rays with the same endpoint,
−→
DE

and
−→
DF . In

⊙
B, draw two tangent rays with the same endpoint,

−→
LM and

−→
LN. In

⊙
C, draw a tangent ray and

a secant ray with the same endpoint,
−→
QR and

−→
QS. Label the points of intersection with the circles like they are

in the pictures below.

2. Draw in all the central angles: 6 GAH, 6 EAF, 6 MBN, 6 RCT, 6 RCS. Then, find the measures of each of these
angles using your protractor. Use color to differentiate.
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3. Find m6 EDF,m 6 MLN, and m 6 RQS.
4. Find mÊF−mĜH

2 , mM̂PN−mM̂N
2 , and mR̂S−mR̂T

2 . What do you notice?

Outside Angle Theorem: The measure of an angle formed by two secants, two tangents, or a secant and a tangent
drawn from a point outside the circle is equal to half the difference of the measures of the intercepted arcs.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137530

Solving for Unknown Values

1. Find the value of x. You may assume lines that look tangent, are.

Set up an equation using the Outside Angle Theorem.

(5x+10)◦− (3x+4)◦

2
= 30◦

(5x+10)◦− (3x+4)◦ = 60◦

5x+10◦−3x−4◦ = 60◦

2x+6◦ = 60◦

2x = 54◦

x = 27◦

Measuring Angles

1. Find the value of x.
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x = 120◦−32◦
2 = 88◦

2 = 44◦.

2. Find the value of x.

First note that the missing arc by angle x measures 32◦ because the complete circle must make 360◦. Then, x =
141◦−32◦

2 = 109◦
2 = 54.5◦.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137531

Sun Problem Revisited

If 178◦ of the Earth is exposed to the sun, then the angle at which the sun’s rays hit the Earth is 2◦. From the Outside
Angle Theorem, these two angles are supplementary. From this, we also know that the other 182◦ of the Earth is not
exposed to sunlight and it is probably night time.

Examples

Find the measure of x.

For all of the problems below we can use the Outside Angle Theorem.
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Example 1

x = 125◦−27◦
2 = 98◦

2 = 49◦

Example 2

40◦ is not the intercepted arc. Be careful! The intercepted arc is 120◦, (360◦ − 200◦ − 40◦). Therefore, x =
200◦−120◦

2 = 80◦
2 = 40◦.

Example 3

First, we need to find the other intercepted arc, 360◦−265◦ = 95◦. x = 265◦−95◦
2 = 170◦

2 = 85◦

Review

Find the value of the missing variable(s).
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1.

2.

3.

4.

5.

6.

544

http://www.ck12.org


www.ck12.org Chapter 8. Circles

7.

Solve for x.

8.

9.

10.

11.

12.
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13.
14. Prove the Outside Angle Theorem

Given: Secant rays
−→
AB and

−→
AC

Prove: m6 a = 1
2

(
mB̂C−mD̂E

)
15. Draw two secants that intersect:

a. inside a circle.
b. on a circle.
c. outside a circle.

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.8.
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8.9 Segments from Chords

Learning Objectives

Here you’ll learn how to solve for missing segments from chords in circles.

What if Ishmael wanted to know the diameter of a CD from his car? He found a broken piece of one in his car and
took some measurements. He places a ruler across two points on the rim, and the length of the chord is 9.5 cm. The
distance from the midpoint of this chord to the nearest point on the rim is 1.75 cm. Find the diameter of the CD.

Segments from Chords

When two chords intersect inside a circle, the two triangles they create are similar, making the sides of each triangle
in proportion with each other. If we remove AD and BC the ratios between AE,EC,DE, and EB will still be the
same.

Intersecting Chords Theorem: If two chords intersect inside a circle so that one is divided into segments of length
a and b and the other into segments of length c and d then ab = cd. In other words, the product of the segments of
one chord is equal to the product of segments of the second chord.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137538
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Solving for Unknown Values

1. Find x in the diagram below.

Use the ratio from the Intersecting Chords Theorem. The product of the segments of one chord is equal to the
product of the segments of the other.

12 ·8 = 10 · x
96 = 10x

9.6 = x

2. Find x in the diagram below.

Use the ratio from the Intersecting Chords Theorem. The product of the segments of one chord is equal to the
product of the segments of the other.

x ·15 = 5 ·9
15x = 45

x = 3

3. Solve for x.

a)
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Again, we can use the Intersecting Chords Theorem. Set up and equation and solve for x.

8 ·24 = (3x+1) ·12

192 = 36x+12

180 = 36x

5 = x

b)

32 ·21 = (x−9)(x−13)

672 = x2−22x+117

0 = x2−22x−555

0 = (x−37)(x+15)

x = 37,−15

However, x 6=−15 because length cannot be negative, so x = 37.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137539
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CD Problem Revisited

Think of this as two chords intersecting each other. If we were to extend the 1.75 cm segment, it would be a diameter.
So, if we find x in the diagram below and add it to 1.75 cm, we would find the diameter.

4.25 ·4.25 = 1.75 · x
18.0625 = 1.75x

x≈ 10.3 cm, making the diameter10.3+1.75≈ 12 cm, which is the

actual diameter of a CD.

Examples

Find x in each diagram below. Simplify any radicals.

For all problems, use the Intersecting Chords Theorem.

Example 1

15 ·4 = 5 · x
60 = 5x

x = 12

Example 2
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18 · x = 9 ·3
18x = 27

x = 1.5

Example 3

12 · x = 9 ·16

12x = 144

x = 12

Review

Answer true or false.

1. If two chords bisect one another then they are diameters.
2. Tangent lines can create chords inside circles.
3. If two chords intersect and you know the length of one chord, you will be able to find the length of the second

chord.

Solve for the missing segment.

4.
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5.

Find x in each diagram below. Simplify any radicals.

6.

7.

8.

Find the value of x.

9.

10.
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11.

12.

13.
14. Suzie found a piece of a broken plate. She places a ruler across two points on the rim, and the length of the

chord is 6 inches. The distance from the midpoint of this chord to the nearest point on the rim is 1 inch. Find
the diameter of the plate.

15. Prove the Intersecting Chords Theorem.

Given: Intersecting chords AC and BE.

Prove: ab = cd

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.9.
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8.10 Segments from Secants

Learning Objectives

Here you’ll learn how to solve for missing segments from secants intersecting circles.

What if you wanted to figure out the distance from the orbiting moon to different locations on Earth? At a particular
time, the moon is 238,857 miles from Beijing, China. On the same line, Yukon is 12,451 miles from Beijing.
Drawing another line from the moon to Cape Horn (the southernmost point of South America), we see that Jakarta,
Indonesia is collinear. If the distance from Cape Horn to Jakarta is 9849 miles, what is the distance from the moon
to Jakarta?

Segments from Secants

In addition to forming an angle outside of a circle, the circle can divide the secants into segments that are proportional
with each other.

If we draw in the intersecting chords, we will have two similar triangles.

From the inscribed angles and the Reflexive Property (6 R ∼= 6 R),4PRS ∼ 4T RQ. Because the two triangles are
similar, we can set up a proportion between the corresponding sides. Then, cross-multiply. a

c+d = c
a+b ⇒ a(a+b) =

c(c+d)
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137542

Two Secants Segments Theorem: If two secants are drawn from a common point outside a circle and the segments
are labeled as above, then a(a+ b) = c(c+ d). In other words, the product of the outer segment and the whole of
one secant is equal to the product of the outer segment and the whole of the other secant.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/10285

Applying the Two Secants Segments Theorem

1. Find the value of the missing variable.

Use the Two Secants Segments Theorem to set up an equation. For both secants, you multiply the outer portion of
the secant by the whole.

18 · (18+ x) = 16 · (16+24)

324+18x = 256+384

18x = 316

x = 17
5
9

2. Find the value of the missing variable.
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Use the Two Secants Segments Theorem to set up an equation. For both secants, you multiply the outer portion of
the secant by the whole.

x · (x+ x) = 9 ·32

2x2 = 288

x2 = 144

x = 12

x 6=−12 because length cannot be negative.

Understanding Properties of Secants

True or False: Two secants will always intersect outside of a circle.

This is false. If the two secants are parallel, they will never intersect. It’s also possible for two secants to intersect
inside a circle.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137543

Earlier Problem Revisited

The given information is to the left. Let’s set up an equation using the Two Secants Segments Theorem.
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238857 ·251308 = x · (x+9849)

60026674956 = x2 +9849x

0 = x2 +9849x−60026674956

Use the Quadratic Formula x≈ −9849±
√

98492−4(−60026674956)
2

x≈ 240128.4 miles

Examples

Find x in each diagram below. Simplify any radicals.

Example 1

Use the Two Secants Segments Theorem.

8(8+ x) = 6(6+18)

64+8x = 144

8x = 80

x = 10
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Example 2

4(4+ x) = 3(3+13)

16+4x = 48

4x = 32

x = 8

Example 3

15(15+27) = x ·45

630 = 45x

x = 14

Review

Solve for the missing segment.

1.
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2.

Find x in each diagram below. Simplify any radicals.

3.

4.

5.

6. Prove the Two Secants Segments Theorem.

Given: Secants PR and RT

Prove: a(a+b) = c(c+d)

Solve for the unknown variable.
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7.

8.

9.
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10.

11.

12.

13.
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14.

15.

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.10.
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8.11 Segments from Secants and Tangents

Learning Objectives

Here you’ll learn how to solve for missing segments created by a tangent line and a secant line intersecting outside
a circle.

Segments from Secants and Tangents

If a tangent and secant meet at a common point outside a circle, the segments created have a similar relationship to
that of two secant rays. Recall that the product of the outer portion of a secant and the whole is equal to the same of
the other secant. If one of these segments is a tangent, it will still be the product of the outer portion and the whole.
However, for a tangent line, the outer portion and the whole are equal.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137540

Tangent Secant Segment Theorem: If a tangent and a secant are drawn from a common point outside the circle
(and the segments are labeled like the picture to the left), then a2 = b(b+ c). This means that the product of the
outside segment of the secant and the whole is equal to the square of the tangent segment.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/10284
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Finding the Value of a Missing Segment

1. Find the value of the missing segment.

Use the Tangent Secant Segment Theorem. Square the tangent and set it equal to the outer part times the whole
secant.

x2 = 4(4+12)

x2 = 4 ·16 = 64

x = 8

2. Find the value of the missing segment.

Use the Tangent Secant Segment Theorem. Square the tangent and set it equal to the outer part times the whole
secant.

202 = y(y+30)

400 = y2 +30y

0 = y2 +30y−400

0 = (y+40)(y−10)

y =���HHH−40,10
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Solving for Unknown Values

Fill in the blank and then solve for the missing segment.

= (4+5)

x2 = 4(4+5)

x2 = 36

x = 6

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137541

Examples

Find x in each diagram below. Use the Tangent Secant Segment Theorem and simplify any radicals.

Example 1

565

http://www.ck12.org
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/tlMBdbr_-7Q%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D07ce78be716e860bf4fdfda3ace07a95
http://www.ck12.org/flx/render/embeddedobject/137541


8.11. Segments from Secants and Tangents www.ck12.org

182 = 10(10+ x)

324 = 100+10x

224 = 10x

x = 22.4

Example 2

x2 = 16(16+25)

x2 = 656

x = 4
√

41

Example 3

x2 = 24(24+20)

x2 = 1056

x = 4
√

66

Review

Solve for the missing segment.

1.
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Find x in each diagram below. Simplify any radicals.

2.

3.

4.
5. Describe and correct the error in finding y.

10 ·10 = y ·15y

100 = 15y2

20
3

= y2

2
√

15
3

= y ←− y is not correct

Solve for the unknown variable.
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6.

7.

8.
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9.

10.

11.
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12.

13.

14.
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15.

16.

17.

18.

19.
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20. Find x and y.

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.11.
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8.12 Circles in the Coordinate Plane

Learning Objectives

Here you’ll learn how to find the standard equation for circles given their radius and center. You’ll also graph circles
in the coordinate plane.

What if you were given the length of the radius of a circle and the coordinates of its center? How could you write
the equation of the circle in the coordinate plane?

Circles in the Coordinate Plane

Recall that a circle is the set of all points in a plane that are the same distance from the center. This definition can be
used to find an equation of a circle in the coordinate plane.

Let’s start with the circle centered at (0, 0). If (x,y) is a point on the circle, then the distance from the center to this
point would be the radius, r. x is the horizontal distance and y is the vertical distance. This forms a right triangle.
From the Pythagorean Theorem, the equation of a circle centered at the origin is x2 + y2 = r2.

The center does not always have to be on (0, 0). If it is not, then we label the center (h,k). We would then use the
Distance Formula to find the length of the radius.

r =
√

(x−h)2 +(y− k)2
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If you square both sides of this equation, then you would have the standard equation of a circle. The standard
equation of a circle with center (h,k) and radius r is r2 = (x−h)2 +(y− k)2.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137520

Graphing a Circle

Graph x2 + y2 = 9.

The center is (0, 0). Its radius is the square root of 9, or 3. Plot the center, plot the points that are 3 units to the right,
left, up, and down from the center and then connect these four points to form a circle.

Finding the Equation of a Circle

Find the equation of the circle below.
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First locate the center. Draw in the horizontal and vertical diameters to see where they intersect.

From this, we see that the center is (-3, 3). If we count the units from the center to the circle on either of these
diameters, we find r = 6. Plugging this into the equation of a circle, we get: (x− (−3))2 + (y− 3)2 = 62 or
(x+3)2 +(y−3)2 = 36.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1324

Determining if Points are on a Circle

Determine if the following points are on (x+1)2 +(y−5)2 = 50.

Plug in the points for x and y in (x+1)2 +(y−5)2 = 50
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a) (8, -3)

(8+1)2 +(−3−5)2 = 50

92 +(−8)2 = 50

81+64 6= 50

(8,-3) is not on the circle.

b) (-2, -2)

(−2+1)2 +(−2−5)2 = 50

(−1)2 +(−7)2 = 50

1+49 = 50

(-2, -2) is on the circle

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/137521

Examples

Find the center and radius of the following circles.

Example 1

(x−3)2 +(y−1)2 = 25

Rewrite the equation as (x−3)2 +(y−1)2 = 52. The center is (3, 1) and r = 5.

Example 2

(x+2)2 +(y−5)2 = 49

Rewrite the equation as (x− (−2))2 +(y−5)2 = 72. The center is (-2, 5) and r = 7.

Keep in mind that, due to the minus signs in the formula, the coordinates of the center have the opposite signs of
what they may initially appear to be.
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Example 3

Find the equation of the circle with center (4, -1) and which passes through (-1, 2).

First plug in the center to the standard equation.

(x−4)2 +(y− (−1))2 = r2

(x−4)2 +(y+1)2 = r2

Now, plug in (-1, 2) for x and y and solve for r.

(−1−4)2 +(2+1)2 = r2

(−5)2 +(3)2 = r2

25+9 = r2

34 = r2

Substituting in 34 for r2, the equation is (x−4)2 +(y+1)2 = 34.

Review

Find the center and radius of each circle. Then, graph each circle.

1. (x+5)2 +(y−3)2 = 16
2. x2 +(y+8)2 = 4
3. (x−7)2 +(y−10)2 = 20
4. (x+2)2 + y2 = 8

Find the equation of the circles below.

5.
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6.

7.

8.
9. Determine if the following points are on (x+1)2 +(y−6)2 = 45.

a. (2, 0)
b. (-3, 4)
c. (-7, 3)

Find the equation of the circle with the given center and point on the circle.

578

http://www.ck12.org


www.ck12.org Chapter 8. Circles

10. center: (2, 3), point: (-4, -1)
11. center: (10, 0), point: (5, 2)
12. center: (-3, 8), point: (7, -2)
13. center: (6, -6), point: (-9, 4)
14. Now let’s find the equation of a circle using three points on the circle. Given the points A(−12,−21),B(2,27)

and C(19,10) on the circle (an arc could be drawn through these points from A to C), follow the steps below.

a. Since the perpendicular bisector passes through the midpoint of a segment we must first find the midpoint
between A and C.

b. Now the perpendicular line must have a slope that is the opposite reciprocal of the slope of
←→
AC . Find the

slope of
←→
AC and then its opposite reciprocal.

c. Finally, you can write the equation of the perpendicular bisector of AC using the point you found in part
a and the slope you found in part b.

d. Repeat steps a-c for chord BC.
e. Now that we have the two perpendicular bisectors of the chord we can find their intersection. Solve the

system of linear equations to find the center of the circle.
f. Find the radius of the circle by finding the distance from the center (point found in part e) to any of the

three given points on the circle.
g. Now, use the center and radius to write the equation of the circle.

Find the equations of the circles which contain the three points.

15. A(−2,5),B(5,6) and C(6,−1)
16. A(−11,−14),B(5,16) and C(12,9)

Review (Answers)

To view the Review answers, open this PDF file and look for section 9.12.

Summary

This chapter begins with vocabulary associated with the parts of circles. It then branches into theorems about tangent
lines; properties of arcs and central angles; and theorems about chords and how to apply them. Inscribed angles and
inscribed quadrilaterals and their properties are explored. Angles on, inside, and outside a circle are presented
in detail and the subsequent relationships are used in problem solving. Relationships among chords, secants, and
tangents are discovered and applied. The chapter ends with the connection between algebra and geometry as the
equations of circles are discussed.
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Chapter Review

Match the description with the correct label.

1. minor arc - A. CD
2. chord - B. AD
3. tangent line - C.

←→
CB

4. central angle - D.
←→
EF

5. secant - E. A
6. radius - F. D
7. inscribed angle - G. 6 BAD
8. center - H. 6 BCD
9. major arc - I. B̂D

10. point of tangency - J. B̂CD

Texas Instruments Resources

In the CK-12 Texas Instruments Geometry FlexBook® resource, there are graphing calculator activities designed
to supplement the objectives for some of the lessons in this chapter. See http://www.ck12.org/flexr/chapter/9694 .
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CONCEPT 9
Connections Between Two

and Three Dimensions

Learning Objectives

Here you will review cross sections of three dimensional objects. You will also practice identifying three dimensional
objects generated by rotations of two dimensional shapes.

The shaded figure below is rotated around the line. What is the volume of the solid that is created?

Cross Sections

Recall that a cross section is the shape you see when you make one slice through a solid. A solid can have many
different cross sections depending on where you make the slice. Consider a hexagonal pyramid. Cross sections
perpendicular to the base will be triangles. Cross sections parallel to the base will be hexagons. It is also possible to
take cross sections using planes that are neither parallel nor perpendicular to the base. Below, a hexagonal pyramid
has been sliced at a slant. The cross section is a pentagon.
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Cross sections are one way that two dimensional objects are connected to three dimensional objects.

A second connection between two and three dimensions comes from the fact that three dimensional solids can be
created by rotating two dimensional objects around a line. For example, rotating the half circle below around the
line will create a sphere.
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Let’s look at some problems about cross sections.

1. Identify the solid that is created when the following shape is rotated around the line.

The solid is a cone with radius 5 cm.

2. Find the volume of the solid from #1.

The volume of a cone is V = πr2h
3 . The radius is 5 cm. To find the height of the cone, use the Pythagorean Theorem:

52 +h2 = 92

h =
√

56≈ 7.48 cm

The volume of the cone is:

V =
π(52)(7.48)

3
≈ 195.83 cm3

3. Identify at least three two dimensional shapes created by cross sections of the solid from first problem.

Cross sections taken parallel to the base will be circles. Cross sections taken perpendicular to the base will be
triangles. When the cross section is taken at a slant, there are many other possibilities. Two additional cross sections
are an ellipse or a filled in parabola.
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Examples

Example 1

Earlier, you were asked what is the volume of the solid that was created.

The shaded figure below is rotated around the line.

The resulting solid is a sphere with a sphere removed from the center. The volume of the large sphere is 4π(33)
3 =

36π in3. The volume of the small sphere is 4π(23)
3 = 32π

3 in3. The volume of the resulting solid is:

V = 36π− 32π

3
=

76π

3
in3

Use the picture below for #2-#4.
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Example 2

Identify the solid that is created when the figure above is rotated around the line.

The solid is a cylinder with a hemisphere on top. The radius of each is 4 cm.

Example 3

Find the volume of the solid from #2.

The volume of the cylinder is π(42)(4) = 64π cm3. The volume of the hemisphere is 4π(43)
6 = 128π

3 cm3. The volume
of the whole solid is 320π

3 cm3.

Example 4

Identify at least three two dimensional shapes created by cross sections of the solid from #2.

Possible answers: Cross sections taken parallel to the base will be circles. Cross sections taken perpendicular to the
base will be rectangles with half circles on top. Some cross sections taken at a slant will be ellipses.

Review

Use the picture below for #1-#3.
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1. Describe the solid that is created when the figure above is rotated around the line.

2. Find the volume of the solid.

3. Identify at least 3 two dimensional shapes created by cross sections of the solid.

Use the picture below for #4-#6.

4. Describe the solid that is created when the figure above is rotated around the line.

5. Find the volume of the solid.

6. Identify at least 3 two dimensional shapes created by cross sections of the solid.

Use the picture below for #7-#9.
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7. Describe the solid that is created when the figure above is rotated around the line.

8. Find the volume of the solid.

9. Identify at least 2 two dimensional shapes created by cross sections of the solid.

Use the picture below for #10-#12.

10. Describe the solid that is created when the figure above is rotated around the line.

11. Find the volume of the solid.

12. Identify at least 2 two dimensional shapes created by cross sections of the solid.

Use the picture below for #13-#15.

13. Describe the solid that is created when the figure above is rotated around the line.

14. Find the volume of the solid.

15. Identify at least 2 two dimensional shapes created by cross sections of the solid.

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.4.

587

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Geometry-Honors-Concepts-%28PDF%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Geometry-Honors-Concepts-%28PDF%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-Geometry-Honors-Concepts-%28PDF%29.pdf


www.ck12.org

References

1. . . CC BY-NC-SA
2. . . CC BY-NC-SA
3. . . CC BY-NC-SA
4. . . CC BY-NC-SA
5. . . CC BY-NC-SA
6. . . CC BY-NC-SA
7. . . CC BY-NC-SA
8. . . CC BY-NC-SA
9. . . CC BY-NC-SA

10. . . CC BY-NC-SA
11. . . CC BY-NC-SA
12. . . CC BY-NC-SA

588

http://www.ck12.org


www.ck12.org Concept 10. Modeling in Three Dimensions

CONCEPT 10 Modeling in Three
Dimensions

Learning Objectives

Here you will use geometric solids to model and answer questions about real life objects.

Mark wants to make an open box from an 8.5 inch by 11 inch piece of paper by cutting squares out of each corner,
folding up the sides, and securing with tape. How does the volume of his box relate to the size of the squares he cuts
out?

Modeling in Three Dimensions

You live in a three dimensional world. Look around and observe what you see over the course of your day. Can you
find examples of prisms? Cylinders? Pyramids? Cones? Spheres?

While most objects in your daily life are not perfect prisms, pyramids, cylinders, cones, or spheres, most are close to
one of these five solids or a combination of these solids. Modeling in three dimensions is about being able to choose
the best solid to help analyze a real world three dimensional situation, and then using your geometry knowledge to
make decisions about the real life situation. You should ask yourself:

• What solid or solids are the best model of this real life object?
• What problems am I trying to solve or decisions am I trying to make about the real life object?
• What information about the real life object am I given and where does it fit in my model?

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/77846
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Real-World Application: Chopping Trees

A big storm causes a large tree to fall in your yard. The main portion of the tree trunk measures about 9 feet around
and is 40 feet long. You plan to chop up the tree to use and sell as fire wood. Approximately what volume of wood
will you get from the tree?

A tree trunk is best modeled by a cylinder. Here, you are looking for the approximate volume of the cylinder. Two
pieces of information are given.

1. “The main portion of the tree trunk measures about 9 feet around” — This is the circumference of the base of the
cylinder. You can use this measurement to find the radius of the cylinder.

2πr = 9→ r = 9
2π
→ r ≈ 1.43 f t

2. “40 feet long” — This is the height of the cylinder.

h = 40 f t

The volume of the wood from the tree is approximately:

V = πr2h = π(1.432)(40)≈ 257 f t3

Real-World Application: Buying Wood

Wood is commonly sold in cords. A cord of wood is a stack of tightly packed wood that measures 4 feet by 4 feet
by 8 feet. Approximately how many cords of wood will the chopped tree from the first problem produce?

A cord of wood is best modeled by a rectangular prism. V = ABase ·h, so V = (4 ·4) ·8 = 128 f t3. Each cord of wood
is approximately 128 cubic feet of wood. Since the tree from the first problem produced 257 cubic feet of wood, this
is 257

128 ≈ 2 cords of wood.

Now, let’s come up with an equation that relates the length around a tree in feet, the height of a tree in feet, and the
approximate number of cords of wood that a tree will produce.

You want to come up with an equation that takes an input of circumference and height and produces an output
of cords of wood. Think back to the steps taken in Examples A and B and repeat these steps with variables for
circumference and height instead of specific values.

• Let C = distance around the tree
• Let h = height of tree

Use the distance around the tree to find the radius:

C = 2πr→ r =
C
2π

The volume of the wood from the tree is:

V = πr2h

= π

(
C
2π

)2

h

=
C2h
4π
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Once you have the volume of the wood from a given tree, to find the number of cords of wood divide the volume by
128 f t3, which is the number of cubic feet in a cord of wood.

Number o f Cords =
V

128
=

C2h
4π

128
=

C2h
512π

Test this formula using the original information from the first problem about chopping trees to see if you get the
correct answer to the second problem. In this first problem, C = 9 f t and h = 40 f t.

Number o f Cords =
C2h
512π

=
(92)(40)

512π
≈ 2.01

This matches the answer to , so you can feel confident that your equation is correct.

Examples

Example 1

Earlier, you were asked how the volume of Mark’s box relate to the size of the squares he cut out.

Let the length of the side of the square that Mark cuts out of each corner be x. The portion of the paper that will
become the base of the box once it is made is shaded below in red.

The box is a rectangular prism. The volume of the box is therefore V = ABase ·h.

• ABase = (11−2x)(8.5−2x) = 4x2−39x+93.5
• h = x

Therefore, the volume of the box in terms of the size of the square is:

V = x(4x2−39x+93.5) = 4x3−39x2 +93.5x

.

Mark can use this formula to determine the volume of the box given the length of the side of the squares he cuts out.
For example, if he cuts out squares that are 2 inch by 2 inch, then x = 2. The volume of the box would be:

V = 4(23)−39(22)+93.5(2) = 63 in3
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Example 2

Graph the equation y = 4x3−39x2 +93.5x with a graphing calculator. What do the points on this graph represent?
What portion of this graph is relevant to this problem?

The points on the graph represent the volume of the box given the length of the side of each square cut out.

Because Mark can’t cut out a square with a negative side length or a square with a side length greater than 4.25
in (because the paper is only 8.5 inches wide), the portion of the graph that is relevant is the portion with x values
between 0 and 4.25.

Example 3

Approximately what size squares will maximize the volume of the box (cause the box to have the greatest possible
volume)? How does the graph from #1 help you to answer this question?

The maximum volume looks to occur with squares that are approximately 1.6 inches by 1.6 inches. The volume at
that point looks to be around 66 in3. The graph helps to answer this question because the peak on the graph is where
the maximum volume occurs.
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Example 4

Does the size of square that maximizes volume also maximize surface area of the box? Explain.

The surface area of the open box will be the area of the unfolded box (the net). The more you cut out of the paper,
the smaller the surface area. Therefore, the size of square that maximizes volume does not also maximize surface
area of the box.

Review

An 11 inch tall roll of paper towels has an inner cardboard tube with a diameter of 1.5 inches. The width of the paper
towel on the roll is 2 inches and each paper towel is 0.015 inches thick.

1. What is the volume of paper towels? Will the volume change if the roll of paper towels is unrolled?
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2. If the whole roll of paper towels is unrolled, how long will the chain of unrolled paper towels be? [Hint: Use your
answer to #1 to help]

3. Come up with an equation that generalizes the relationship between the variables: diameter of tube, width of
paper towel on roll, thickness of paper towel, and length of unrolled paper towels. Why does the height of the paper
towel roll not matter in this relationship?

In order to decorate a cake with purple frosting, Sam plans to fill a zipper sandwich bag with frosting, cut off one of
the tips of the bag, and squeeze the frosting out of the corner (see picture below).

4. Assuming he cuts an isosceles triangle out of the corner, what length of cut should he make to pipe frosting with
a 1 centimeter diameter. In other words, what should the length of the red dotted line be?

5. Give an equation that shows the relationship between the length of the cut made and the diameter of the frosting
as it comes out of the bag.

6. You are packing up yearbooks that measure 11 inches by 14 inches by 1.5 inches. You have boxes that measure
12 inches by 30 inches by 10 inches. How many books can you fit in each box?

A certain burning candle loses 7 in3 of volume each hour.
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7. If the original candle was 10 inches tall with a diameter of 3 inches, what is the volume of the candle after 3
hours?

8. Create an equation that relates the original height of the candle, the diameter of the candle, the time burned, and
the current volume of the candle for all candles that lose 7 in3 of volume per hour.

9. Mike and his friends are having a water balloon fight. Each approximately spherical balloon can hold one cup of
water. If one cup of water has a volume of approximately 14.44 in3, what is the radius of each filled balloon?

Marissa works at an ice cream shop. The sugar cones have a diameter of 2 inches and a height of 4 inches. For a
single scoop cone, she packs the cone with ice cream and then puts a scoop on top. For a double scoop cone, she
packs the cone with ice cream and then puts two scoops on top (see sketch below). For a triple scoop cone, she packs
the cone with ice cream and then puts three scoops on top. One cup of ice cream has a volume of 14.44 in3.

10. Approximately how much ice cream (in cups) does a single scoop cone get?

11. Approximately how much ice cream (in cups) does a double scoop cone get?

12. Approximately how much ice cream (in cups) does a triple scoop cone get?

13. Describe at least two reasons why your answers to the previous three questions are only approximate.

14. If a single scoop cone costs $2.50 and a double scoop cone costs $3.50. Which type of cone is a better deal
considering cost per cup of ice cream?

15. If a single scoop cone costs $2.50, what should a triple scoop cone cost if it is fairly priced?

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.5.
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CHAPTER 11 The Shape, Center and
Spread of a Normal Distribution

Chapter Outline
11.1 ESTIMATING THE MEAN AND STANDARD DEVIATION OF A NORMAL DISTRIBU-

TION

11.2 CALCULATING THE STANDARD DEVIATION

11.3 CONNECTING THE STANDARD DEVIATION AND NORMAL DISTRIBUTION
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11.1 Estimating the Mean and Standard Devia-
tion of a Normal Distribution

Learning Objectives

• Understand the meaning of normal distribution and bell-shape.
• Estimate the mean and the standard deviation of a normal distribution.

Introduction

The diameter of a circle is the length of the line through the center and touching two points on the circumference of
the circle.

If you had a ruler, you could easily measure the length of this line. However, if your teacher gave you a golf ball
and asked you to use a ruler to measure its diameter, you would have to create your own method of measuring its
diameter.

Using your ruler and the method that you have created, make two measurements of the diameter of the golf ball
(to the nearest tenth of an inch). Your teacher will prepare a chart for the class to create a dot plot of all the
measurements. Can you describe the shape of the plot? Do the dots seem to be clustered around one spot (value)
on the chart? Do some dots seem to be far away from the clustered dots? After you have answered these questions,
pick two numbers from the chart to complete this statement:

“The typical measurement of the diameter is approximately ______inches, give or take ______inches.” We will
complete this statement later in the lesson.

Normal Distribution

The shape below should be similar to the shape that has been created with the dot plot.
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You have probably noticed that the measurements of the diameter of the golf ball were not all the same. In spite of
the different measurements, you should have seen that the majority of the measurements clustered around the value
of 1.6 inches, with a few measurements to the right of this value and a few measurements to the left of this value.
The resulting shape looks like a bell and is the shape that represents the normal distribution of the data.

In the real world, no examples match this smooth curve perfectly, but many data plots, like the one you made,
are approximately normal. For this reason, it is often said that normal distribution is ’assumed.’ When normal
distribution is assumed, the resulting bell-shaped curve is symmetric - the right side is a mirror image of the left
side. If the blue line is the mirror (the line of symmetry) you can see that the green section is the mirror image of the
yellow section. The line of symmetry also goes through the x−axis.

If you took all of the measurements for the diameter of the golf ball, added them and divided the total by the number
of measurements, you would know the mean (average) of the measurements. It is at the mean that the line of
symmetry intersects the x−axis. For this reason, the mean is used to describe the center of a normal distribution.

You can see that the two colors spread out from the line of symmetry and seem to flatten out the further left and
right they go. This tells you that the data spreads out, in both directions, away from the mean. This spread of the
data is called the standard deviation and it describes exactly how the data moves away from the mean. In a normal
distribution, on either side of the line of symmetry, the curve appears to change its shape from being concave down
(looking like an upside-down bowl) to being concave up (looking like a right side up bowl). Where this happens
is called the inflection point of the curve. If a vertical line is drawn from the inflection point to the x−axis, the
difference between where the line of symmetry goes through the x−axis and where this line goes through the x−axis
represents the amount of the spread of the data away from the mean.

Approximately 68% of all the data is located between these inflection points.

For now, that is all you have to know about standard deviation. It is the spread of the data away from the mean. In
the next lesson, you will learn more about this topic.

Now you should be able to complete the statement that was given in the introduction.

“The typical measurement of the diameter is approximately 1.6 inches, give or take 0.4 inches.”
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Example 1:

For each of the following graphs, complete the statement “The typical measurement is approximately ______ give
or take ______.”

a)

“The typical measurement is approximately 400 houses built give or take 100.”

b)

“The typical measurement is approximately 8 games won give or take 3.”

Lesson Summary

In this lesson you learned what was meant by the bell curve and how data is displayed on this shape. You also learned
that when data is plotted on the bell curve, you can estimate the mean of the data with a give or take statement.

Points to Consider

• Is there a way to determine actual values for the give or take statements?
• Can the give or take statement go beyond a single give or take?
• Can all the actual values be represented on a bell curve?
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11.2 Calculating the Standard Deviation

Learning Objectives

• Understand the meaning of standard deviation.
• Understanding the percents associated with standard deviation.
• Calculate the standard deviation for a normally distributed random variable.

Introduction

You have recently received your mark from a recent Math test that you had written. Your mark is 71 and you are
curious to find out how your grade compares to that of the rest of the class. Your teacher has decided to let you
figure this out for yourself. She tells you that the marks were normally distributed and provides you with a list of the
marks. These marks are in no particular order –they are random.

32 88 44 40 92 72 36 48 76

92 44 48 96 80 72 36 64 64

60 56 48 52 56 60 64 68 68

64 60 56 52 56 60 60 64 68

We will discover how your grade compares to the others in your class later in the lesson.

Standard Deviation

In the previous lesson you learned that standard deviation was the spread of the data away from the mean of a set of
data. You also learned that 68% of the data lies within the two inflection points. In other words, 68% of the data is
within one step to the right and one step to the left of the mean of the data. What does it mean if your mark is not
within one step? Let’s investigate this further. Below is a picture that represents the mean of the data and six steps
–three to the left and three to the right.

These rectangles represent tiles on a floor and you are standing on the middle tile –the blue one. You are then asked
to move off your tile and onto the next tile. You could move to the green tile on the left or to the green tile on the
right. Whichever way you move, you have to take one step. The same would occur if you were asked to move to the
second tile. You would have to take two steps to the right or two steps to the left to stand on the red tile. Finally, to
stand on the purple tile would require you to take three steps to the right or three steps to the left.

If this process is applied to standard deviation, then one step to the right or one step to the left is considered one
standard deviation away from the mean. Two steps to the left or two steps to the right are considered two standard
deviations away from the mean. Likewise, three steps to the left or three steps to the right are considered three
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standard deviations from the mean. There is a value for the standard deviation that tells you how big your steps must
be to move from one tile to the other. This value can be calculated for a given set of data and it is added three times
to the mean for moving to the right and subtracted three times from the mean for moving to the left. If the mean of
the tiles was 65 and the standard deviation was 4, then you could put numbers on all the tiles.

For normal distribution, 68% of the data would be located between 61 and 69. This is within one standard deviation
of the mean. Within two standard deviations of the mean, 95% of the data would be located between 57 and 73.
Finally, within three standard deviations of the mean, 99.7% of the data would be located between 53 and 77. Now
let’s see what this entire explanation means on a normal distribution curve.

Now it is time to actually calculate the standard deviation of a set of numbers. To make the process more organized,
it is best to use a table to record your work. The table will consist of three columns. The first column will contain
the data and will be labeled x. The second column will contain the differences between the data value of the mean
of the data. This column will be labeled (x− x̄). The final column will contain the square of each of the values in
the second column. (x− x̄)2.

To find the standard deviation you subtract the mean from each data score to determine how much the data varies
from the mean. This will result in positive values when the data point is greater than the mean and in negative values
when the data point is less than the mean.

If we continue now, what would happen is that when we sum the variations (Data –Mean (x− x̄) column both
negative and positive variations would give a total of zero. The sum of zero implies that there is no variation in
the data and the mean. In other words, if we were conducting a survey of the number of hours that students watch
television in one day, and we relied upon the sum of the variations to give us some pertinent information, the only
thing that we would learn is that all students watch television for the exact same number of hours each day. We know
that this is not true because we did not receive the same answer from every student. In order to ensure that these
variations will not lose their significance when added, the variation values are squared prior to adding them together.

What we need for this normal distribution is a measure of spread that is proportional to the scatter of the data,
independent of the number of values in the data set and independent of the mean. The spread will be small when the
data values are close but large when the data values are scattered. Increasing the number of values in a data set will
increase the values of both the variance and the standard deviation even if the spread of the values is not increasing.
These values should be independent of the mean because we are not interested in this measure of central tendency
but rather with the spread of the data. For a normal distribution, both the variance and the standard deviation fit the
above profile and both values can be calculated for the set of data.

To calculate the variance (σ2) for a set of normally distributed data:
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1. To determine the measure of each value from the mean, subtract the mean of the data from each value in the
data set. (x− x̄)

2. Square each of these differences and add the positive, squared results.
3. Divide this sum by the number of values in the data set.

These steps for calculating the variance of a data set can be summarized in the following formula:

σ
2 =

∑(x− x̄)2

n

where:

x represents the data value; x̄ represents the mean of the data set; n represents the number of data values. Remember
that the symbol ∑ stands for summation.

Example 1:

Given the following weights (in pounds) of children attending a day camp, calculate the variance of the weights.

52,57,66,61,69,58,81,69,74

TABLE 11.1:

x (x− x̄) (x− x̄)2

52 -13.2 174.24
57 -8.2 67.24
66 0.8 0.64
61 -4.2 17.64
69 3.8 14.44
58 -7.2 51.84
81 15.8 249.64
69 3.8 14.44
74 8.8 77.44

x̄ =
∑(x)

n
σ

2 =
∑(x− x̄)2

n

x̄ =
587
9

σ
2 =

667.56
9

x̄ = 65.2 σ
2 = 74.17

Remember that the variance is the mean of the squares of the differences between the data value and the mean of the
data. The resulting value will take on the units of the data. This means that for the variance of the data above, the
units would be square pounds.

The standard deviation is simply the square root of the variance for the data set. When the standard deviation is
calculated for the above data, the resulting value will be in pounds. This table could be extended to include a
frequency column for values that are repeated adding three additional columns to the table. This often leads to errors
in calculations. Since simple is often best, values that are repeated can just be written in the table as many times as
they appear in the data.
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Example 2:

Calculate the variance and the standard deviation of the following values:

Solution:

5,14,16,17,18

TABLE 11.2:

x (x− x̄) (x− x̄)2

5 -9 81
14 0 0
16 2 4
17 3 9
18 4 16

Work space for completing the table

∑x = 70 (x− x̄)→ 5−14 =−9; 14−14 = 0; 16−14 = 2; 17−14 = 3; 18−14 = 4

x̄ =
70
5

(x− x̄)2→ (−9)2 = 81; (0)2 = 0; (2)2 = 4 (3)2 = 9; (4)2 = 16

x̄ = 14

Variance: ∑(x− x̄)2 = 100

σ
2 =

∑(x− x̄)2

n

σ
2 =

110
5

σ
2 = 22

Standard Deviation: ∑(x− x̄)2 = 110

x̄ =
110
5

x̄ = 22

SD =
√

22

SD = 4.7

The symbol (σ) is used to represent standard deviation. Using this symbol and the steps that were followed to
calculate the standard deviation, we can write the following formula:

σ =

√
∑(x− x̄)2

n
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HINT: If you are wondering if your calculations are correct, a quick way to check is to add the values in the (x− x̄)
column. The total is always zero.

Example 3:

Calculate the standard deviation of the following numbers:

1,5,3,5,4,2,1,1,6,2

Solution:

TABLE 11.3:

x (x− x̄) (x− x̄)2

1 -2 4
5 2 4
3 0 0
5 2 4
4 1 1
2 -1 1
1 -2 4
1 -2 4
6 3 9
2 -1 1

∑x = 30 σ =

√
∑(x− x̄)2

n

x̄ =
30
10

σ =

√
32
10

x̄ = 3 σ =
√

3.2

σ = 1.8

Now that you know how to calculate the variance and the standard deviation of a set of data, let’s apply this to normal
distribution, by determining how your Math mark compared to the marks achieved by your classmates. This time
technology will be used to determine both the variance and the standard deviation of the data.

Solution:
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From the list, you can see that the mean of the marks is 61 and the standard deviation is 15.6.

To use technology to calculate the variance involves naming the lists according to the operations that you need to do
to determine the correct values. As well, you can use the 2nd catalogue function of the calculator to determine the
sum of the squared variations. All of the same steps used to calculate the standard deviation of the data are applied
to give the mean of the data set. You could use the 2nd catalogue function to find the mean of the data, but since you
are now familiar with 1-Var Stats, you may as well use this method.

The mean of the data is 61. L2 will now be renamed L1-61 to compute the values for (x− x̄).

Likewise, L3 will be renamed (L2)
2.

606

http://www.ck12.org


www.ck12.org Chapter 11. The Shape, Center and Spread of a Normal Distribution

The sum of the third list divided by the number of data (36) is the variance of the marks.

Lesson Summary

In this lesson you learned that the standard deviation of a set of data was a value that represented the spread of the
data from the mean of the data. You also learned that the variance of the data from the mean is the squared value
of these differences since the sum of the differences was zero. Calculating the standard deviation manually and by
using technology was an additional topic you learned in this lesson.

Points to Consider

• Does the value of standard deviation stand alone or can it be displayed with a normal distribution?
• Are there defined increments for how the data spreads away from the mean?
• Can the standard deviation of a set of data be applied to real world problems?
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11.3 Connecting the Standard Deviation and
Normal Distribution

Learning Objectives

• Represent the standard deviation of a normal distribution on the bell curve.
• Use the percentages associated with normal distribution to solve problems.

Introduction

In the problem presented in lesson one, regarding your test mark, your teacher told you that the class marks were
normally distributed. In the previous lesson you calculated the standard deviation of the marks by using the TI83
calculator. Later in this lesson, you will be able to represent the value of the standard deviation as it relates to a
normal distribution curve.

You have already learned that 68% of the data lies within one standard deviation of the mean, 95% of the data lies
within two standard deviations of the mean and 99.7% of the data lies within three standard deviations of the mean.
To accommodate these percentages, there are defined values in each of the regions to the left and to the right of the
mean.

These percentages are used to answer real world problems when both the mean and the standard deviation of a data
set are known.

Example 1:

The lifetimes of a certain type of calculator battery are normally distributed. The mean life is 400 hours, and the
standard deviation is 50 hours. For a group of 5000 batteries, how many are expected to last

a) between 350 hours and 450 hours?

b) more than 300 hours?

c) less than 300 hours?

Solution:

a) 68% of the batteries lasted between 350 hours and 450 hours. This means that (5000× .68 = 3400) 3400 batteries
are expected to last between 350 and 450 hours.
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b) 95%+2.35%= 97.35% of the batteries are expected to last more than 300 hours. This means that (5000× .9735=
4867.5≈ 4868) 4868 of the batteries will last longer than 300 hours.

c) Only 2.35% of the batteries are expected to last less than 300 hours. This means that (5000× .0235= 117.5≈ 118)
118 of the batteries will last less than 300 hours.

Example 2:

A bag of chips has a mean mass of 70 g with a standard deviation of 3 g. Assuming normal distribution; create a
normal curve, including all necessary values.

a) If 1250 bags are processed each day, how many bags will have a mass between 67g and 73g?

b) What percentage of chips will have a mass greater than 64g?

Solution:

a) Between 67g and 73g, lies 68% of the data. If 1250 bags of chips are processed, 850 bags will have a mass
between 67 and 73 grams.

b) 97.35% of the bags of chips will have a mass greater than 64 grams.

Now you can represent the data that your teacher gave to you for your recent Math test on a normal distribution
curve. The mean mark was 61 and the standard deviation was 15.6.

From the normal distribution curve, you can say that your mark of 71 is within one standard deviation of the mean.
You can also say that your mark is within 68% of the data. You did very well on your test.

Lesson Summary

In this chapter you have learned what is meant by a set of data being normally distributed and the significance of
standard deviation. You are now able to represent data on the bell-curve and to interpret a given normal distribution
curve. In addition, you can calculate the standard deviation of a given data set both manually and by using
technology. All of this knowledge can be applied to real world problems which you are now able to answer.

Points to Consider

• Is the normal distribution curve the only way to represent data?
• The normal distribution curve shows the spread of the data but does not show the actual data values. Do other

representations of data show the actual data values?
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Review Questions

1. Without using technology, calculate the variance and the standard deviation of each of the following sets of
numbers.

a. 2, 4, 6, 8, 10, 12, 14, 16, 18, 20
b. 18, 23, 23, 25, 29, 33, 35, 35
c. 123, 134, 134, 139, 145, 147, 151, 155, 157
d. 58, 58, 65, 66, 69, 70, 70, 76, 79, 80, 83

2. Ninety-five percent of all cultivated strawberry plants grow to a mean height of 11.4 cm with a standard
deviation of 0.25 cm.

a. If the growth of the strawberry plant is a normal distribution, draw a normal curve showing all the values.
b. If 225 plants in the greenhouse have a height between 11.15 cm and 11.65 cm, how many plants were in

the greenhouse?
c. How many plants in the greenhouse would we expect to be shorter than 10.9 cm?

3. The coach of the high school basketball team asked the players to submit their heights. The following results
were recorded.

175 cm 179 cm 179 cm 181 cm 183 cm

183 cm 184 cm 184 cm 185 cm 187 cm

Without using technology, calculate the standard deviation of this set of data.
4. A survey was conducted at a local high school to determine the number of hours that a student studied for the

final Math 10 exam. To achieve a normal distribution, 325 students were surveyed. The results showed that
the mean number of hours spent studying was 4.6 hours with a standard deviation of 1.2 hours.

a. Draw a normal curve showing all the values.
b. How many students studied between 2.2 hours and 7 hours?
c. What percentage of the students studied for more than 5.8 hours?
d. Harry noticed that he scored a mark of 60 on the Math 10 exam but had studied for 1

2 hour. Is Harry a
typical student? Explain.

5. A group of grade 10 students at one high school were asked to record the number of hours they watched
television per week, the results are recorded in the table shown below

2.5 3 4.5 4.5 5 5 5.5 6 6 7

8 9 9.5 10 10.5 11 13 16 26 28

Using Technology (TI83), calculate the variance and the standard deviation of this data.
6. The average life expectancy for a dog is 10 years 2 months with a standard deviation of 9 months.

a. If a dog’s life expectancy is a normal distribution, draw a normal curve showing all values.
b. What would be the lifespan of almost all dogs? (99.7%)
c. In a sample of 825 dogs, how many dogs would have life expectancy between 9 years 5 months and 10

years 11 months?
d. How many dogs, from the sample, would we expect to live beyond 10 years 11 months?

7. Ninety-five percent of all Marigold flowers have a height between 10.9 cm and 119.0 cm and their height is
normally distributed.

a. What is the mean height of the Marigolds?
b. What is the standard deviation of the height of the Marigolds?
c. Draw a normal curve showing all values for the heights of the Marigolds.
d. If 208 flowers have a height between 11.15 cm and 11.65 cm, how many flowers were in our sample?
e. How many flowers in our sample would we expect to be shorter than 10.9 cm?
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8. A group of physically active women were asked to record the number of hours they spent at the gym each
week. The results are shown below.

8 8 9 9 9 9.5 9.5 9.5 9.5 9.5

9.5 9.5 9.5 9.5 9.5 10 10 10 11 11

Calculate the standard deviation.
9. A normal distribution curve shows a mean (x̄) and a standard deviation (σ). Approximately what percentage

of the data would lie in the intervals with the limits shown?

a. x̄−2σ, x̄+2σ

b. x̄, x̄+2σ

c. x̄−σ, x̄+σ

d. x̄−σ, x̄
e. x̄−σ, x̄+2σ

10. Use the 68-95-99.7 rule on a normal distribution of data with a mean of 185 and a standard deviation of 10, to
answer the following questions. What percentage of the data would measure

a. between 175 and 195?
b. between 195 and 205?
c. between 155 and 215?
d. between 165 and 185?
e. between 185 and 215?

Review Answers

1. 1. σ2 = 33 σ = 5.74
2. σ2 = 35.24 σ = 5.94
3. σ2 = 111.28 σ = 10.55
4. σ2 = 64.96 σ = 8.06

2.

(b) 68% of the plants have a height between 11.15 cm and 11.65 cm.

0.68(x) = 225

x =
225
0.68

x = 331

Therefore there were 331 strawberry plants in the greenhouse.
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(c)

99.7% − 95% = 4.7%x
x

All plants plants with

within 3σ heights greater

from mean. than 10.9 cm
4.7%

2
= 2.35%

331×0.0235 = 8 plants

Therefore, eight plants in the greenhouse would be shorter than 10.9 cm.

TABLE 11.4:

x (x− x̄) (x− x̄)2

175 -7 49
179 -3 9
179 -3 9
181 -1 1
183 1 1
183 1 1
184 2 4
184 2 4
185 3 9
187 5 25
Sum = 1820 112

x̄ =
1820

10
σ =

√
∑(x− x̄)2

n
σ =

√
112
10

σ =
√

11.2

x̄ = 182 σ = 3.35

(a)

(b)

95% of students = 0.95×325 students = 308 students
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Therefore 308 students studied between 2.2 and 7 hours.

(c)

1
2
(99.7%−68%) =

1
2
(31.7%)

= 15.85%

15.85 % of the students studied longer than 5.8 hours.

(d) Harry is not a typical student. The mean is 4.6 hours; therefore the majority of students studied more than 4
hours more than Harry did for the exam. Harry is lucky to have received a 60% on the exam.

5.

The standard deviation of the data is approximately 6.72 and the variance is approximately 45.18. This large variation
in the data is described by the larger standard deviation.

(a)

(b) Almost all dogs have a life span of 7 years 11 months to 12 years 5 months.

(c)

34%+34% = 68%

(0.68×825 = 561)

In a sample of 825 dogs, 561 would have a life expectancy between 9 years 5 months to 10 years 11 months.

(d)

13.5%+2.35% = 15.85%

0.1585×825 = 130.76

In a sample of 825 dogs, 130 would have a life expectancy of more than 10 years 11 months.

7. (a) (11.4 cm) (b) (0.25) (c) Normal Distribution Curve
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(d) There are 306 flowers in the sample. (e) Seven flowers would be shorter than 10.9 cm.

TABLE 11.5:

Data x Mean(x̄) (Data –Mean)
(x− x̄)

(Data - Mean)2

(x− x̄)2

8 9.5 -1.5 2.25
8 9.5 -1.5 2.25
9 9.5 -0.5 0.25
9 9.5 -0.5 0.25
9 9.5 -0.5 0.25
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
10 9.5 0.5 0.25
10 9.5 0.5 0.25
10 9.5 0.5 0.25
11 9.5 1.5 2.25
11 9.5 1.5 2.25
190 10.5

x = 9.5

σ = 0.72

1. (95%)
2. (47.5%)
3. (68%)
4. (34%)
5. (81.5%)

1. 68%
2. 13.5%
3. 99.7%
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4. 47.5%
5. 48.85%

Answer Key for Review Questions (even numbers)

2.

(b) 68% of the plants have a height between 11.15 cm and 11.65 cm.

0.68(x) = 225

x =
225
0.68

x = 331

Therefore there were 331 strawberry plants in the greenhouse.

(c)

99.7% − 95% = 4.7%x
x

All plants plants with

within 3σ heights greater

from mean. than 10.9 cm
4.7%

2
= 2.35%

331×0.0235 = 8 plants

Therefore, eight plants in the greenhouse would be shorter than 10.9 cm.

4. (a)
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(b) 95% of students = 0.95×325 students = 308 students

Therefore 308 students studied between 2.2 and 7 hours.

(c)

1
2
(99.7%−68%) =

1
2
(31.7%)

= 15.85%

15.85 % of the students studied longer than 5.8 hours.

(d) Harry is not a typical student. The mean is 4.6 hours; therefore the majority of students studied more than 4
hours more than Harry did for the exam. Harry is lucky to have received a 60% on the exam.

6. (a)

(b) Almost all dogs have a life span of 7 years 11 months to 12 years 5 months.

(c)

34%+34% = 68%

(0.68×825 = 561)

In a sample of 825 dogs, 561 would have a life expectancy between 9 years 5 months to 10 years 11 months.

(d)

13.5%+2.35% = 15.85%

0.1585×825 = 130.76

In a sample of 825 dogs, 130 would have a life expectancy of more than 10 years 11 months.

8.

TABLE 11.6:

Data x Mean(x̄) (Data –Mean) (x− x̄) (Data - Mean)2 (x− x̄)2

8 9.5 -1.5 2.25
8 9.5 -1.5 2.25
9 9.5 -0.5 0.25
9 9.5 -0.5 0.25
9 9.5 -0.5 0.25
9.5 9.5 0 0
9.5 9.5 0 0
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TABLE 11.6: (continued)

Data x Mean(x̄) (Data –Mean) (x− x̄) (Data - Mean)2 (x− x̄)2

9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
9.5 9.5 0 0
10 9.5 0.5 0.25
10 9.5 0.5 0.25
10 9.5 0.5 0.25
11 9.5 1.5 2.25
11 9.5 1.5 2.25
190 10.5

x = 9.5

σ = 0.72

10. (a) 68%

(b) 13.5%

(c) 99.7%

(b) 47.5%

(d) 48.85%

Vocabulary

Normal Distribution
A symmetric bell-shaped curve with tails that extend infinitely in both directions from the mean of a data set.

Standard Deviation
A measure of spread of the data equal to the square root of the sum of the squared variances divided by the
number of data.

Variance
A measure of spread of the data equal to the mean of the squared variation of each data value from the mean.

68-95-99.7 Rule
The percentages that apply to how the standard deviation of the data spreads out from the mean of a set of
data.
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CHAPTER 12 An Introduction to
Analyzing Statistical Data

Chapter Outline
12.1 INTRODUCTION TO DATA AND MEASUREMENT ISSUES

12.2 LEVELS OF MEASUREMENT

12.3 MEASURES OF CENTRAL TENDENCY AND DISPERSION

12.4 SUMMARY STATISTICS, SUMMARIZING UNIVARIATE DISTRIBUTIONS

12.5 MEASURES OF SPREAD AND DISPERSION

Introduction

In order to talk about statistics we must first learn some of the important words and vocabulary involved in analyzing
statistical data. Of course, definitions and vocabulary are meant to be used, so in this Chapter we will immediately
begin analyzing data: we will look at different ways to measure the center of a data set, as well as measure the spread
or variation of a data set. You will also learn some other ways of summarizing data such as using percentiles.
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12.1 Introduction to Data and Measurement Is-
sues

Learning Objectives

• Distinguish between quantitative and categorical variables.
• Understand the concept of a population and the reason for using a sample.
• Distinguish between a statistic and a parameter.

The Galapagos Tortoises

In order to learn some basic vocabulary of statistics and learn how to distinguish between different types of variables,
we will use the example of information about the Giant Galapagos Tortoise.

Approximating the Distribution of the Galapagos Tortoises

The Galapagos Islands, off the coast of Ecuador in South America, are famous for the amazing diversity and
uniqueness of life they possess. One of the most famous Galapagos residents is the Galapagos Giant Tortoise,
which is found nowhere else on earth. Charles Darwin’s visit to the islands in the 19th Century and his observations
of the tortoises were extremely important in the development of his theory of evolution.
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The tortoises lived on nine of the Galapagos Islands, and each island developed its own unique species of tortoise.
In fact, on the largest island, there are four volcanoes, and each volcano has its own species. When first discovered,
it was estimated that the tortoise population of the islands was around 250,000. Unfortunately, once European ships
and settlers started arriving, those numbers began to plummet. Because the tortoises could survive for long periods
of time without food or water, expeditions would stop at the islands and take the tortoises to sustain their crews
with fresh meat and other supplies for the long voyages. Also, settlers brought in domesticated animals like goats
and pigs that destroyed the tortoises’ habitat. Today, two of the islands have lost their species, a third island has no
remaining tortoises in the wild, and the total tortoise population is estimated to be around 15,000. The good news is
there have been massive efforts to protect the tortoises. Extensive programs to eliminate the threats to their habitat,
as well as breed and reintroduce populations into the wild, have shown some promise.

Approximate distribution of Giant Galapagos Tortoises in 2004, Estado Actual De Las Poblaciones de Tortugas
Terrestres Gigantes en las Islas Galápagos, Marquez, Wiedenfeld, Snell, Fritts, MacFarland, Tapia, y Nanjoa,
Scologia Aplicada, Vol. 3, Num. 1,2, pp. 98 11.

TABLE 12.1:

Island or
Volcano

Species Climate
Type

Shell Shape Estimate of
Total Popu-
lation

Population
Density (per
km2)

Number of
Individuals
Repatriated∗

Wolf becki semi-arid intermediate 1139 228 40
Darwin microphyes semi-arid dome 818 205 0
Alcedo vanden-

burghi
humid dome 6,320 799 0

Sierra Negra guntheri humid flat 694 122 286
Cerro Azul vicina humid dome 2.574 155 357
Santa Cruz nigrita humid dome 3,391 730 210
Española hoodensis arid saddle 869 200 1,293
San Cristóbal chathamen-

sis
semi-arid dome 1,824 559 55

Santiago darwini humid intermediate 1,165 124 498
Pinzón ephippium arid saddle 532 134 552
Pinta abingdoni arid saddle 1 Does not ap-

ply
0

∗Repatriation is the process of raising tortoises and releasing them into the wild when they are grown to avoid local
predators that prey on the hatchlings.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/181783

Classifying Variables

Statisticians refer to an entire group that is being studied as a population. Each member of the population is called
a unit. In this example, the population is all Galapagos Tortoises, and the units are the individual tortoises. It is not
necessary for a population or the units to be living things, like tortoises or people. For example, an airline employee
could be studying the population of jet planes in her company by studying individual planes.

A researcher studying Galapagos Tortoises would be interested in collecting information about different character-
istics of the tortoises. Those characteristics are called variables. Each column of the previous figure contains a
variable. In the first column, the tortoises are labeled according to the island (or volcano) where they live, and in the
second column, by the scientific name for their species. When a characteristic can be neatly placed into well-defined
groups, or categories, that do not depend on order, it is called a categorical variable, or qualitative variable.

The last three columns of the previous figure provide information in which the count, or quantity, of the characteristic
is most important. We are interested in the total number of each species of tortoise, or how many individuals there
are per square kilometer. This type of variable is called a numerical variable, or quantitative variable.

Determine whether each of the variables Climate Type, Shell Shape, Number of Tagged Individuals, and Number
of Individuals Repatriated are numerical or categorical variables.

TABLE 12.2:

Variable Explanation Type
Climate Type Many of the islands and volcanic

habitats have three distinct climate
types.

Categorical

Shell Shape Over many years, the different
species of tortoises have developed
different shaped shells as an adapta-
tion to assist them in eating vegeta-
tion that varies in height from island
to island.

Categorical
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TABLE 12.2: (continued)

Variable Explanation Type
Number of Tagged Individuals Tortoises were captured and marked

by scientists to study their health
and assist in estimating the total
population.

Numerical

Number of Individuals Repatriated There are two tortoise breeding cen-
ters on the islands. Through these
programs, many tortoises have been
raised and then reintroduced into
the wild.

Numerical

MEDIA
Click image to the left or use the URL below.
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Population vs. Sample

We have already defined a population as the total group being studied. Most of the time, it is extremely difficult or
very costly to collect all the information about a population. In the Galapagos, it would be very difficult and perhaps
even destructive to search every square meter of the habitat to be sure that you counted every tortoise. In an example
closer to home, it is very expensive to get accurate and complete information about all the residents of the United
States to help effectively address the needs of a changing population. This is why a complete counting, or census, is
only attempted every ten years. Because of these problems, it is common to use a smaller, representative group from
the population, called a sample.

You may recall the tortoise data included a variable for the estimate of the population size. This number was found
using a sample and is actually just an approximation of the true number of tortoises. If a researcher wanted to find
an estimate for the population of a species of tortoises, she would go into the field and locate and mark a number
of tortoises. She would then use statistical techniques that we will discuss later in this text to obtain an estimate
for the total number of tortoises in the population. In statistics, we call the actual number of tortoises a parameter.
Any number that describes the individuals in a sample (length, weight, age) is called a statistic. Each statistic is an
estimate of a parameter, whose value may or may not be known.

Errors in Sampling

We have to accept that estimates derived from using a sample have a chance of being inaccurate. This cannot be
avoided unless we measure the entire population. The researcher has to accept that there could be variations in the
sample due to chance that lead to changes in the population estimate. A statistician would report the estimate of the
parameter in two ways: as a point estimate (e.g., 915) and also as an interval estimate. For example, a statistician
would report: “I am fairly confident that the true number of tortoises is actually between 561 and 1075.” This range
of values is the unavoidable result of using a sample, and not due to some mistake that was made in the process
of collecting and analyzing the sample. The difference between the true parameter and the statistic obtained by
sampling is called sampling error. It is also possible that the researcher made mistakes in her sampling methods in
a way that led to a sample that does not accurately represent the true population.
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Determining Errors That May Have Occurred

What are some possible errors that could be involved in the study of the Galapagos tortoises?

The researcher could have picked an area to search for tortoises where a large number tend to congregate (near a
food or water source, perhaps). If this sample were used to estimate the number of tortoises in all locations, it may
lead to a population estimate that is too high.

This type of systematic error in sampling is called bias. Statisticians go to great lengths to avoid the many potential
sources of bias. We will investigate this in more detail in a later chapter.

Examples

Example 1

Indicate whether importance of political party affiliation to people (very, somewhat, or not very important) is a
categorical or quantitative variable.

This is categorical data because the information collected will fall into one of the three categories: very, somewhat,
or not very important.

Example 2

Indicate whether hours spent reading yesterday is a categorical or quantitative variable.

This is measured by numbers of hours, so it is quantitative data.

Example 3

Indicate whether the weights of adult men, in pounds is a quantitative or categorical variable.

This is measured in pounds, so it is quantitative data.

Example 4

Indicate whether favorite type of book (fiction, nonfiction) is a categorical or quantitative variable.

This is categorical data because the information collected will fall into one of the many categories: fiction, nonfiction,
et cetera.

Review

For 1-3, identify the population, the units, and each variable, and tell if the variable is categorical or quantitative.

1. A quality control worker with Sweet-Tooth Candy weighs every 100th candy bar to make sure it is very close
to the published weight.

2. Doris decides to clean her sock drawer out and sorts her socks into piles by color.
3. A researcher is studying the effect of a new drug treatment for diabetes patients. She performs an experiment

on 200 randomly chosen individuals with type II diabetes. Because she believes that men and women may
respond differently, she records each person’s gender, as well as the person’s change in blood sugar level after
taking the drug for a month.
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For 4-6, indicate for each of the following characteristics of an individual whether the variable is categorical or
quantitative (numerical):

4. Length of arm from elbow to shoulder (in inches)
5. Number of DVD’s the person owns.
6. Feeling about own height (too tall, too short, about right)

7. In Physical Education class, the teacher has the students count off by two’s to divide them into teams. Is this
a categorical or quantitative variable?

8. A school is studying its students’ test scores by grade. Explain how the characteristic ’grade’ could be
considered either a categorical or a numerical variable.

9. What are the best ways to display categorical and numerical data?
10. Is it possible for a variable to be considered both categorical and numerical?
11. How can you compare the effects of one categorical variable on another or one quantitative variable on

another?

Review (Answers)

To view the Review answers, open this PDF file and look for section 1.1.
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12.2 Levels of Measurement

Learning Objectives

• Understand the difference between the levels of measurement: nominal, ordinal, interval, and ratio.

Levels of Measurement

Some researchers and social scientists use a more detailed distinction of measurement, called the levels of measure-
ment, when examining the information that is collected for a variable. This widely accepted (though not universally
used) theory was first proposed by the American psychologist Stanley Smith Stevens in 1946. According to Stevens’
theory, the four levels of measurement are nominal, ordinal, interval, and ratio.

Each of these four levels refers to the relationship between the values of the variable.

Nominal measurement

A nominal measurement is one in which the values of the variable are names.

Ordinal measurement

An ordinal measurement involves collecting information of which the order is somehow significant. The name of
this level is derived from the use of ordinal numbers for ranking (1st, 2nd, 3rd, etc.).

Examples of Nominal and Ordinal Measurements

The names of the different species of Galapagos tortoises are an example of a nominal measurement.

If we measured the different species of tortoise from the largest population to the smallest, this would be an example
of ordinal measurement. In ordinal measurement, the distance between two consecutive values does not have
meaning. The 1st and 2nd largest tortoise populations by species may differ by a few thousand individuals, while the
7th and 8th may only differ by a few hundred.

Interval measurement

With interval measurement, there is significance to the distance between any two values.

Ratio measurement

A ratio measurement is the estimation of the ratio between a magnitude of a continuous quantity and a unit
magnitude of the same kind. A variable measured at this level not only includes the concepts of order and interval,
but also adds the idea of ’nothingness’, or absolute zero.

Examples of Interval and Ratio Measurement

We can use examples of temperature for these.

An example commonly cited for interval measurement is temperature (either degrees Celsius or degrees Fahrenheit).
A change of 1 degree is the same if the temperature goes from 0◦ C to 1◦ C as it is when the temperature goes from
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40◦ C to 41◦ C. In addition, there is meaning to the values between the ordinal numbers. That is, a half of a degree
has meaning.

With the temperature scale of the previous example, 0◦ C is really an arbitrarily chosen number (the temperature at
which water freezes) and does not represent the absence of temperature. As a result, the ratio between temperatures
is relative, and 40◦ C, for example, is not twice as hot as 20◦ C. On the other hand, for the Galapagos tortoises, the
idea of a species having a population of 0 individuals is all too real! As a result, the estimates of the populations are
measured on a ratio level, and a species with a population of about 3,300 really is approximately three times as large
as one with a population near 1,100.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/21653

Comparing the Levels of Measurement

Using Stevens’ theory can help make distinctions in the type of data that the numerical/categorical classification
could not. Let’s use an example from the previous section to help show how you could collect data at different levels
of measurement from the same population.

Determining Levels of Measurement

Assume your school wants to collect data about all the students in the school.

If we collect information about the students’ gender, race, political opinions, or the town or sub-division in which
they live, we have a nominal measurement.

If we collect data about the students’ year in school, we are now ordering that data numerically (9th, 10th,11th, or
12th grade), and thus, we have an ordinal measurement.

If we gather data for students’ SAT math scores, we have an interval measurement. There is no absolute 0, as SAT
scores are scaled. The ratio between two scores is also meaningless. A student who scored a 600 did not necessarily
do twice as well as a student who scored a 300.

Data collected on a student’s age, height, weight, and grades will be measured on the ratio level, so we have a ratio
measurement. In each of these cases, there is an absolute zero that has real meaning. Someone who is 18 years old
is twice as old as a 9-year-old.

It is also helpful to think of the levels of measurement as building in complexity, from the most basic (nominal) to
the most complex (ratio). Each higher level of measurement includes aspects of those before it. The diagram below
is a useful way to visualize the different levels of measurement.
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Example

Use the approximate distribution of Giant Galapagos Tortoises in 2004 to answer the following questions.

TABLE 12.3:

Island or
Volcano

Species Climate
Type

Shell Shape Estimate of
Total Popu-
lation

Population
Density (per
km2)

Number of
Individuals
Repatriated∗

Wolf becki semi-arid intermediate 1139 228 40
Darwin microphyes semi-arid dome 818 205 0
Alcedo vanden-

burghi
humid dome 6,320 799 0

Sierra Negra guntheri humid flat 694 122 286
Cerro Azul vicina humid dome 2.574 155 357
Santa Cruz nigrita humid dome 3,391 730 210
Española hoodensis arid saddle 869 200 1,293
San Cristóbal chathamen-

sis
semi-arid dome 1,824 559 55

Santiago darwini humid intermediate 1,165 124 498
Pinzón ephippium arid saddle 532 134 552
Pinta abingdoni arid saddle 1 Does not ap-

ply
0

Example 1

What is the highest level of measurement that could be correctly applied to the variable ’Population Density’?

1. Nominal
2. Ordinal
3. Interval
4. Ratio

Population density it quantitative data, which means it will either fall into the nominal or ordinal categories. Now
we just have to think about whether it has a true zero. Does a population density of 0 mean that there really is
no population density? Yes, that is the correct meaning, so it is a true zero. This means that the highest level of
measurement is ratio.

Note: If you are curious about the “does not apply” in the last row of Table 3, read on! There is only one known
individual Pinta tortoise, and he lives at the Charles Darwin Research station. He is affectionately known as
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Lonesome George. He is probably well over 100 years old and will most likely signal the end of the species, as
attempts to breed have been unsuccessful.

Review

For 1-4, identify the level(s) at which each of these measurements has been collected.

1. Lois surveys her classmates about their eating preferences by asking them to rank a list of foods from least
favorite to most favorite.

2. Lois collects similar data, but asks each student what her favorite thing to eat is.
3. In math class, Noam collects data on the Celsius temperature of his cup of coffee over a period of several

minutes.
4. Noam collects the same data, only this time using degrees Kelvin.

For 5-8, explain whether or not the following statements are true.

5. All ordinal measurements are also nominal.
6. All interval measurements are also ordinal.
7. All ratio measurements are also interval.
8. Steven’s levels of measurement is the one theory of measurement that all researchers agree on.

For 9-11, indicate whether the variable is ordinal or not. If the variable is not ordinal, indicate its variable type.

9. Opinion about a new law (favor or oppose)
10. Letter grade in an English class (A, B, C, etc.)
11. Student rating of teacher on a scale of 1 - 10.

For 12-14, explain whether the quantitative variable is continuous or not:

12. Time it takes for student to get from home to school
13. Number of hours a student studies per night
14. Height (in inches)

15. Give an example of an ordinal variable for which the average would make sense as a numerical summary.
16. Find an example of a study in a magazine, newspaper or website. Determine what variables were measured

and for each variable determine its type.
17. How do we summarize, display, and compare data measured at different levels?

Review (Answers)

To view the Review answers, open this PDF file and look for section 1.2.
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12.3 Measures of Central Tendency and Disper-
sion

Learning Objectives

• Calculate the mode, median, and mean for a set of data, and understand the differences between each measure
of center.

• Identify the symbols and know the formulas for sample and population means.
• Determine the values in a data set that are outliers.
• Identify the values to be removed from a data set for an n% trimmed mean.

Measurements of Center

The students in a statistics class were asked to report the number of children that live in their house (including
brothers and sisters temporarily away at college). The data are recorded below:

1, 3, 4, 3, 1, 2, 2, 2, 1, 2, 2, 3, 4, 5, 1, 2, 3, 2, 1, 2, 3, 6

Once data are collected, it is useful to summarize the data set by identifying a value around which the data are
centered. Three commonly used measures of center are the mode, the median, and the mean.

Mode

The mode is defined as the most frequently occurring number in a data set. The mode is most useful in situations
that involve categorical (qualitative) data that are measured at the nominal level. In the last chapter, we referred to
the data with the Galapagos tortoises and noted that the variable ’Climate Type’ was such a measurement. For this
example, the mode is the value ’humid’.

In the case of the first data set, 2 is the mode, as it is the most frequently occurring number of children in the sample,
telling us that most students in the class come from families where there are 2 children.

In this example, the mode could be a useful statistic that would tell us something about the families of statistics
students in our school.

More Than One Mode

If there were seven 3-child households and seven 2-child households, we would say the data set has two modes. In
other words, the data would be bimodal. When a data set is described as being bimodal, it is clustered about two
different modes. Technically, if there were more than two, they would all be the mode. However, the more of them
there are, the more trivial the mode becomes. In these cases, we would most likely search for a different statistic to
describe the center of such data.

If there is an equal number of each data value, the mode is not useful in helping us understand the data, and thus, we
say the data set has no mode.
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Mean

Another measure of central tendency is the arithmetic average, or mean. This value is calculated by adding all the
data values and dividing the sum by the total number of data points. The mean is the numerical balancing point of
the data set.

We can illustrate this physical interpretation of the mean. Below is a graph of the class data from the last example.

If you have snap cubes like you used to use in elementary school, you can make a physical model of the graph, using
one cube to represent each student’s family and a row of six cubes at the bottom to hold them together, like this:

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/53382

Finding the Mean

There are 22 students in this class, and the total number of children in all of their houses is 55, so the mean of this
data is 55

22 = 2.5.
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It turns out that the model that you created balances at 2.5. In the pictures below, you can see that a block placed at
3 causes the graph to tip left, while one placed at 2 causes the graph to tip right. However, if you place the block at
2.5, it balances perfectly!

Statisticians use the symbol x to represent the mean when x is the symbol for a single measurement. Read x as “x
bar.”

Symbolically, the formula for the sample mean is as follows:

x = ∑
n
i=1 xi
n = x1+x2+...+xn

n

where:

xi is the ith data value of the sample.

n is the sample size.

The mean of the population is denoted by the Greek letter, µ.

x is a statistic, since it is a measure of a sample, and µ is a parameter, since it is a measure of a population. x is an
estimate of µ.

Median

The median is simply the middle number in an ordered set of data.

Suppose a student took five statistics quizzes and received the following grades:

80, 94, 75, 96, 90

To find the median, you must put the data in order. The median will be the data point that is in the middle. Placing
the data in order from least to greatest yields: 75, 80, 90, 94, 96.
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The middle number in this case is the third grade, or 90, so the median of this data is 90.

When there is an even number of numbers, no one of the data points will be in the middle. In this case, we take the
average (mean) of the two middle numbers.

Determining the Mean and Median of the Following Data Set

Consider the following quiz scores: 91, 83, 97, 89

Place them in numeric order: 83, 89, 91, 97.

The second and third numbers straddle the middle of this set. The mean of these two numbers is 90, so the median
of the data is 90.

Mean vs. Median

Both the mean and the median are important and widely used measures of center. Consider the following example:
Suppose you got an 85 and a 93 on your first two statistics quizzes, but then you had a really bad day and got a 14
on your next quiz!

The mean of your three grades would be 64. Which is a better measure of your performance? As you can see, the
middle number in the set is an 85. That middle does not change if the lowest grade is an 84, or if the lowest grade is
a 14. However, when you add the three numbers to find the mean, the sum will be much smaller if the lowest grade
is a 14.

Outliers and Resistance

The mean and the median are so different in this example because there is one grade that is extremely different from
the rest of the data. In statistics, we call such extreme values outliers. The mean is affected by the presence of an
outlier; however, the median is not. A statistic that is not affected by outliers is called resistant. We say that the
median is a resistant measure of center, and the mean is not resistant. In a sense, the median is able to resist the pull
of a far away value, but the mean is drawn to such values. It cannot resist the influence of outlier values. As a result,
when we have a data set that contains an outlier, it is often better to use the median to describe the center, rather than
the mean.

Determining the Most Appropriate Measure of Center

In 2005, the CEO of Yahoo, Terry Semel, was paid almost $231,000,000. This is certainly not typical of what the
average worker at Yahoo could expect to make. Instead of using the mean salary to describe how Yahoo pays its
employees, it would be more appropriate to use the median salary of all the employees.

You will often see medians used to describe the typical value of houses in a given area, as the presence of a very few
extremely large and expensive homes could make the mean appear misleadingly large.
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Technology Notes

Calculating the Mean on the TI-83/84 Graphing Calculator

Step 1: Entering the data

On the home screen, press [2ND][{], and then enter the following data separated by commas. When you have entered
all the data, press [2ND][}][STO][2ND][L1][ENTER]. You will see the screen on the left below:

1, 3, 4, 3, 1, 2, 2, 2, 1, 2, 2, 3, 4, 5, 1, 2, 3, 2, 1, 2, 3, 6

Step 2: Computing the mean

On the home screen, press [2ND][LIST] to enter the LIST menu, press the right arrow twice to go to the MATH
menu (the middle screen above), and either arrow down and press [ENTER] or press [3] for the mean. Finally, press
[2ND][L1][)] to insert L1 and press [ENTER] (see the screen on the right above).

Calculating Weighted Means on the TI-83/84 Graphing Calculator

Use the data of the number of children in a family. In list L1, enter the number of children, and in list L2, enter the
frequencies, or weights.

The data should be entered as shown in the left screen below:

Press [2ND][STAT] to enter the LIST menu, press the right arrow twice to go to the MATH menu (the middle screen
above), and either arrow down and press [ENTER] or press [3] for the mean. Finally, press [2ND][L1][,][2ND][L2][)][ENTER],
and you will see the screen on the right above. Note that the mean is 2.5, as before.

Example

Example 1

The mean of 6 people in a room is 35 years. A 40- year- old person comes in. What is now the mean age of the
people in the room?

We will start by using the definition of the mean:

x = Σx
n .

Since we know the mean is 35, and that n = 6, so we can substitute these into the equation:
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35 = Σx
6 ⇒ Σx = 6 ·35 = 210.

When a new person of age 40 enters the room the total becomes 210 + 40 = 250. We find the average by dividing by
7. The average age is now 35.7 years.

Review

1. In Lois’ 2nd grade class, all of the students are between 45 and 52 inches tall, except one boy, Lucas, who is
62 inches tall. Which of the following statements is true about the heights of all of the students?

a. The mean height and the median height are about the same.
b. The mean height is greater than the median height.
c. The mean height is less than the median height.
d. More information is needed to answer this question.
e. None of the above is true.

2. Enrique has a 91, 87, and 95 for his statistics grades for the first three quarters. His mean grade for the year
must be a 93 in order for him to be exempt from taking the final exam. Assuming grades are rounded following
valid mathematical procedures, what is the lowest whole number grade he can get for the 4th quarter and still
be exempt from taking the exam?

3. How many data points should be removed from each end of a sample of 300 values in order to calculate a 10%
trimmed mean?

a. 5
b. 10
c. 15
d. 20
e. 30

4. In the last example, after removing the correct numbers and summing those remaining, what would you divide
by to calculate the mean?

5. The chart below shows the data from the Galapagos tortoise preservation program with just the number of
individual tortoises that were bred in captivity and reintroduced into their native habitat.

TABLE 12.4:

Island or Volcano Number of Individuals Repatriated
Wolf 40
Darwin 0
Alcedo 0
Sierra Negra 286
Cerro Azul 357
Santa Cruz 210
Española 1293
San Cristóbal 55
Santiago 498
Pinzón 552
Pinta 0

Figure: Approximate Distribution of Giant Galapagos Tortoises in 2004 (“Estado Actual De Las Poblaciones de
Tortugas Terrestres Gigantes en las Islas Galápagos,” Marquez, Wiedenfeld, Snell, Fritts, MacFarland, Tapia, y
Nanjoa, Scologia Aplicada, Vol. 3, Num. 1,2, pp. 98-11).

For this data, calculate each of the following:
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(a) mode

(b) median

(c) mean

(d) a 10% trimmed mean

(e) midrange

(f) upper and lower quartiles

(g) the percentile for the number of Santiago tortoises reintroduced

6. In the previous question, why is the answer to (c) significantly higher than the answer to (b)?
7. The mean of 10 scores is 12.6. What is the sum of the scores?
8. While on vacation John drove an average of 262 miles per day for a period of 12 days. How far did John drive

in total while he was on vacation?
9. Find x if 5, 9, 11, 12, 13, 14, 15 and x have a mean of 13.

10. Find a given that 3, 0, a, a, 4, a, 6, a, and 3 have a mean of 4.
11. A sample of 10 measurements has a mean of 15.6 and a sample of 20 measurements has a mean of 13.2. Find

the mean of all 30 measurements.
12. The table below shows the results when 3 coins were tossed simultaneously 30 times. The number of tails

appearing was recorded. Calculate the:

a. Mode
b. Median
c. Mean

TABLE 12.5:

Number of Tails Number of times occurred
3 4
2 12
1 11
0 3
Total 30

13. Compute the mean, the median and the mode for each of the following sets of numbers:

a. 3, 16, 3, 9, 5, 7, 11
b. 5, 3, 3, 7, 5, 5, 16, 9, 3, 18, 11, 5, 3, 7
c. 7, -4, 0, 12, 8, 121, -3

14. Find the mean and the median for each of the list of values:

a. 65, 69, 73, 77, 81, 87
b. 11, 7, 3, 8, 101
c. 31, 11, 41, 31

15. Find the mean and median for each of the following datasets:

a. 65, 66, 71, 75, 81, 85
b. 11, 7, 1, 7, 99
c. 31, 11, 41, 31

16. Explain why there is such a large difference between the median and the mean in the dataset of part b in the
previous question

17. How do you determine which measure of center best describes a particular data set?
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Review (Answers)

To view the Review answers, open this PDF file and look for section 1.3.
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12.4 Summary Statistics, Summarizing Univari-
ate Distributions

Learning Objectives

• Find the minimum and maximum values and use them to calculate the midrange.
• Calculate other types of means such as trimmed means and weighted means.
• Find percentiles.
• Find quartiles.

More Measures of Center

The mean, median and mode are only a few possible measures of center. While they are the most commonly used
measures of center, it is important to be familiar with some other measures of center that are sometimes used as well.

Midrange

The midrange (sometimes called the midextreme) is found by taking the mean of the maximum and minimum
values of the data set.

Determining the Midrange

Consider the following quiz grades: 75, 80, 90, 94, and 96. The midrange would be:

75+96
2

=
171
2

= 85.5

Since it is based on only the two most extreme values, the midrange is not commonly used as a measure of central
tendency.

Trimmed Mean

Recall that the mean is not resistant to the effects of outliers. Many students ask their teacher to “drop the lowest
grade.” The argument is that everyone has a bad day, and one extreme grade that is not typical of the rest of their work
should not have such a strong influence on their mean grade. The problem is that this can work both ways; it could
also be true that a student who is performing poorly most of the time could have a really good day (or even get lucky)
and get one extremely high grade. We wouldn’t blame this student for not asking the teacher to drop the highest
grade! Attempting to more accurately describe a data set by removing the extreme values is referred to as trimming
the data. To be fair, though, a valid trimmed statistic must remove both the extreme maximum and minimum values.
So, while some students might disapprove, to calculate a trimmed mean you remove the maximum and minimum
values and divide by the number of values that remain.

Determining the Trimmed Mean

Consider the following quiz grades: 75, 80, 90, 94, 96.
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A trimmed mean would remove the largest and smallest values, 75 and 96, and divide by 3.

��ZZ75,80,90,94,��ZZ96
80+90+94

3
= 88

n% Trimmed Mean

Instead of removing just the minimum and maximums in a larger data set, a statistician may choose to remove a
certain percentage of the extreme values. This is called an n% trimmed mean. To perform this calculation, remove
the specified percent of the number of values from the data from each end. For example, in a data set that contains
100 numbers, to calculate a 10% trimmed mean, remove 10% of the data from each end. In this simplified example,
the ten smallest and the ten largest values would be discarded, and the sum of the remaining numbers would be
divided by 80.

Calculating a 5% Trimmed Mean

In real data, it is not always so straightforward. To illustrate this, let’s return to our data from the number of children
in a household and calculate a 5% trimmed mean. Here is the data set:

1, 3, 4, 3, 1, 2, 2, 2, 1, 2, 2, 3, 4, 5, 1, 2, 3, 2, 1, 2, 3, 6

Placing the data in order yields the following:

1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 5, 6

Five percent of 22 values is 1.1, so we could remove one from each end (2 total), which is approximately 4.5%
trimmed, or we could remove 2 numbers from each end (4 total), which is approximately 9% trimmed. Some
statisticians would calculate both of these and then use proportions to find an approximation for 5%. Others might
argue that 4.5% is closer, so we should use that value. For our purposes, and to stay consistent with the way we
handle similar situations in later chapters, we will always opt to remove more numbers than necessary. The logic
behind this is simple. You are claiming to remove 5% of the numbers. If you cannot remove exactly 5%, then you
either have to remove more or fewer. We would prefer to err on the side of caution and remove at least the percentage
reported. This is not a hard and fast rule and is a good illustration of how many concepts in statistics are open to
individual interpretation. Some statisticians even say that the only correct answer to every question asked in statistics
is, “It depends!”

Weighted Mean

The weighted mean is a method of calculating the mean where instead of each data point contributing equally to
the mean, some data points contribute more than others. This could be because they appear more often or because a
decision was made to increase their importance (give them more weight). The most common type of weight to use
is the frequency, which is the number of times each number is observed in the data. When we calculated the mean
for the children living at home, we could have used a weighted mean calculation. The calculation would look like
this:

(5)(1)+(8)(2)+(5)(3)+(2)(4)+(1)(5)+(1)(6)
22

The symbolic representation of this is as follows:

x = ∑
n
i=1 fixi

∑
n
i=1 fi

where:
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xi is the ith data point.

fi is the number of times that data point occurs.

n is the number of data points.

We may be interested in other sections of the data besides the center or middle. We could be interested in some
lower percentage of the data or some higher portion of the data. The following topics will explain how to look at
certain portions or percentages of a data set.

Percentiles and Quartiles

A percentile is a statistic that identifies the percentage of the data that is less than the given value. The most
commonly used percentile is the median. Because it is in the numeric middle of the data, half of the data is below
the median. Therefore, we could also call the median the 50th percentile. A 40th percentile would be a value in
which 40% of the numbers are less than that observation.

To check a child’s physical development, pediatricians use height and weight charts that help them to know how
the child compares to children of the same age. A child whose height is in the 70th percentile is taller than 70% of
children of the same age.

Two very commonly used percentiles are the 25th and 75th percentiles. The median, 25th, and 75th percentiles divide
the data into four parts. Because of this, the 25th percentile is notated as Q1 and is called the lower quartile, and the
75th percentile is notated as Q3 and is called the upper quartile. The median is a middle quartile and is sometimes
referred to as Q2.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1053

Finding the Median, Lower Quartile, and Upper Quartile

Let’s return to the previous data set, which is as follows:

1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 5, 6

Find the median, lower quartile and upper quartile.

Recall that the median (50th percentile) is 2. The quartiles can be thought of as the medians of the upper and lower
halves of the data.

In this case, there are an odd number of values in each half. If there were an even number of values, then we would
follow the procedure for medians and average the middle two values of each half.
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Finding the Median, 1st Quartile, and 3rd Quartile

Find the median, 1st quartile and 3rd quartile for the data set below.

The median in this set is 90. Because it is the middle number, it is not technically part of either the lower or upper
halves of the data, so we do not include it when calculating the quartiles. However, not all statisticians agree that this
is the proper way to calculate the quartiles in this case. As we mentioned in the last section, some things in statistics
are not quite as universally agreed upon as in other branches of mathematics. The exact method for calculating
quartiles is another one of these topics. To read more about some alternate methods for calculating quartiles in
certain situations, click on the subsequent link.

Technology Notes:

Calculating Medians and Quartiles on the TI-83/84 Graphing Calculator

The median and quartiles can also be calculated using a graphing calculator. You may have noticed earlier that
median is available in the MATH submenu of the LIST menu (see below).

While there is a way to access each quartile individually, we will usually want them both, so we will access them
through the one-variable statistics in the STAT menu.

You should still have the data in L1 and the frequencies, or weights, in L2, so press [STAT], and then arrow over
to CALC (the left screen below) and press [ENTER] or press [1] for ’1-Var Stats’, which returns you to the home
screen (see the middle screen below). Press [2ND][L1][,][2ND][L2][ENTER] for the data and frequency lists (see
third screen). When you press [ENTER], look at the bottom left hand corner of the screen (fourth screen below).
You will notice there is an arrow pointing downward to indicate that there is more information. Scroll down to reveal
the quartiles and the median (final screen below).

Remember that Q1 corresponds to the 25th percentile, and Q3 corresponds to the 75th percentile.

640

http://www.ck12.org


www.ck12.org Chapter 12. An Introduction to Analyzing Statistical Data

Examples

Use the following data set for these examples:

2, 3, 6, 8, 11, 14, 15, 17, 18, 19, 20, 20, 24, 26, 27, 28, 28, 28, 32, 34, 38 39, 43

Example 1

Find the minimum value

The minimum value is 2.

Example 2

Find the maximum value

The maximum value is 43.

Example 3

Find the median

Since there are 23 data points and the stem and leaf puts the data points in order, the 12th data point will be the
median. This is 20.

Example 4

Find the upper quartile

The upper quartile is the median of the upper half of the data. Since there are 11 data points in the upper half, the
upper quartile will be the 6th data point. The upper quartile will be 28.

Example 5

Find the lower quartile

The lower quartile will be the 6th data point in the first half of the data. The lower quartile is 14.

Review

For 1-4, use the following data set

2, 3, 3, 3, 4, 4, 4, 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 7, 7, 8, 8, 8, 9

find the following:

1. minimum and maximum
2. midrange
3. median
4. upper and lower quartiles

For 5-11, the chart below shows the data from the Galapagos tortoise preservation program with just the number of
individual tortoises that were bred in captivity and reintroduced into their native habitat.
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TABLE 12.6:

Island or Volcano Number of Individuals Repatriated
Wolf 40
Darwin 0
Alcedo 0
Sierra Negra 286
Cerro Azul 357
Santa Cruz 210
Española 1293
San Cristóbal 55
Santiago 498
Pinzón 552
Pinta 0

Figure: Approximate Distribution of Giant Galapagos Tortoises in 2004 (“Estado Actual De Las Poblaciones de
Tortugas Terrestres Gigantes en las Islas Galápagos,” Marquez, Wiedenfeld, Snell, Fritts, MacFarland, Tapia, y
Nanjoa, Scologia Aplicada, Vol. 3, Num. 1,2, pp. 98-11).

For this data, calculate each of the following:

5. mode
6. median
7. mean
8. a 10% trimmed mean
9. midrange

10. upper and lower quartiles
11. the percentile for the number of Santiago tortoises reintroduced

12. Why is the answer to (8) significantly higher than the answer to (7)?
13. How would you describe the difference between the midrange and the median?
14. How can we represent data visually using the various measures of center?

Review (Answers)

To view the Review answers, open this PDF file and look for section 1.4.
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12.5 Measures of Spread and Dispersion

Learning Objectives

• Calculate the range and interquartile range.
• Calculate the standard deviation for a population and a sample, and understand its meaning.
• Distinguish between the variance and the standard deviation.
• Calculate and apply Chebyshev’s Theorem to any set of data.

Calculating Measures of Spread

Another important feature that can help us understand more about a data set is the manner in which the data are
distributed, or spread. Variation and dispersion are words that are also commonly used to describe this feature.
There are several commonly used statistical measures of spread that we will investigate in this lesson.

Range

One measure of spread is the range. The range is simply the difference between the largest value (maximum) and
the smallest value (minimum) in the data.

Calculating the Range

Return to the data set used in the previous lesson, which is shown below:

75, 80, 90, 94, 96

The range of this data set is 96−75 = 21. This is telling us the distance between the maximum and minimum values
in the data set.

The range is useful because it requires very little calculation, and therefore, gives a quick and easy snapshot of how
the data are spread. However, it is limited, because it only involves two values in the data set, and it is not resistant
to outliers.

Interquartile Range

The interquartile range is the difference between the Q3 and Q1, and it is abbreviated IQR. Thus, IQR = Q3−Q1.
The IQR gives information about how the middle 50% of the data are spread. Fifty percent of the data values are
always between Q3 and Q1.

Calculating the Range and the Interquartile Range

A recent study proclaimed Mobile, Alabama the wettest city in America. The following table lists measurements of
the approximate annual rainfall in Mobile over a 10 year period. Find the range and IQR for this data.

TABLE 12.7:

Rainfall (inches)
1998 90
1999 56
2000 60
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TABLE 12.7: (continued)

Rainfall (inches)
2001 59
2002 74
2003 76
2004 81
2005 91
2006 47
2007 59

Figure 1: Approximate Total Annual Rainfall, Mobile, Alabama.

First, place the data in order from smallest to largest. The range is the difference between the minimum and
maximum rainfall amounts.

To find the IQR, first identify the quartiles, and then compute Q3−Q1.

In this example, the range tells us that there is a difference of 44 inches of rainfall between the wettest and driest
years in Mobile. The IQR shows that there is a difference of 22 inches of rainfall, even in the middle 50% of the
data. It appears that Mobile experiences wide fluctuations in yearly rainfall totals, which might be explained by its
position near the Gulf of Mexico and its exposure to tropical storms and hurricanes.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/21654

Standard Deviation

The standard deviation is an extremely important measure of spread that is based on the mean. Recall that the mean
is the numerical balancing point of the data. One way to measure how the data are spread is to look at how far away
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each of the values is from the mean. The difference between a data value and the mean is called the deviation.
Written symbolically, it would be as follows:

Deviation = x− x

Let’s take the simple data set of three randomly selected individuals’ shoe sizes shown below:

9.5, 11.5, 12

The mean of this data set is 11. The deviations are as follows:

TABLE 12.8: Table of Deviations

x x− x
9.5 9.5−11 =−1.5
11.5 11.5−11 = 0.5
12 12−11 = 1

Notice that if a data value is less than the mean, the deviation of that value is negative. Points that are above the
mean have positive deviations.

The standard deviation is a measure of the typical, or average, deviation for all of the data points from the mean.
However, the very property that makes the mean so special also makes it tricky to calculate a standard deviation.
Because the mean is the balancing point of the data, when you add the deviations, they always sum to 0.

TABLE 12.9: Table of Deviations, Including the Sum.

Observed Data Deviations
9.5 9.5−11 =−1.5
11.5 11.5−11 = 0.5
12 12−11 = 1
Sum of deviations −1.5+0.5+1 = 0

Therefore, we need all the deviations to be positive before we add them up. One way to do this would be to make
them positive by taking their absolute values. This is a technique we use for a similar measure called the mean
absolute deviation. For the standard deviation, though, we square all the deviations. The square of any real number
is always positive.

TABLE 12.10:

Observed Data x Deviation x− x (x− x)2

9.5 −1.5 (−1.5)2 = 2.25
11.5 0.5 (0.5)2 = 0.25
12 1 1

Sum of the squared deviations = 2.25+0.25+1 = 3.5

We want to find the average of the squared deviations. Usually, to find an average, you divide by the number of terms
in your sum. In finding the standard deviation, however, we divide by n−1. In this example, since n = 3, we divide
by 2. The result, which is called the variance, is 1.75. The variance of a sample is denoted by s2 and is a measure
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of how closely the data are clustered around the mean. Because we squared the deviations before we added them,
the units we were working in were also squared. To return to the original units, we must take the square root of our
result:

√
1.75≈ 1.32. This quantity is the sample standard deviation and is denoted by s. The number indicates that

in our sample, the typical data value is approximately 1.32 units away from the mean. It is a measure of how closely
the data are clustered around the mean. A small standard deviation means that the data points are clustered close to
the mean, while a large standard deviation means that the data points are spread out from the mean.

Interpreting Variance

The following are scores for two different students on two quizzes:

Student 1: 100; 0

Student 2: 50; 50

Note that the mean score for each of these students is 50.

Student 1: Deviations: 100−50 = 50; 0−50 =−50

Squared deviations: 2500; 2500

Variance = 5000

Standard Deviation = 70.7

Student 2: Deviations: 50−50 = 0; 50−50 = 0

Squared Deviations: 0; 0

Variance = 0

Standard Deviation = 0

Student 2 has scores that are tightly clustered around the mean. In fact, the standard deviation of zero indicates that
there is no variability. The student is absolutely consistent.

So, while the average of each of these students is the same (50), one of them is consistent in the work he/she does,
and the other is not. This raises questions: Why did student 1 get a zero on the second quiz when he/she had a
perfect paper on the first quiz? Was the student sick? Did the student forget about the quiz and not study? Or was
the second quiz indicative of the work the student can do, and was the first quiz the one that was questionable? Did
the student cheat on the first quiz?

There is one more question that we haven’t answered regarding standard deviation, and that is, "Why n− 1?"
Dividing by n− 1 is only necessary for the calculation of the standard deviation of a sample. When you are
calculating the standard deviation of a population, you divide by N, the number of data points in your population.
When you have a sample, you are not getting data for the entire population, and there is bound to be random variation
due to sampling (remember that this is called sampling error).

When we claim to have the standard deviation, we are making the following statement:

“The typical distance of a point from the mean is ...”

But we might be off by a little from using a sample, so it would be better to overestimate s to represent the standard
deviation.

Formulas

Sample Standard Deviation:

s =

√
∑

n
i=1(xi− x)2

n−1

where:
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xi is the ith data value.

x is the mean of the sample.

n is the sample size.

Variance of a sample:

s2 = ∑
n
i=1(xi−x)2

n−1

where:

xi is the ith data value.

x is the mean of the sample.

n is the sample size.

Chebyshev’s Theorem

Pafnuty Chebyshev was a 19th Century Russian mathematician. The theorem named for him gives us information
about how many elements of a data set are within a certain number of standard deviations of the mean.

The formal statement for Chebyshev’s Theorem is as follows:

The proportion of data points that lie within k standard deviations of the mean is at least:

1− 1
k2 , k > 1

Using Chebyshev’s Theorem

Given a group of data with mean 60 and standard deviation 15, at least what percent of the data will fall between 15
and 105?

15 is three standard deviations below the mean of 60, and 105 is 3 standard deviations above the mean of 60.
Chebyshev’s Theorem tells us that at least 1− 1

32 = 1− 1
9 = 8

9 ≈ 0.89 = 89% of the data will fall between 15 and
105.

Examples

For the following problems use the rainfall data from Mobile. The mean yearly rainfall amount is 69.3, and the
sample standard deviation is about 14.4.

Example 1

What percentage of the data is within two standard deviations of the mean?

Chebyshev’s Theorem tells us about the proportion of data within k standard deviations of the mean. If we replace k
with 2, the result is as shown:

1− 1
22 = 1− 1

4
=

3
4

So the theorem predicts that at least 75% of the data is within 2 standard deviations of the mean.

647

http://www.ck12.org


12.5. Measures of Spread and Dispersion www.ck12.org

Example 2

Is the following answer significant? According to the drawing above, Chebyshev’s Theorem states that at least 75%
of the data is between 40.5 and 98.1. This doesn’t seem too significant in this example, because all of the data falls
within that range.

Example 3

What is the main advantage of Chebyshev’s Theorem? The advantage of Chebyshev’s Theorem is that it applies to
any sample or population, no matter how it is distributed.

Review

1. Following are bowling scores for two people: Luna - 112, 105, 138, 125, and 115; Chris - 142, 116, 100, 132,
and 105.

a. Show that Chris and Luna have the same mean and range.
b. Whose performance is more variable? Explain.

2. Use the rainfall data from figure 1 to answer this question.

a. Calculate and record the sample mean:
b. Complete the chart to calculate the variance and the standard deviation.

TABLE 12.11:

Year Rainfall (inches) Deviation Squared Deviations
1998 90
1999 56
2000 60
2001 59
2002 74
2003 76
2004 81
2005 91
2006 47
2007 59

For 3-4, use the Galapagos Tortoise data below.

TABLE 12.12:

Island or Volcano Number of Individuals Repatriated
Wolf 40
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TABLE 12.12: (continued)

Island or Volcano Number of Individuals Repatriated
Darwin 0
Alcedo 0
Sierra Negra 286
Cerro Azul 357
Santa Cruz 210
Española 1293
San Cristóbal 55
Santiago 498
Pinzón 552
Pinta 0

3. Calculate the range and the IQR for this data.
4. Calculate the sample standard deviation for this data.

5. If σ2 = 9, then the population standard deviation is:

a. 3
b. 8
c. 9
d. 81

6. Which data set has the largest standard deviation?

a. 10 10 10 10 10
b. 0 0 10 10 10
c. 0 9 10 11 20
d. 20 20 20 20 20

7. How do you determine which measure of spread best describes a particular data set?
8. What information does the standard deviation tell us about the specific, real data being observed?
9. What are the effects of outliers on the various measures of spread?

10. How does altering the spread of a data set affect its visual representation(s)?

Technology Notes:

Calculating Standard Deviation on the TI-83/84 Graphing Calculator

Enter the data 9.5, 11.5, 12 in list L1 (see first screen below).

Then choose ’1-Var Stats’ from the CALC submenu of the STAT menu (second screen).

Enter L1 (third screen) and press [ENTER] to see the fourth screen.

In the fourth screen, the symbol sx is the sample standard deviation.
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Review (Answers)

To view the Review answers, open this PDF file and look for section 1.5.

Summary

This Chapter begins with an introduction to definitions of statistical terms. The main concepts are the discovery of
the different measures of center and spread. Additional ways of summarizing data such as percentiles are covered as
well.
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